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Abstract

Improving logic density by time-sharing,time-multiplexed FPGAs (TMFPGAS) have becomean important
researchopic for reconfigurablecomputing. Due to the precedenceand capacityconstraintan TMFPGAs, the
clusteringand partitioning problemsfor TMFPGAs are different from the traditional ones. In this papey we
proposeatwo-phasehierarchicalpproactto solve the partitioningproblemfor TMFPGAs. With the precedence
and capacityconsiderationgor both phasesthe first phaseclustersnodesto reducethe problemsize, andthe
secondphaseappliesa probability-basedterative-improrementapproachto minimize cut cost. Experimental
resultsbasedon the Xilinx TMFPGA architectureshav that our algorithm significantly outperformsprevious
works.

1 Introduction

Improving logic density by time-sharing,time-multiplexed FPGAs(TMFPGAS) have becomean important
researchopic for reconfigurablecomputing. In TMFPGASs, a virtual large designis partitionedinto multiple
stageqor partitions)to sharethe samesmallerphysicaldevice thanthatoccupiedby traditional FPGAs. Several
differentarchitecturefiave beenproposedsuchasthe Xilinx model[10], Dharma[1], etc. All thesemodelsallow
dynamicreuseof logic blocksandwire segmentsby usingmorethanoneon-chipSRAM bit to controlthem.The
configurationof logic blocksandwire segmentscanbe changedy readingdifferentSRAM bits.

Figurel shavstheXilinx TMFPGA configuratiormodel[10]. TheTMFPGAemulatessinglecircuitdesignn
thesequencingf multiple configurationsln eachmicro-gy/cle,the TMFPGA readsn thecircuitinformationfrom
a correspondingonfigurationSRAM, andthenthe configurabldogic blocks(CLBs) in the TMFPGA arereused
to evaluatelogic. A usercycleis a cycle passinghroughall micro-g/cles. EachCLB containsmicro registersto
hold the CLB result. Micro registershold theintermediatevaluesof combinationalogic for latermicro-gyclesin

thesameusercycle andresenre the statusof flip-flops for thenext usercycle. In Xilinx TMFPGAS,thereareeight
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micro-g/clesin ausercycle. A new configurations loadedinto active configuratiormemoryatfterall CLB results
in thelastmicro-g/cle have beensaved.

The objective of the TMFPGA partitioning problemis to minimize the interconnectior(the numberof micro
registersrequired)betweemmicro-g/cles. Unlike atraditionalFPGA, the executionorderof nodesin a TMFPGA
mustfollow their precedenceonstraints.For example,a nodemustbe excutedno later than all of its outputs
in a combinationalircuit. It impliesthata cutin a TMFPGA partitioningshouldbe a uni-directionalcut. For
the TMFPGA partitioning problem,several heuristicssuchaslist scheduling2, 3] and network-flow-basedap-
proach[9] on differentarchitecturesvere proposed.The network-flow-basedapproacH9] givesthe bestresults
amongthe previous works for the partitioning problem. The network-flow-basedapproacHirst finds a min cut.
If the min cutis not at the balancedoint, it will randomlymove nodesto meetthe balanceconstraint. Thusthe
optimality may deviate away afternodesareadjustedIn this paper we proposea two-phaseapproachthe CPAT
method(ClusteringandProbability-basedhlgorithm for TMFPGA), to solve the TMFPGA partitioningproblem.
Thefirst phasereduceshe problemsizeusinga clusteringmethod;the secondphaseminimizesthe interconnec-
tion by a probability-basedterative-improrement[7, 8] method. For thefirst phasewe extendthe methodused
in [4] whichis effective in clusteringtraditionalcircuits, but may generate clusterof sizeexceedingthe capacity
of a stagein the TMFPGA partitioning. Our solutionto the capacityoverflow problemis basedon a rooted-tree
subset-sunformulation; we prove that the rooted-treesubset-sunproblemis NP-completeand presentan ex-
actexponential-timeanda fully polynomial-timeapproximationalgorithms[5] for the problem. For the second
phasethe probability-basednethodincroporateghe precedenceonstraintinto the 2nd-orderprobability esti-
mation[6]. Thus,the probability-basedanethodfindsthe potentiallymaximumgainamongmovablenodes.Our
method thus,canglobally monitorthe changesindcanavoid the dravbackof the network-flow-basedapproach.
Experimentakesults basedon the Xilinx TMFPGA architecturg10] with eightmicro-gycles(stages)shaw that
our algorithmreduceghe maximumnumbersof micro registersrequiredby averageimprovementsof 33.2%and
12.4%comparedvith theList schedulingandthe network-flow-based9] methods.

2 Problem Formulation

We follow the formulationandnotationusedin [9]. A circuitin a TMFPGA canberepresentedy a directed
hypegraphG(V, N), whereV is the setof nodesand N is the setof netsin the circuit. Therearetwo typesof
nodesin V: combinationahodes(C-nodes) andflip-flop nodes(FF-nodes). Eachnodev € V hasaweightw(v).
Theweightof asetU (U C V), W(U), is givenby >, .y w(v). Foranetn = {vq, va,..., v, } With p nodes/et
v1 bethefan-out node whoseoutputsignalis theinputsignalto v; € n (2 < j < p), andletv; e n (2 < j < p)
bethefan-in node whoseinput signalis the outputsignalfrom v; .

To fit into a TMFPGA, a circuit is partitionedinto k¥ stagessuchthatthe logic blocksandwire segmentsin
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Figurel: TheXilinx time-multiplexed FPGA configurationmodel.

differentstagescansharethe samephysicalTMFPGA device. Thesek stagesform oneusercycle, andoneuser
cycle shouldproducethe sameresultson the outputsaswould be seerby a non-time-multipl&ed device. In order
to ensurethe correctresultsproducedn a usercycle, every nodesmustbe evaluatedn a properorder According

to the Xilinx architecturd10], thefollowing threeprecedenceonstraintsnustbe satisfied:

1. Eachcombinationahode(C-node)mustbescheduledn a stageno laterthanall its outputnodes.

2. Eachflip-flop node(FF-node)mustbe scheduledn a stageno earlierthanall its input C-nodes.This rule

guaranteethatflip-flop input valuesarecalculatedoeforethey arestored.

3. EachFF-nodemustbescheduledn a stageno earlierthanall its outputnodes.This rule guaranteethatall

thenodesthatusethe valueof theflip-flop usethe samevalue:thevalueof flip-flop from the previous user

cycle.

The above constraintglefinea partial temporalorderingon the nodesin thecircuit. Let Pre(v) bethe prece-
denceof anodew. For two nodesu andv, let Pre(u) < Pre(v) denotethatnodeu mustbe schedulecho later
thannodew. In otherwords,for anetn = {vi, va,..., vp}, wherev; is thefan-outnodeandv;, 2 < 5 < p, isthe

fan-innode.
e if v; isaC-nodethenPre(vi) < Pre(v;) for2 < j <p;

e if vy isanFF-nodethenPre(v;) < Pre(v;) for2 < j <p.
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Figure2: Precedenceonstraints.Shadedhodesandwhite nodesrepresenthe fan-outnodesandfan-in nodes,
respectiely.

By thetwo constraintsyve candecidethe directionsof netsin the graphandclassifynetsinto two types:anet
is C-typeif its v; is aC-node,andanetis FF-typeif its v; is anFF-nodeasshavn in Figure2.

In TMFPGAS, micro registersare requiredbetweenstagedo storethe dataof nodesfor usein later micro-
cycles. Let Cut(a, b) bethe setof micro registersbetweerstagea andstageb. A k-stageTMFPGA containsk
cuts,Cut(1,2), Cut(2,3),..., Cut(k — 1, k), andCut(k, 1). For aC-typenet,the dataof its fan-outnodemust
behelduntil thelaststagecontainingafan-innodeof the net. For anFF-typenet,thedataof its fan-outnodemust
be held not only in thereststagesof the currentusercycle but alsofrom thefirst stageto the last stageof all its
fan-innodesin the next usercycle. For anetn ={vy, va,..., vy}, lets(v) = j if v € V}, a(n) denotethe number

of microregistersusedin netn, andk denotethe numberof stagesa(n) is givenasfollows.
e a(n) = max{s(v;)|2 < j < p} — s(v1), if netn is C-type.
e a(n) =k — s(vi) + max{s(v;)|2 < j < p}, if netn is FF-type.

Figure3 shawvs theregistersneededn anetfor a4-stageTMFPGA. In Figure3(a), the dataof a C-typefan-out
nodeis heldfrom stagel, the stageof thefan-outnode,to stage3, thelaststageof thefan-innodes.It usesthree
micro registers,onefor Cut(1,2) andCut(2, 3) each.In Figure3(b), the dataof an FF-typefan-outnodeis held
from stage3, the stageof fan-outnode,to stage4, thenbackto stagel of next usercycle andfinally to stage2,
thelaststageof fan-innodes.lt useshreeregisters,onefor Cut(3,4), Cut(4,1), andCut(1,2) each.

The k-stage TMFPGA partitioning problemis to partition a circuit G(V, N) into & non-overlappingsubsets
V1,Va,. . .,Vi, suchthatthe maximuminterconnectior{the numberof micro registers)betweeneachtwo adjacent

stagess minimized,andthefollowing propertiesaresatisfied:
(D) U Vi=V.

(2) Precedence constraint: Let s(v) = j if v € V;. For eachtwo nodesu andw, if Pre(u) < Pre(v), then

s(u) < s(v).
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Figure3: (a) Two microregisters,indicatedby O, usedin a C-typenet{wv;, v, v3}; (b) Threemicroregistersused
in anFF-typenet{v;, va, v3}.

(3) Balance constraint: For eachsubset;, W (V;) is boundedy afactorr asfollows:

T 0y <wivy <

W)

(1+7r),0<r<1.

(4) Timing constraint: Let D bethelengthof thelongestpathin acircuit. Thelengthof thelongestpathin each
stageis upperboundecby (%1 .

3 TheTwo-Phase CPAT Algorithm

Thek-stageTMFPGA partitioningproblemcanbehandledoy repeatedlysolvingk—1 TMFPGAbipartitioning
problems.We shallfocusour discussion®n the approacHor solvingthe TMFPGA bipartitioningproblem. Our
solutionto this problemis basedn atwo-phasénierarchicabpproachclusteringfollowed by a probability-based

iteratve-improrementformulation.
3.1 Phasel: The Clustering Algorithm

An effective clusteringalgorithm can greatly improve the quality of the precedence-consingd partitioning
resultsandspeediupthelaterpartitioningalgorithmby reducingtheproblemsize. The MFFSalgorithmis effective
in clusteringtraditionalcircuits [4], but may generatea clusterof sizelarger thanthe capacityof a stagein the
TMFPGA partitioning.

In thefollowing, we proposea clusteringmethodbasedon the MFFS, which cancontrol the sizeof a cluster

Thedefinitionsof FFSandMFFS aredescribedasfollows. For agivennodew in acircuit,



e FFS, = {u| every path from u to some primary output passes through v in the circuit}.
¢ MFFS, ={u|forall FFS,,uec FFS,}.

A circuit canberepresenteth the TMFPGA by adirectedgraph.For agivencircuit C; andanodev, anMFFS

clusterrootedat v canbe obtainedby usingthe following procedure:

e ConvertC; to adirectedgraph,G(V, N), whereV is asetof nodeswhich correspondso C;, andN is aset

of directededgesA directededge(s, j) existsif nodej is afan-inof nodes.

¢ Cut all the fan-outedgesof the root nodew; searchall othernodesin graphG(V, N) startingfrom the

primary outputsof the C;. Thenodesin G(V, N) thatwerenottraversedbelongto the M FF'S,,.

TheMFFSconstructioralgorithmdescribedboreis usedo obtainoneMFFScluster To clustertheentirecircuit,
we needto applythe MFFS constructioralgorithmrepeatedly The MFFS clusteringalgorithmworks asfollows:
Foragivencircuit C;, let Roots = {all primaryoutputsin C;}. Then,extractanodev € Roots andusethe MFFS
constructionalgorithmto constructM F'F'S,. This processs repeateduntil Roots is empty Thenremove all
currently constructedMFFS clustersfrom C;, resultingin a reducedcircuit C; whoseprimary outputsareinput
nodesto theremored MFFS clusters Repeathe sameprocedurdor thenew circuit C; recursvely until all nodes
in C; aregroupedinto MFFS clusters.For example,the circuit depictedn Figure4(a) canbe clusterednto three

clusterg(seeFigure4(b)).

(@) (b)

Figure4: (a) Theoriginalcircuit; (b) Clusteringby MFFS clustering.

We presenin thefollowing two algorithmsto handlea clusterof sizeexceedingthe capacityof a stagein the
TMFPGA partitioning. Our methoddecomposea clusterC}; (rootedat v) accordingto thetwo cases{(1) C; is a
rootedtree,and(2) C; is anagyclic graph.Ourtargetis to partition C; into two balancedsetswith theminimal cut
size.

We first considerthe casewherea circuit C; is arootedtree. Let T,,, denotethe subtreerootedat v;, where

v; € C;. Fornodesuvy, vy, ..., andvg in respectie T,,,, Ty, , - .., andT,,, let k(v1, v, ..., vq) denotethe total



weightsof nodesn T,,, T,,, . . ., andT,,. Wedefineanelement z = (k(v1,v2,...,v4), Tv,s Tvss - - -, T, ), Where

v1,v2,...,v4 representhe respectre roots of disjoint subtreesr,,, T,,, . .., T,,. For anelementr = (x(v1,

02, ., 0a), Loy Togs - -, Tyy), let|z] = d andn(z) = k(v1, ve, ..., vq). An elementy is calleda singleton ele-

mentif it containsonly onesubtree Foranelements; = (k(v; 1, vi2, - - -, Yid), Tv; 15 To; 55 - - - » Tu; o) @ndasingle-
Ty,);

if T,, C Ty, 1 <1 <d letz; Wy = (s(V),T), wherethe setV = {v;1,v;2,...,vi4,v;} — {vi;} and

T ={Tv,, T ps- -+

tonelementy; = (k(v;), Ty, ), if T, Ty, 1 <1< d letziwy; = (K(vi1,vi2, -5 Vi,d05), Tos gy Ty po e T

Ui d?

vi.as Tv; } — {Tv;, }- Let h denoteahalf of thetotal numberof nodesin C;. Therooted-tree

subset-sumproblemis to cut C; into atmostq subtreesuchthatthetotal weightsof nodesin thesubtreess equal

to h. We formulatetherooted-treesubset-sunproblemasfollows.

e TheRooted-Tree Subset-Sum problem: GivenasetR of singletonelementassociatedvith arootedtree
C; andtwo integersq andh, find anelementz derved by a sequencef W operationsuchthatn(z) = h

and|z| < q.
Theorem 1 The decision problem of the Rooted- Tree Subset-Sum problem is NP-compl ete.

Proof: We first shav that Rooted-Tee Subset-Sunproblemis in NP. Given a set R associatedvith a rooted
treeandtwo integersq andh, we let the subsetR’ of R bethe certificate.Checkingwhetherh = 7(W,c g ) and
| Wyer x| = g canbeaccomplishedby a verificationalgorithmin polynomialtime.

The SUBSETFSUM problemis an NP-completeproblem.[5] We now shav that SUBSETSUM <p Rooted-
Tree Subset-SumGiven aninstance< S,t > of the subset-sunproblem,the reductionalgorithm constructsa
tree(acircuit) C' of the Rooted-Fee Subset-Sunproblemsuchthatthereexistsasubsein § whosesumis equall
to ¢t if andonly if thereexistsanelementr associateavith C, wheren(z) = t.

Theheartof thereductionis atreerepresentationf 5. Let S = {s1, s2,...,s;} beasetconsistingof i integers.

We constructhetreeC(V, N) with i + 1 nodesassociatedvith S asfollows:
e Add arootvg with weightoo to V.
e Foreachintegers; € S, addanodev; with weights; to V' andadirectededge(vy, v;) to N.

Every subtreeof C' exceptT,, hasonly onenodeandis disjoint to eachother We have R = {(k(vo), Tu,),

(k(v1),Ty,), - - -, (k(v;),Ty,;)} associatedvith C(V, N). Let g equali, §' C S suchthatt = % and

sjeﬁ’sj'
yr = (k(vg), Ty, ). Thenwe find theelementz = wy;, wherey, is associateavith s; € $', suchthatr(z) = ¢
and|z| < q.

Corversely supposehatthereexistsanelement: = (k(v1, v, ... ,v4), Ty;, Tvs, - - -, To,)- Let|z| equald and

7(z) equalk(vi, ve, . .., vq) suchthatw(z) = t. Then,thesumof thesubset{v;1,vjo,...,v;x} isequaltot. []



We give an exponential-timesxactalgorithmaswell asa fully polynomial-timeapproximatiorschemd5] for
the Rooted-Tee Subset-Sunproblem listedin Figures6 and7, respectrely. For asequencd. =< (k(vi 1, ...,
V1,i1)s Toras v os Tong )y (B(02,15 oo 02,00)s Tug gy - ooy Doy )y - oo (6(Vm,15 vy Umgin )y Do oo s Topsn) >
and(x(v;), Ty, ), let L + (x(v;), Ty;) denotethe sequencelerived from a seriesof & operationson eachelement
of L with the singletonelement(x(v;), Ty, ). For example,if L =< (1,T,,), (3,Ty,), (5, Tv;), (6, T»,) >, then
L+ (2,Ty,) =< (3,Ty,,Tvs), (5, Tyy, Tvs)s (7, T, Ts )y (8, Ty, T ) > (if Tyyy,s . .., Ty,donotshareary node).

We usean auxiliary procedureMerge-Lists({, L") thatreturnsthe sortedlist by memging its two sortedinput
lists L andL’, andremove theduplicateelementsThepolynomial-timeapproximatioralgorithmApprox-Rooted-
Tree-Subset-Suns performedby trimming eachlist L; afteranw operation.We usea trimming parametee
suchthat0 < e < 1. To trim alist L by e meango remove asmary elementdrom L aspossiblejn suchaway
thatif L’ is theresultof trimming L, thenfor eachelementy removedfrom L, thereexistsanelementz still in L/,
where(1 — e)n(y) < 7(z) < mw(y). Line 3initializesthelist Ly to bethelist containingjust the element(0, ().
Lines 4—6 performthe W operationand trimming operationsn a topologicalorder Lines7 and8 remove each
elementz, 7(z) > h and|z| > g. We canshav that Approx-Rooted-Tee-Subset-Suristedin Figure7 runsin
time polynomiallyin both|R| and1/e; i.e.,it is afully polynomial-timeapproximatiorschemgb5].

We give anexampleof Approx-Rooted-Tee-Subset-Sunm thefollowing. Supposeve have alist of singleton

elements
L =< (87T111)7 (37 Tvz)a (4aT113)a (1aTU4)7 (17 Tv5), (2aT116)7 (17TU7)1 (11 TUS) >

associateavith therooted-treen Figure5, in which the weightof eachvertex is equalto 1. Thetametis to find
anelementz, wherer(z) = h = 4 and|z| = ¢ = 1 with e = 0.2. Thetrimming parametep is ¢/8 = 0.025. The

Approx-Rooted-Tee-Subset-Surmomputeghe elementsasfollows:

line2: Lo= < (0,0)>,

line 4: pick (8, T, ),

line5: L= <(0,0),(8,Ty) >,
line6: L= <(0,0),(8,Ty) >,
line7: L= < (0,0)>,

line8: L= < (0,0)>,

line 4: pick (3, T, ),

line5: L= < (0,0),(3,Ty,) >,
line6: L= < (0,0),(3,Ty) >,
line7: Ly= < (0,0),(3,Ty) >,
line8: L= < (0,0),(3,Ty) >,
line 4: pick (4, T,,),

line5: L= < (0,0),(3,Tvy),(4,Tog), (7, oy, Tvg) >,
line6: L= < (0,0),(3,Tvy),(4,Tog), (7, Ty, Tvg) >,



lime 7:
line 8:

line 4:
line 5:
line 6:
line 7:
line 8:

line 4:
line 5:
line 6:
line 7:
line 8:
line 4:
line 5:
line 6:
line 7:
line 8:

line 4:
line 5:

line 6:

line 7:

line 8:

line 4:
line 5:

line 6:

line 7:

line 8:

L,

L,
L,

Ly
L,
L,

Ly
Ly

Lo

L,

Ly

L,

Ly

L,

Ly

<(0,0), (3, Ty ), (4, Tog) >,
<(0,0), (3, Ty ), (4, Tog) >,

pick (1,7T5,),

<(0,0),(1,Tv,), (3, Tus), (4, Tvg), (5, Tug, Tuy) >,

< (0,0),(1,Tv,), (3, Tus), (4, Tug), (5, Tz, Toy) >,

< (0,0),(1,Tw), (3, Tu,), (4, Tuy) >,

< (0,0),(1,Tw), (3, Tu,), (4, Tuy) >,

pick (1, T,;),

<(0,0),(1,Tv,), (1, Tug), (2, Tos, Tos), (3, Tvz), (4,Tv3), (5,Tvs, Tvs) >,
<(0,0), (1, Tu,), (1, Tug), (2, Tog, Tos ), (3, Tz ), (4, Tug ), (5, Tug, Tug) >,
<(0,0), (1, Tw,), (1, Tug), (2, Tog, Tos ), (3, Tz ), (4, Tug) >,

<(0,0), (1,Tv,), (1, Tog), (3, Tos), (4, Tog) >,

pick (2, Ty ),

< (0,@),(1,Tv4) (]‘ T'U5)i(2 T'UG) (3 Tv2),(3,Tv4,Tv6),(3,Tv5,Tu6),(4,Tv3),(5,Tv2,Tv6) >’
< (0,@),(1,Tv4) (]‘ T'U5)i(2 T'UG) (3 Tv2),(3,Tv4,Tv6),(3,Tv5,Tu6),(4,Tv3),(5,Tv2,Tv6) >’
< (0,@),(1,Tv4) (]‘ T'U5)i(2’T'U6) (3 Tv2),(3,Tv4,Tv6),(3,Tv5,Tu6),(4,Tfu3) >7
<(0,0), (1, Tv,), (1, Tug), (2, Tvg), (3, Tvz), (4, T ) >,

pICk (15Tv7)7

< (Oaﬂ)a (17Tv4)7 (17Tv5)1 (1:TU7)7 (27T7)6)) (21Tv47T’U7)) (25T7)57TU7)7 (37 TUQ)) (31T7167T’U7)7 (47 Tv3):
(47 T025T7)7) >7

< (0 @) (1 TU4) (17TU5)1(17T'U7)7(27T1) ) (2 TU47T ) (2=TU57T'U7)7(31T?)2)7(31TU67TU7)7(47TU3)7
(4 TU2=T )

<(0,0),(1, Tv4) (1, Tw5), (1, Tor )5 (2, Tog ) (2, Tua s Tog )5 (2, Tus, Tor )5 (3, Toa ), (35 Tug, Tog ), (4, Tg ),
(4 TvzaT ) )

< (0 @) (1 TU4) (17Tv5):(15Tv7):(2:T‘1)6)’(3:T112)7(4:T1)3) >:

pICk (laTvs)a

<(0,0), (1, T0,), (1, To5), (1, Tz ), (1, Tog), (2, Tg ), (2, T, Tog )5 (2, Toss Tug), (2, Tog Tug), (3, Ton), (4, Tos ),
(47 TvzaTvs) >,

< (01 @), (1:Tv4): (17 Tv5), (1:Tv7)7 (1:Tv8)’ (2!TU6)7 (27Tv4aTvs): (Z’TvsaTvs)’ (21Tv77T'Us)7 (3: Tv2): (41 Tvs):
(47 TvzaTvs) >,

<(0,0), (1, T0,), (1, To5), (1, Ty ), (1, Tog), (2, Tg ), (2, Tug, Tog )5 (2, Toss Tug), (2, Tog Tug), (3, Ton), (4, Tos ),
(4, Ty, Tog) >,

< (0 @) (1 TU4) (17Tv5)a (1JTU7): (1:Tvs)a (25T’06)a (3:Tv2)a (45T1)3) >

Thealgorithmreturns(4, T, ), wheren (4, T,,,) = 4, whichis boundedn e = 20% of the optimalanswer

Theorem 2 Approx-Rooted- Tree-Subset-Sum is a fully polynomial-time approximation scheme for the Rooted-
Tree Subset-Sum Problem.

Proof:

In line 6, thetrimming procedureemoreseachelementy wherer (y) is greaterthant from L;. Therest

elementsof L; aregeneratedy selectinga subsef R andapplyinga sequencef W operationson the selected

elements.Therefore the elementz* returnedin line 9 is indeedderived from a subsebf R. It remainsto shov

thatthe nr(z*

) is notsmallerthan1 — e timesan optimalsolution,andwe mustalsoshav thatthe algorithmruns



Figure5: A rooted-treewith eightvertices. Thetreehasa minimum cut (cut-size= 1) which partitionsthe tree
into two balancedgarts.

in polynomialtime.

To shaw thattherelative errorof thereturnedanswelis small, notethatwhenlist L; is trimmed,we introducea
relative errorof atmoste /I betweertherepresentate 7 valuesof the elementsemainingandthe n valuesof the
elementdeforetrimming. By inductionon, it canbe shavn thatfor eachpossibleelementy in L; producedoy
the Exact-Rooted-flee-Subset-Suralgorithm, thereexists an elementz € L; producedby the Approx-Rooted-

Tree-Subset-Sumlgorithmsuchthat
(1 —e/l)'n(y) < w(z) < n(y). €y
If y* denotesanoptimalsolutionto the Rooted-Tee Subset-Sunproblem thenthereis az* € L; suchthat
(1 —¢/'m(y") < m(a”) < w(y"), (2)

wheren(z*) is the w valueof the elementz* returnedby Approx-Rooted-Tee-Subset-SunSincel > 1 > e, it
canbeshavn that

d €\
ﬂ(l_f) > 0. 3

It impliesthatthefunction (1 — €/1)! increasesvith [, sothat! > 1 implies
1—e< (1—¢/l), (4)
andthus,
(1 —en(y") < m(z"). (%)

Thereforethe  valueof =* returnedby Approx-Rooted-Tee-Subset-Suns not smallerthanl — e timesthe

valueof the optimalsolutiony*.



To show that this is a fully polynomial-timeapproximationscheme we derive a boundon the lengthof L;.
After trimming, successie elements: andz’ of L; musthave therelationshipr(z) /7 (z') > 1/(1 —¢/1). Thatis,

their = valuesmustdiffer by afactorof atleast(1 — €/I). Thereforethe numberof elementsn eachL; is atmost

Inh linh

sinceln(1 + ¢) < ¢ for s > —1. This boundis polynomialin the number! of the given input elementsjn the
numberof bits Inh neededo represent, andin 1/e. Sincetherunningtime of Approx-Rooted-Tee-Subset-Sum
is polynomialin the lengthof L;, Approx-Rooted-Tee-SubseSum is a fully polynomial-timeapproximation

scheme. i

Algorithm: Exact-Rooted-fiee-Subset-Sumi, h, q)

Input: R—asetassociateavith arootedtreeC;(V, N).
h: atamgetinteger
q. anupperbound.

Output: z*—anelement.t. 7(z*) is aslarge aspossiblebut notlarge
thanh and|z*| < q.

1.1+ |R|;

2. Ly << (0,0) >;

3.for i < 1toldo

4. Pick(x(v;),Ty;) € R accordingto thetopologicalorderof node
vjin C;

5. L; + Merge-Lists{;_1,L; 1 + (Iﬁ(’l)j),TvJ. ));

6. Remaetheelement(s(vi,i,---,vid), To;1s--- T, ) from L;
S.t.k(vi,- .-, q) is greatethanh;

7. Remaetheelement(s(vi1,---,via), To;ys---> T, 4) from L;
st |(k(vi1s- -5 Vid)s Toy s - - - Ty 4 )| IS Qreatetthang;

8. Output theelementz* in L; s.t. w(z*) is thelargest.

Figure6: Theexactalgorithmfor the Rooted-Tee Subset-Sunproblem.

Approx-Rooted-Tee-Subset-Surtells us how to partitiona rooted-treecircuit. If its resultscontaininfeasible
treeswe needto apply Approx-Rooted-Tee-SubseSumrepeatedly
For the casewhere(C; (rootedat v) is anagyclic graph. We canperformbreadth-firssearchfrom nodev and

obtainarootedtree,andthenapply Approx-Rooted-Tee-Subset-Suranthetree.
3.2 Phasell: The Probability-Based Algorithm

Theprobability-basedterative-improrementmethodextendsthework [6] to fit thearchitectureof Xilinx TMF-
PGAs.



Algorithm: Approx-Rooted-Tee-Subset-Sumi( h, g, €)

Input: R—asetassociateavith arootedtreeC;(V, N).
h: atamgetinteger
g. anupperbound.

Output: z*—anelement.t. 7(z*) is aslarge aspossiblebut notlarge
thanh and|z*| < q.

1.1+ |R|;

2. Ly << (0,0) >;

3.for i < 1toldo

4. Pick(x(v;),Ty;) € R accordingo thetopologicalorderof
nodev; in C,;

5. L; + Merge-Lists@; 1, L; 1 + (k(v;), Ty, ));

6. L; + Trim(LZ-,e/l);

7. Remaetheelement(s(vi1,---,via), To;ys-- - T, 4) from L
S.t.&(vi1,---,viq) i greatetthanh;

8. Remaetheelement(x(vi1, ..., vid), To; 15T, ) fromL;
st |(k(vi1y- -, 03,0); Tog 5 - - - Ty 4 )| IS greatetthang;

9. Output theelementz* in L; s.t. w(z*) is thelargest.

Subroutine: Trim(L;, €)
.m < |L;;
. L' +< y1 >, wherey; is thefirst elementin L;;
Aast «— w(y1);
.for i < 2tomdo
if last < (1 — €)m(y;) then
appendy; ontotheendof L’;
last « 7(y;);
. Output L'

0O ~NOUIAWN R

Figure7: Thefully polynomial-timeapproximatiorschemdor the Rooted-Tee Subset-Sunproblem.



3.21 Iterative-lmprovement Approach

In the TMFPGA bipartitioningproblem thesetV of nodess dividedinto two subsetd; andV;, whichrepresent
nodesin two stagesFor ary two nodesu, v in V, if Pre(u) < Pre(v), thenu, v arein the samestageor u is V4
andw isin V5. Further V; andV, mustsatisfythe balanceconstraint.The sizeof Cut(2, 1) equalsthe numberof
total registersin the circuit, which cannotbe reducedary more. Therefore we only needto minimizethe sizeof
Cwut(1,2) in the TMFPGA bipartitioningproblem.In the secondstepof CPAT, we presenthe PAT (Probability-
basedAlgorithm for TMFPGA), which appliesa probability-basediterative-improrementapproachto minimize
thesizeof Cut(1,2). (Figurel0summarize®AT.) Wefirst usethetopologicalsortto obtainaninitial partitioning
that satisfieshe balanceandthe precedenceonstraintgline 1 in Figure10). During the iteratve improvement,
eachnodeis assignedh gain, representinghe benefitof moving the nodeto the othersubset.In eachpass(lines
4-18in Figure10), we chooseanodewith thelargestgainandcheckif it will violatethebalanceor theprecedence
constraintaftermoving thenode.If it is feasibleto move thenode,it is temporarilymovedandlocked. Selectthe
bestsequencef movesandmake thempermanentRepeathe above procesdn a passuntil no bettercutsizeis

found.
3.2.2 ThePrecedence Constraint

Becausef the precedenceonstraintmoving a nodeto the othersubseimay not be valid. We usethe following

two rulesto judgeif anodecanbemoved:
R1: A nodew in V; canbemovedif all its successorm V; have beenmoved.
R2: A nodew in V5 canbemovedif all its ancestorsn V5 have beenmoved.

For example,in Figure 8(a), v, cannotbe moved accordingto Rule R1. In Figure 8(b), v3 cannotbe moved

accordingo RuleR2.

(b)

Figure8: Theprecedenceonstraints.Shadechodescannotbe movedto the otherstagedueto the precedence
constraints.

After anodewv is movedto the otherstage someof its neighboramay alsobe blocked in that stagedueto the

precedenceonstraint. We usethe following two rulesto determinewhethersuchneighborsshouldbe blocked



(seeline 14 in Figure10):
R3: If v ismovedfrom V; to V5, all its successorshouldbeblockedin V5.

R4: If v is movedfrom V5 to V4, all its ancestorshouldbeblockedin V;.
3.2.3 Gainsof Nodes

In the PAT, eachnodeis given a probability for moving it to the other set. Basedon theseprobabilities,an
expectedgain of moving a nodeto the othersubsetanbe evaluated.Beforedetailinghow to computegains,we

shallintroducesomenotationfirst.

e Cutset: setof netswhich needmicro registersin Cut(1,2). In otherwords,a C-typenetis notin Cutset
if all its nodesarein V; or V,; anFF-typenetis notin Cutset only if its fan-outnodeis in V, andall its

fan-innodesarein V3.
e ¢(n): costof netn.
¢ p(u): probabilityof moving nodeu to the otherstage.

. n}—”: eventthatnetn; is removed from Cutset by moving nodesto V5. For a C-typenetn; in Cutset,
ni~? meansall its nodesin V; aremovedto Vs; for anFF-typenetn; in Cutset, nt—? meansall nodesare

originally in V; andthenits fan-outnodeis movedto V5.

e n?71: eventthatnetn; is removed from Cutset by moving nodesto V;. For a C-typenetn; in Cutset,
n?~1 meansall its nodesin V; aremovedto V;; for an FF-typenetn; in Cutset, n?~! meansts fan-out

nodeis originally in V5 andthenall its fan-innodesaremovedto V.

e p(n¢°|u): probabilityof removing netn; from Cutset by moving nodesto V;, in the conditionthatnode

u is originally in V, andthenis movedto V.

. p(ng—’b|uc): probability of removing netn; from Cutset by moving nodesto V4 in the conditionthatnode

u is originally in V, andthenstaysin V.
e fn, : fan-outnodeof netn;.
e S,(u): setof successoref u in stageV,.
e A,(u): setof ancestorsf u in stageV,.

e Ey(ni,n;): setof nodesin V, thatarebothin netsn; andn;. E.g.,in Figure9, E;(ns,n¢) = @ and
Eg(ng,,nﬁ) = {’05}.

e N,(u): setof u'sneighborsn V.



¢ I(u): setof netswhich containnodeu.

e M,(n): setof netsthathave commonnodeswith netrn in V,. E.g.,in Figure9, Mi(ns) = {n4,n7} and
Mj(ns) = {n2,ns}.

¢ ¢(n¢?): expectedgainin the conditionthatnetn; is movedfrom V, to V.

* ey, (n¢="%): expectedgaincontritutedby n; in the conditionthatnetr; is movedfrom V; to V;.

e g(u): gainof nodeu.

® gu;(u): gainof nodeu contritutedby n;.

0,4, n O
|
N~ |
y A
/!
v WO
il'\

Figure9: Examplefor the notation.

Accordingto thedefinitionsof n 2 andn?~1, we have thefollowing equationsFor a C-typenetn; with node

u,u € Vg,
p(nf ) = II »W
VENg (n;)—{u}
p(?7we) = [ p).

vEN(n;)

For anFF-typenetn; with nodeu, Yv,v € V4,

1 ifu=fp,
1—2 _ ng
p(n; ) = { 0 otherwise
1-2(,,¢) _ p(fnl) ifu?éfn,-
Pl ue) = { 0 otherwise
p(ni7tu) = 0

For anFF-typenetn; with nodeu, f,, € Vs,

2—>1|u vEN2 (ns)— {fn ,u}p( ) ifue NZ(nz) - {fn,}
otherwise
0.

UEN2 m) {fn; }P( v) ifUGNl(ni)U{fni}

2—>1|u
otherwise

p 1—>2|u



Moving a netn; to somestagewill affect the move of the othernetsthat have commonnodeswith netn;. It
is calledthe 2nd-orderinformation[6]. Therefore the expectedgainfor removing a netfrom Cutset shouldbe

considered.
e = Y ey (nd).
n;€Ma(n;)

For two C-typenetsn; andn;, n; Nn; # 0,

en;(n{7) = elnyp(ng”)/ [ ). @)
vEE, (ni,nj)

For a C-typenetn; andanFF-typenetn;, n; N n; # 0,
(L)if fn, € VA,

12y _ c(ng) it Ei(ni,ng) = fu;
en; () = { 0 otherwise !
€n; (n27Y) = 0

(2)if fu, € Vo,

e(nj)p(ni=1) .

3 ~ _ if f & Eo(n;, n;

enj (nZQ—)l) — Hv€E2(n¢,nj)p(U) fm ¢ 2(”@,”])
0 otherwise

en; (n771) = 0.

For anFF-typenetn; anda C-typenetn;, n; N n; # 0,

en, (n}72) = c(ng)p(n™2) /p(fn;) I fn; €,
e 0 otherwise
_dmp(ni™) _
€n; (ng—ﬂ) = HUEEz(ni,nj)p(U) if fnZ <4 U
0 otherwise.

For two FF-typenetsn; andn;, n; Nn; # 0,
Q) if fn; € V1,

122y _ C(nj) if fr, = fn;
eny (077) = { 0 otherwise
enj(n%_ﬂ) = 0.
(2 if fn; € Va,
c(ny)p(ni ") .
if f,. .
Cn; (’I’),ZZ—>1) = ”EEz(ni:"j)*{fni}p(v) fn] g g
0 otherwise

en; (nj %) = 0.



If netn; in the above casess notin Cutset originally andmoved into Cutset in condition of ngHb, theterm

—c(n;) shouldbeincorporatednto ey, (n¢~**). For example two C-typenetsn; andn;, n; € Vi,

en; (n§7%) = —c(ng) +c(nj)p(n§™")/  J[  plv). 8)
vEEq(ni,n;j)
Usingtheabove equationsye cancomputeg,, (u) asfollows:
(1) if n; is C-type,
gni(w) = (e(ni) +e(nf™"))p(nf " |u) -
(c(ns) + e(nf™*))p(ng " |u). 9)
(2) if n; is FF-type,
gni(w) = (c(ni) + e(nf™"))p(nf " |u) -
(c(r) + e(ng"))p(nf 7*|u®). (10)
Thus,thegainof anodeu is givenby
glw) = D gni(u). (11)

ni€l(u)

The probability of a noderepresentshe likehoodthatthe nodewill be moved. The nodewith a greatergain
hasa higherprobability to be moved. Thus,we cangetthe probability of a nodeby a monotonicallyincreasing
mappingfunctionof its gain. (In ourexperimentshavn in thenext sectionwe usedanincreasinginearfunction.)
It causesninterdependenchbetweerprobabilitiesandgainssincewe obtainthegainsfrom probabilitiesof nodes
asshavn in theabove equationsTo breakthis endlesgecursve relation,we give eachnodethe probability 0.5in
our experiment.Repeatcomputinggainsandprobabilitiesfrom eachotheruntil they arestableenoughandthen
we have initial probabilities(line 6 in Figure10). In practice,threeiterationsare enoughto reacha stablestate.

Theprobability-base@lgorithmPAT is summarizedn Figure10.
3.3 TheTiming Constraint

Thespeedf a TMFPGA is determinedy the maximumexecutiontime of a micro-gycle. Therefore we must
reducethelongestpathin amicro-g/cle. In PAT, thelengthsof thelongestpathsin bothstagesareupperbounded
by [%1 , whereD is thelengthof thelongestpathin thecircuit.

For anodew, let o (v) denotethe lengthof the longestpathfrom v to primary outputsandé;(v) denotethe
length of the longestpath from primary inputsto v. A nodewv cannotbe putin V; if 6;(v) is morethan [%1,
becauseherewill exist a pathof lengthmorethan [%1 from aprimaryinputto v in V;. For thesamereasona
nodew cannotbe putin V4 if do(v) is morethan[£7. Accordingto the abore rules, the nodesthatmay violate

thetiming constraintarefixedin properstageseforethe clusteringphase.



Algorithm: Prob(/, N)
Input: V—setof nodes;N—setof nets
Output: V7,Vo—setof nodes;
\\ initial_partition(/’)—a pair of nodesetswhich satisfy
the precedenceonstraint
\\ CutsizeV1, V,, N)—total weightof netsin Cutset
1 (4, V3) < initial_partition();
old_cutsize+ oo;
min_cutsize« Cutsizel;, V2, N);
while (min_cutsize<old_cutsize);
old_cutsize«~ min_cutsize;
P < Compinitial_prob(, V2, N);
G <+ Compgain(i, Vo, N, P);
M < MovablenodesV, V, N);
while (M # 0) do
u < largestgain(\/);
if (u is feasibleto be moved)
temporarilymove u;
updateG;
block.nodesg);
new_cutsize+ Cutsizel;, Vo, N);
if (new_cutsize<min_cutsize)
min_cutsize+ new_cutsize;
Actually move the nodesthatcausethe minimumcutsize

O©CoOoO~NOODSWN
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Figurel10: The2ndphaseof CPAT: PAT.




4 Experimental Results

Theprobability-basea@lgorithm,PAT, andtheclustering-andprobability-basedlgorithm,CPAT, wereimple-
mentedin the C++ languageon a PCwith a Pentiumll 300 microprocessoand128 MB RAM andtestedon the
MCNC Partitioning93benchmaricircuits. In Table1, we compared®AT with the network-flow-basedapproach
FBP- m[9] andthelist scheduling.i st [2, 3] onthe Xilinx TMFPGA model,in which a circuit waspartitioned
into eightstages.The sizeof a stageis boundedby the balancefactor5% (the sameasin [9]). Columns2 and3
in Tablel list the numbersof nodesandnets,respeciiely, in eachcircuit. Columns4, 5, and6 list the maximum
numbersof micro registersusedby Li st , FBP- m andPAT, respectiely. Columns7 and8 list the percentages
of improvementsof PAT over Li st andFBP- m respectrely. Theresultsshav thatour PAT algorithmoutper
formsLi st andFBP- mby respecire averagereductionsf 33.2%and12.4%in the maximumnumbersof micro
registersrequired. It implies that the probability-basedgschemes effective in reducingthe interconnectiorfor
TMFPGAs.

In Table2, we comparePAT and CPAT. Columns2, 3, and4 in Table2 comparethe maximumnumbersof
micro registers. Columns5, 6, and 7 comparethe runtimes. The resultsshav that PAT hasperformanceor
smallercircuits while CPAT obtainbetterresultsfor larger circuits. It implies that the clusteringalgorithmin
CPAT leadsto a considerabléemprovementasthe size of a circuit increasesver a certainbound. In addtion,
the clusteringalgorithmin CPAT substantiallyreducesthe problemsize and thus the runtime. However, the
clusteringalgorithmin CPAT might breakthe connectiities of nodesandnetswhenthe circuit is small,in which

thefollowing probability-basedlgorithmmight not be ableto getthe sufiicientinformationto find a betterresult.

Circuit #Nodes | #Nets Max # of registers PAT Imprv. (%)
List [ FBP-m [ PAT List [ FBP-m

c3540 1038 1016 177 166 126 | +28.8 +24.0
c5315 1778 1655 | 265 165 157 | +40.7 +5.1
c6288 2856 | 2824 117 114 114 +2.6 0
c7552 2247 | 2140 | 453 392 260 | +42.6 +33.7
s820 340 314 91 81 43 | +52.7 +46.9
s838 495 459 131 71 72 | +64.8 -1.4
51423 831 750 130 120 106 | +18.5 +11.7
59234 6098 | 5846 | 640 502 430 | +32.8 +14.3

s13207 9445 | 8653 | 1118 901 838 | +25.0 +7.0
515850 11071 | 10385 | 1070 877 808 | +24.5 +8.5
$35932 19880 | 17830 | 3806 2950 | 2138 | +43.8 +27.5
s38417 25589 | 23845 | 3546 2892 | 2628 | +25.9 +9.1
s38584 22451 | 20719 | 5131 2796 | 3611 | +29.6 -25.7

Average | | | | | | +33.2] +124]

Tablel: Resultsfor the8-stageS MFPGA partitioning.



Circuit Max # of registers runtime(sec)
PAT | CPAT [ Imprv. (%) PAT | CRAT [ Imprv. (%)
c3540 126 152 -17.1 3 3 0
c5315 157 174 -9.8 11 4 +63.7
s820 43 61 -29.5 4 2 +50.0
s838 72 93 -22.6 1 1 0
51423 106 120 -11.7 3 2 +33.3
s9234 430 402 +6.5 29 25 +13.8
s13207 838 838 0 190 136 +28.4
s$15850 808 767 +5.0 163 104 +36.2
s35932 | 2138 | 2018 +5.6 | 20131 | 15715 +21.9
s38417 | 2628 | 2468 +6.0 1125 926 +17.7
s38584 | 3611 | 1451 +59.8 1766 932 +47.2
[ Average | | | -0.7 | | | +28.4 |

Table2: Resultsfor the 8-stageS MFPGA patrtitioning.

5 Conclusion

We have presented clustering-and probability-basedalgorithmfor the k-stageTMFPGA partitioning prob-
lem. Experimentalresultsshav that our probability-basedalgorithm outperformsthe previous works, the List
schedulingandthe network-flow-basedmethod,in a significantmaigin. Furthermorewe canimprove the result
andruntimeby incorporatingthe clusteringalgorithmfor large circuits.
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