
A Clustering- and Probability-based Approach for Time-multiplexed FPGA
Partitioning

���

Mango Chia-Tso Chao, Guang-Ming Wu, and Yao-Wen Chang

Departmentof ComputerandInformationScience,NationalChiaoTungUniversity, Hsinchu300,Taiwan

Abstract

Improving logic densityby time-sharing,time-multiplexed FPGAs(TMFPGAs) have becomean important

researchtopic for reconfigurablecomputing.Due to theprecedenceandcapacityconstraintsin TMFPGAs,the

clusteringand partitioning problemsfor TMFPGAs are different from the traditional ones. In this paper, we

proposea two-phasehierarchicalapproachto solve thepartitioningproblemfor TMFPGAs.With theprecedence

andcapacityconsiderationsfor both phases,the first phaseclustersnodesto reducethe problemsize,and the

secondphaseappliesa probability-basediterative-improvementapproachto minimize cut cost. Experimental

resultsbasedon the Xilinx TMFPGA architectureshow that our algorithm significantly outperformsprevious

works.

1 Introduction

Improving logic densityby time-sharing,time-multiplexed FPGAs(TMFPGAs) have becomean important

researchtopic for reconfigurablecomputing. In TMFPGAs, a virtual large designis partitionedinto multiple

stages(or partitions)to sharethesamesmallerphysicaldevice thanthatoccupiedby traditionalFPGAs.Several

differentarchitectureshavebeenproposed,suchastheXilinx model[10], Dharma[1], etc.All thesemodelsallow

dynamicreuseof logic blocksandwire segmentsby usingmorethanoneon-chipSRAM bit to controlthem.The

configurationsof logic blocksandwire segmentscanbechangedby readingdifferentSRAM bits.

Figure1showstheXilinx TMFPGAconfigurationmodel[10]. TheTMFPGAemulatesasinglecircuitdesignin

thesequencingof multipleconfigurations.In eachmicro-cycle,theTMFPGAreadsin thecircuit informationfrom

a correspondingconfigurationSRAM, andthentheconfigurablelogic blocks(CLBs) in theTMFPGA arereused

to evaluatelogic. A usercycle is a cycle passingthroughall micro-cycles.EachCLB containsmicro registersto

hold theCLB result.Micro registershold theintermediatevaluesof combinationallogic for latermicro-cyclesin

thesameusercycleandreserve thestatusof flip-flopsfor thenext usercycle. In Xilinx TMFPGAs,thereareeight
�
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micro-c� yclesin ausercycle. A new configurationis loadedinto activeconfigurationmemoryafterall CLB results

in thelastmicro-cycle have beensaved.

Theobjective of theTMFPGA partitioningproblemis to minimize the interconnection(thenumberof micro

registersrequired)betweenmicro-cycles.Unlike a traditionalFPGA,theexecutionorderof nodesin aTMFPGA

must follow their precedenceconstraints.For example,a nodemustbe excutedno later thanall of its outputs

in a combinationalcircuit. It implies that a cut in a TMFPGA partitioningshouldbe a uni-directionalcut. For

the TMFPGA partitioningproblem,several heuristicssuchaslist scheduling[2, 3] andnetwork-flow-basedap-

proach[9] on differentarchitectureswereproposed.Thenetwork-flow-basedapproach[9] givesthebestresults

amongtheprevious works for thepartitioningproblem. Thenetwork-flow-basedapproachfirst findsa min cut.

If themin cut is not at thebalancedpoint, it will randomlymove nodesto meetthebalanceconstraint.Thusthe

optimality maydeviateaway afternodesareadjusted.In this paper, we proposea two-phaseapproach,theCPAT

method(ClusteringandProbability-basedAlgorithm for TMFPGA), to solve theTMFPGA partitioningproblem.

Thefirst phasereducestheproblemsizeusinga clusteringmethod;thesecondphaseminimizestheinterconnec-

tion by a probability-basediterative-improvement[7, 8] method.For thefirst phase,we extendthemethodused

in [4] which is effective in clusteringtraditionalcircuits,but maygenerateaclusterof sizeexceedingthecapacity

of a stagein theTMFPGA partitioning. Our solutionto thecapacityoverflow problemis basedon a rooted-tree

subset-sumformulation; we prove that the rooted-treesubset-sumproblemis NP-completeandpresentan ex-

act exponential-timeanda fully polynomial-timeapproximationalgorithms[5] for theproblem. For the second

phase,the probability-basedmethodincroporatesthe precedenceconstraintsinto the 2nd-orderprobabilityesti-

mation[6]. Thus,theprobability-basedmethodfindsthepotentiallymaximumgainamongmovablenodes.Our

method,thus,canglobally monitorthechangesandcanavoid thedrawbackof thenetwork-flow-basedapproach.

Experimentalresults,basedon theXilinx TMFPGA architecture[10] with eightmicro-cycles(stages),show that

our algorithmreducesthemaximumnumbersof micro registersrequiredby averageimprovementsof 33.2%and

12.4%comparedwith theList schedulingandthenetwork-flow-based[9] methods.

2 Problem Formulation

We follow theformulationandnotationusedin [9]. A circuit in a TMFPGA canberepresentedby a directed

hypergraph �
	���
���� , where � is thesetof nodesand � is thesetof netsin thecircuit. Therearetwo typesof

nodesin � : combinationalnodes(C-nodes) andflip-flop nodes(FF-nodes). Eachnode����� hasaweight ��	���� .
Theweightof a set � ( ����� ), � 	!�"� , is givenby #%$'&)(*��	���� . For a net + = ,-�/. , �)0 ,. . . , �'1/2 with 3 nodes,let

�/. bethe fan-out node whoseoutputsignalis theinput signalto �-4*��+ ( 57698�6:3 ), andlet �-4;��+ ( 5
698�6:3 )
bethefan-in node whoseinputsignalis theoutputsignalfrom �<. .

To fit into a TMFPGA, a circuit is partitionedinto = stages,suchthat the logic blocksandwire segmentsin
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Figure1: TheXilinx time-multiplexedFPGAconfigurationmodel.

differentstagescansharethesamephysicalTMFPGA device. These= stagesform oneusercycle, andoneuser

cycleshouldproducethesameresultsontheoutputsaswouldbeseenby anon-time-multiplexeddevice. In order

to ensurethecorrectresultsproducedin ausercycle,every nodesmustbeevaluatedin aproperorder. According

to theXilinx architecture[10], thefollowing threeprecedenceconstraintsmustbesatisfied:

1. Eachcombinationalnode(C-node)mustbescheduledin astageno laterthanall its outputnodes.

2. Eachflip-flop node(FF-node)mustbescheduledin a stageno earlierthanall its input C-nodes.This rule

guaranteesthatflip-flop inputvaluesarecalculatedbeforethey arestored.

3. EachFF-nodemustbescheduledin a stageno earlierthanall its outputnodes.This ruleguaranteesthatall

thenodesthatusethevalueof theflip-flop usethesamevalue:thevalueof flip-flop from theprevioususer

cycle.

Theabove constraintsdefinea partial temporalorderingon thenodesin thecircuit. Let >"?A@B	���� betheprece-

denceof a node � . For two nodesC and � , let >D?)@<	�CE�"FG>"?A@B	��H� denotethatnode C mustbescheduledno later

thannode � . In otherwords,for a net + = ,-�/. , �)0 , I'I'I , �'1/2 , where�/. is thefan-outnodeand �-4 , 5J6K8L6M3 , is the

fan-innode.

N if � . is aC-node,then >"?A@<	�� . �OFP>"?A@B	�� 4 � for 5Q6R8
6S3 ;
N if �/. is anFF-node,then >"?A@<	��'4T�OFU>"?A@<	��<.V� for 5�6R8J6%3 .
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Figure2: Precedenceconstraints.Shadednodesandwhite nodesrepresentthe fan-outnodesandfan-in nodes,
respectively.

By thetwo constraints,we candecidethedirectionsof netsin thegraphandclassifynetsinto two types:a net

is C-type if its �/. is aC-node,andanetis FF-type if its �<. is anFF-node,asshown in Figure2.

In TMFPGAs,micro registersare requiredbetweenstagesto storethe dataof nodesfor usein later micro-

cycles. Let W"CYX'	�ZY
\['� be thesetof micro registersbetweenstageZ andstage[ . A = -stageTMFPGA contains=
cuts, W]C^X_	a`b
\5A� , W"CYX'	c5/
\dA� , I'I'I , W"CYX'	c=�ef`b
\=g� , and W]C^X_	c=h
-`i� . For a C-typenet,thedataof its fan-outnodemust

behelduntil thelaststagecontainingafan-innodeof thenet.For anFF-typenet,thedataof its fan-outnodemust

beheldnot only in thereststagesof thecurrentusercycle but alsofrom thefirst stageto the laststageof all its

fan-innodesin thenext usercycle. For a net + = ,-�<. , �)0 , I'I'I , �'1<2 , let j<	��H� = 8 if �k�M�B4 , lm	�+n� denotethenumber

of micro registersusedin net + , and = denotethenumberof stages.lm	�+n� is givenasfollows.

N lm	�+n��ofpJqTr^,sj/	��-4s�'t 5Q6:8
6%3u2veRj<	��/.w� , if net + is C-type.

N lm	�+n��ox=QeRj<	�� . �zy:p
qTrE,sj/	�� 4 �'t 5�6R8J6%3z2 , if net + is FF-type.

Figure3 shows theregistersneededin anetfor a4-stageTMFPGA.In Figure3(a),thedataof aC-typefan-out

nodeis heldfrom stage1, thestageof thefan-outnode,to stage3, thelaststageof thefan-innodes.It usesthree

micro registers,onefor W]CYX'	a`b
\5A� and W]C^X_	c5/
\dA� each.In Figure3(b), thedataof anFF-typefan-outnodeis held

from stage3, thestageof fan-outnode,to stage4, thenbackto stage1 of next usercycle andfinally to stage2,

thelaststageof fan-innodes.It usesthreeregisters,onefor W]C^X_	cd/
|{<� , W]CYX'	�{H
-`i� , and W"CYX'	a`b
\5A� each.

The = -stage TMFPGA partitioning problemis to partition a circuit �J	��}
��%� into = non-overlappingsubsets

�~. , �Y0 , I'I'I , �g� , suchthat themaximuminterconnection(thenumberof micro registers)betweeneachtwo adjacent

stagesis minimized,andthefollowing propertiesaresatisfied:

(1) � ���� . � � o�� .

(2) Precedence constraint: Let j/	���� = 8 if ���x� 4 . For eachtwo nodesC and � , if >"?A@B	�C~�QF�>"?A@B	��H� , then

j/	�CE�m6Pj<	��H� .
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Figure3: (a)Two micro registers,indicatedby � , usedin aC-typenet ,-�/.-
|�)0T
|�)�T2 ; (b) Threemicroregistersused
in anFF-typenet ,-�/.-
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(3) Balance constraint: For eachsubset� � , � 	�� � � is boundedby a factor ? asfollows:

� 	��*�
= 	a`�eS?B��6�� 	�� � ��6 � 	��;�= 	a`�y:?B�w
��Q69?;6�`bI

(4) Timing constraint: Let � bethelengthof thelongestpathin acircuit. Thelengthof thelongestpathin each

stageis upperboundedby �_� ��� .
3 The Two-Phase CPAT Algorithm

The = -stageTMFPGApartitioningproblemcanbehandledby repeatedlysolving =�e7` TMFPGAbipartitioning

problems.We shall focusour discussionson theapproachfor solvingtheTMFPGA bipartitioningproblem.Our

solutionto thisproblemis basedona two-phasehierarchicalapproach:clusteringfollowedby aprobability-based

iterative-improvementformulation.
3.1 Phase I: The Clustering Algorithm

An effective clusteringalgorithmcangreatly improve the quality of the precedence-constrained partitioning

resultsandspeedupthelaterpartitioningalgorithmby reducingtheproblemsize.TheMFFSalgorithmis effective

in clusteringtraditionalcircuits [4], but may generatea clusterof sizelarger thanthe capacityof a stagein the

TMFPGApartitioning.

In thefollowing, we proposea clusteringmethodbasedon theMFFS,which cancontrol thesizeof a cluster.

Thedefinitionsof FFSandMFFSaredescribedasfollows. For agivennode� in acircuit,



N����*� $ = , u t every path from u to some primary output passes through v in the circuit 2 .
N����D�*� $ = , u t for all �D�*� $ , u � �D�*� $ 2 .

A circuit canberepresentedin theTMFPGAby adirectedgraph.For agivencircuit W � andanode� , anMFFS

clusterrootedat � canbeobtainedby usingthefollowing procedure:

N Convert W � to adirectedgraph,�
	���
��%� , where � is asetof nodeswhichcorrespondsto W � , and � is aset

of directededges.A directededge	��\
�8<� existsif node8 is a fan-inof node� .
N Cut all the fan-outedgesof the root node � ; searchall other nodesin graph �J	��}
��%� startingfrom the

primaryoutputsof the W � . Thenodesin �J	��}
��%� thatwerenot traversedbelongto the ���D�*� $ .
TheMFFSconstructionalgorithmdescribedaboveis usedto obtainoneMFFScluster. Toclustertheentirecircuit,

we needto applytheMFFSconstructionalgorithmrepeatedly. TheMFFSclusteringalgorithmworksasfollows:

For agivencircuit W � , let �"�b�TXaj = , all primaryoutputsin W � 2 . Then,extractanode�����"�b�TXaj andusetheMFFS

constructionalgorithmto construct���D�*� $ . This processis repeateduntil �"�b�sX|j is empty. Thenremove all

currentlyconstructedMFFSclustersfrom W � , resultingin a reducedcircuit W"�� whoseprimary outputsareinput

nodesto theremovedMFFSclusters.Repeatthesameprocedurefor thenew circuit W"�� recursively until all nodes

in W � aregroupedinto MFFSclusters.For example,thecircuit depictedin Figure4(a)canbeclusteredinto three

clusters(seeFigure4(b)).

(a) (b)

Figure4: (a) Theoriginal circuit; (b) Clusteringby MFFSclustering.

We presentin thefollowing two algorithmsto handlea clusterof sizeexceedingthecapacityof a stagein the

TMFPGA partitioning.Our methoddecomposesa cluster W � (rootedat � ) accordingto thetwo cases:(1) W � is a

rootedtree,and(2) W � is anacyclic graph.Our targetis to partition W � into two balancedsetswith theminimalcut

size.

We first considerthe casewherea circuit W � is a rootedtree. Let   $|¡ denotethe subtreerootedat � � , where

� � ��W � . For nodes�/.'
|�b0b
'I'I'I , and �)¢ in respective   $V£ 
a  $�¤ 
'I'I'I , and   $a¥ , let ¦u	��/.-
|�)0b
'I'I'Ii
|�)¢s� denotethe total



weights§ of nodesin   $w£ 
a  $�¤ 
'I'I'I , and   $¨¥ . Wedefineanelement ©koª	c¦u	��/.-
|�)0b
'I'I'Ii
|�)¢s� ,   $V£ 
a  $�¤ 
'I'I'I-
a  $¨¥ � , where

�/.-
|�)0s
'I'I'Is
|�)¢ representthe respective roots of disjoint subtrees  $V£ 
a  $|¤ 
'I'I'Is
a  $ ¥ . For an element©�o«	c¦u	��/.i

� 0 
'I'I'I-
|�)¢s�w
b  $w£ 
a  $�¤ 
/I'I'Ii
a  $ ¥ � , let t ©�t�o�¬ and ­�	�©E�mo�¦n	�� . 
)� 0 
'I'I'Is
|�b¢T� . An element® is calleda singleton ele-

ment if it containsonlyonesubtree.Foranelement© � o¯	c¦u	�� ��° .-
|� ��° 0b
'I'I'Is
|� ��° ¢i�w
a  $|¡²± £ 
a  $|¡�± ¤ 
'I'I'Is
a  $ ¡�± ¥ � andasingle-

tonelement®i4³oª	c¦n	��'4b� ,   $�´ � , if   $�´bµ¶H·s¸ ¡�± ¹ , `"6Pºn6P¬ , let © ��» ®i4�oª	c¦u	�� ��° .-
\� ��° 0T
sI'I'Ii
|� ��° ¢)
|�-4T�w
a  $|¡²± £ 
a  $|¡²± ¤ 
'I'I'I-
a  $ ¡�± ¥ 
a  $c´ � ;
if   $�´R¼   $ ¡²± ¹ , `S6½ºQ6¾¬ , let © �n» ®i4;o¿	c¦u	HÀ�Q�w
�À ]� , wherethe set À�ÁoÂ,-� ��° .-
|� �Ã° 0T
'I'I'Is
|� ��° ¢)
|�-4)2*e�,-� ��° Ä 2 and

À foG,'  $|¡²± £ 
a  $a¡�± ¤ 
'I'I'Is
a  $ ¡�± ¥ 
a  $�´ 2�e�,'  $ ¡²± ¹ 2 . Let Å denoteahalf of thetotalnumberof nodesin W � . Therooted-tree

subset-sumproblemis to cut W � into atmost Æ subtreessuchthatthetotalweightsof nodesin thesubtreesis equal

to Å . Weformulatetherooted-treesubset-sumproblemasfollows.

N The Rooted-Tree Subset-Sum problem: Givenaset � of singletonelementsassociatedwith a rootedtree

W � andtwo integers Æ and Å , find anelement© derivedby a sequenceof » operationssuchthat ­�	�©~�³o�Å
and t ©}t/6UÆ .

Theorem 1 The decision problem of the Rooted-Tree Subset-Sum problem is NP-complete.

Proof: We first show that Rooted-TreeSubset-Sumproblemis in NP. Given a set � associatedwith a rooted

treeandtwo integers Æ and Å , we let thesubset� � of � bethecertificate.CheckingwhetherÅLo�­�	 »�Ç &)ÈgÉ ©E� and

t »�Ç &)ÈgÉ ©�tAofÆ canbeaccomplishedby averificationalgorithmin polynomialtime.

TheSUBSET-SUM problemis anNP-completeproblem.[5] We now show thatSUBSET-SUM 6³Ê Rooted-

TreeSubset-Sum.Given an instanceËÌÀ� 
|X�Í of the subset-sumproblem,the reductionalgorithmconstructsa

tree(a circuit) W of theRooted-TreeSubset-Sumproblemsuchthatthereexistsasubsetin À� whosesumis equal

to X if andonly if thereexistsanelement© associatedwith W , where ­�	�©E��o�X .
Theheartof thereductionis atreerepresentationof À� . Let À� oG,sj).'
\js0b
'I'I'I-
\j � 2 beasetconsistingof � integers.

Weconstructthetree W
	���
��%� with �~yf` nodesassociatedwith À� asfollows:

N Add a root �)Î with weight Ï to � .

N For eachinteger j 4 � � , addanode� 4 with weight j 4 to � andadirectededge	�� Î 
|� 4 � to � .

Every subtreeof W except   $|Ð hasonly onenodeandis disjoint to eachother. We have �Ño«,<	c¦u	��)Îs�w
a  $|Ð �w

	c¦u	��/._�w
a  $V£ �w
uI'I'I-
�	c¦u	�� � �w
a  $|¡ �\2 associatedwith W
	���
���� . Let Æ equal � , À� � � À� suchthat X7oÓÒvÔ ´'&�ÕÖ É jw4 , and

®A�Qo×	c¦u	��)�A�w
a  $�Ø � . Thenwe find theelement©So » ®i4 , where ®i4 is associatedwith jw4
� À� � , suchthat ­�	�©~�³o�X
and t ©�t/6PÆ .

Conversely, supposethatthereexistsanelement©Lo�	c¦u	��/.-
-�)0T
'I'I'Ii
|�)¢s�w
'  $ £ 
a  $ ¤ 
)I'I'Ii
a  $a¥ � . Let t ©}t equal¬ and

­�	�©E� equal ¦u	��/.-
T�)0b
'I'I'I-
|�)¢s� suchthat ­�	�©~��o�X . Then,thesumof thesubset,-�-4-.-
|�'4w0T
'I'I'I-
|� 4 �B2 is equalto X .
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e give anexponential-timeexactalgorithmaswell asa fully polynomial-timeapproximationscheme[5] for

theRooted-TreeSubset-Sumproblem,listedin Figures6 and7, respectively. For a sequenceÚ9o;Ëª	c¦u	��/. ° .-
HI'I'I-

� . ° � £ �w
A  $V£ ± £ 
HI'I'Ii
b  $ £ ± ¡ £ � , 	c¦u	�� 0 ° . 
gI'I'I-
A� 0 ° � ¤ �w
)  $|¤ ± £ 
gI'I'Ii
)  $ ¤ ± ¡ ¤ � , I'I'I , 	c¦u	��bÛ ° . 
gI'I'I-
A�bÛ ° �ÝÜ �w
)  $ Ü ± £ 
gI'I'I-
A  $ Ü ± ¡ Ü �ÞÍ
and 	c¦u	��-4b�w
a  $�´ � , let Ú%y�	c¦n	��-4T�w
a  $�´ � denotethesequencederivedfrom a seriesof » operationson eachelement

of Ú with thesingletonelement	c¦u	��-4T�w
a  $�´ � . For example,if ÚGo;Ëß	a`b
a  $V£ �w
i	cd/
a  $�¤ �w
i	cà/
a  $|á �w
i	câ/
a  $aã �DÍ , then

Ú�y�	c5/
a  $�ä ��o;Ë�	cd/
a  $V£ 
a  $|ä �w
H	cà/
a  $|¤ 
a  $�ä �w
g	�å<
a  $|á 
a  $|ä �w
H	cæ/
a  $aã 
a  $�ä �OÍ (if   $V£ 
'I'I'I-
a  $�ä do not shareany node).

We usean auxiliary procedureMerge-Lists(Úv
�Ú � ) that returnsthe sortedlist by merging its two sortedinput

lists Ú and Ú � , andremovetheduplicateelements.Thepolynomial-timeapproximationalgorithmApprox-Rooted-

Tree-Subset-Sumis performedby X¨?b��çèçè��+Eé eachlist Ú � after an » operation.We usea trimming parameterê
suchthat �76�ê³6ª` . To X!?b��ç a list Ú by ê meansto remove asmany elementsfrom Ú aspossible,in sucha way

thatif Ú�� is theresultof trimming Ú , thenfor eachelement® removedfrom Ú , thereexistsanelementë still in Úì� ,
where 	a`³eKêw�¨­�	�®g�Þ6G­�	�ë/�]6�­�	�®g� . Line 3 initializesthelist Ú Î to bethe list containingjust theelement	���
\íA� .
Lines 4–6 performthe » operationandtrimming operationsin a topologicalorder. Lines 7 and8 remove each

element© , ­�	�©E�ÞÍ�Å and t ©}t^Í�Æ . We canshow thatApprox-Rooted-Tree-Subset-Sumlistedin Figure7 runsin

timepolynomiallyin both t �Jt and `iîbê ; i.e., it is a fully polynomial-timeapproximationscheme[5].

Wegive anexampleof Approx-Rooted-Tree-Subset-Sumin thefollowing. Supposewe have a list of singleton

elements

Ú�o;ËG	cæ/
a  $V£ �w
i	cd/
a  $�¤ �w
i	�{H
a  $|á �w
i	a`b
a  $aã �w
i	a`b
a  $�ä �w
i	c5/
a  $|ï �w
i	a`b
a  $�ð �w
i	a`b
a  $|ñ ��Í
associatedwith therooted-treein Figure5, in which theweightof eachvertex is equalto 1. Thetarget is to find

anelement© , where­�	�©E��oxÅLo�{ and t ©}t)ofÆDoò` with êOof��Ió5 . Thetrimmingparameterô is êVîbæ�of��Iõ�A5)à . The

Approx-Rooted-Tree-Subset-Sumcomputestheelementsasfollows:

line 2: ö Ðu÷ øúù�û-ü�ý_þEÿ}ü
line 4: pick ù��-ü�� ¸�� þ!ü
line 5: ö £h÷ øúù�û-ü�ý_þ!ü�ù��-ü�� ¸�� þ~ÿ}ü
line 6: ö £h÷ øúù�û-ü�ý_þ!ü�ù��-ü�� ¸�� þ~ÿ}ü
line 7: ö £ ÷ øúù�û-ü�ý_þEÿ}ü
line 8: ö £ ÷ øúù�û-ü�ý_þEÿ}ü
line 4: pick ù��-ü�� ¸�� þ!ü
line 5: ö ¤ ÷ øúù�û-ü�ý_þ!ü�ù��-ü�� ¸�� þ~ÿ}ü
line 6: ö ¤z÷ øúù�û-ü�ý_þ!ü�ù��-ü�� ¸�� þ~ÿ}ü
line 7: ö ¤z÷ øúù�û-ü�ý_þ!ü�ù��-ü�� ¸�� þ~ÿ}ü
line 8: ö ¤z÷ øúù�û-ü�ý_þ!ü�ù��-ü�� ¸�� þ~ÿ}ü
line 4: pick ù
	iü�� ¸�� þ!ü
line 5: ö ¤z÷ øúù�û-ü�ý_þ!ü�ù��-ü�� ¸�� þ!ü|ù
	sü�� ¸�� þ!ü|ù�
-ü�� ¸�� ü�� ¸�� þEÿ}ü
line 6: ö ¤z÷ øúù�û-ü�ý_þ!ü�ù��-ü�� ¸�� þ!ü|ù
	sü�� ¸�� þ!ü|ù�
-ü�� ¸�� ü�� ¸�� þEÿ}ü



line� 7: ö ¤z÷ øúù�û-ü�ý_þ!ü�ù��-ü�� ¸�� þ!ü|ù
	sü�� ¸�� þhÿ}ü
line 8: ö ¤z÷ øúù�û-ü�ý_þ!ü�ù��-ü�� ¸�� þ!ü|ù
	sü�� ¸�� þhÿ}ü
line 4: pick ù��wü�� ¸�� þ!ü
line 5: ö ¤z÷ øúù�û-ü�ý_þ!ü�ù��wü�� ¸�� þ!ü|ù��iü�� ¸�� þ!ü|ù
	sü�� ¸�� þ!ü|ù��'ü�� ¸�� ü�� ¸�� þhÿ}ü
line 6: ö ¤ ÷ øúù�û-ü�ý_þ!ü�ù��wü�� ¸�� þ!ü|ù��iü�� ¸�� þ!ü|ù
	sü�� ¸�� þ!ü|ù��'ü�� ¸�� ü�� ¸�� þhÿ}ü
line 7: ö ¤ ÷ øúù�û-ü�ý_þ!ü�ù��wü�� ¸�� þ!ü|ù��iü�� ¸�� þ!ü|ù
	sü�� ¸�� þhÿ}ü
line 8: ö ¤ ÷ øúù�û-ü�ý_þ!ü�ù��wü�� ¸�� þ!ü|ù��iü�� ¸�� þ!ü|ù
	sü�� ¸�� þhÿ}ü
line 4: pick ù��wü�� ¸�� þ!ü
line 5: ö ¤ ÷ øúù�û-ü�ý_þ!ü�ù��wü�� ¸�� þ!ü|ù��Vü�� ¸�� þ!ü|ù��-ü�� ¸�� ü�� ¸�� þ!ü|ù��iü�� ¸�� þ!ü|ù
	sü�� ¸�� þ!ü|ù��'ü�� ¸�� ü�� ¸�� þhÿ}ü
line 6: ö ¤z÷ øúù�û-ü�ý_þ!ü�ù��wü�� ¸�� þ!ü|ù��Vü�� ¸�� þ!ü|ù��-ü�� ¸�� ü�� ¸�� þ!ü|ù��iü�� ¸�� þ!ü|ù
	sü�� ¸�� þ!ü|ù��'ü�� ¸�� ü�� ¸�� þhÿ}ü
line 7: ö ¤z÷ øúù�û-ü�ý_þ!ü�ù��wü�� ¸�� þ!ü|ù��Vü�� ¸�� þ!ü|ù��-ü�� ¸�� ü�� ¸�� þ!ü|ù��iü�� ¸�� þ!ü|ù
	sü�� ¸�� þhÿ}ü
line 8: ö ¤z÷ øúù�û-ü�ý_þ!ü�ù��wü�� ¸�� þ!ü|ù��Vü�� ¸�� þ!ü|ù��iü�� ¸�� þ!ü|ù
	iü�� ¸�� þhÿ}ü
line 4: pick ù��'ü�� ¸�� þ!ü
line 5: ö ¤z÷ øúù�û-ü�ý_þ!ü�ù��wü�� ¸�� þ!ü|ù��Vü�� ¸�� þ!ü|ù��-ü�� ¸�� þ!ü|ù��-ü�� ¸�� þ!ü|ù��-ü�� ¸�� ü�� ¸�� þ!ü|ù��-ü�� ¸�� ü�� ¸�� þ!ü|ù
	iü�� ¸�� þ!ü|ù��'ü�� ¸�� ü�� ¸�� þEÿ}ü
line 6: ö ¤z÷ øúù�û-ü�ý_þ!ü�ù��wü�� ¸�� þ!ü|ù��Vü�� ¸�� þ!ü|ù��-ü�� ¸�� þ!ü|ù��-ü�� ¸�� þ!ü|ù��-ü�� ¸�� ü�� ¸�� þ!ü|ù��-ü�� ¸�� ü�� ¸�� þ!ü|ù
	iü�� ¸�� þ!ü|ù��'ü�� ¸�� ü�� ¸�� þEÿ}ü
line 7: ö ¤z÷ øúù�û-ü�ý_þ!ü�ù��wü�� ¸�� þ!ü|ù��Vü�� ¸�� þ!ü|ù��-ü�� ¸�� þ!ü|ù��-ü�� ¸�� þ!ü|ù��-ü�� ¸�� ü�� ¸�� þ!ü|ù��-ü�� ¸�� ü�� ¸�� þ!ü|ù
	iü�� ¸�� þhÿ}ü
line 8: ö ¤ ÷ øúù�û-ü�ý_þ!ü�ù��wü�� ¸�� þ!ü|ù��Vü�� ¸�� þ!ü|ù��-ü�� ¸�� þ!ü|ù��-ü�� ¸�� þ!ü|ù
	iü�� ¸�� þhÿ}ü
line 4: pick ù��wü�� ¸�� þ!ü
line 5: ö ¤ ÷ øúù�û-ü�ý_þ!ü�ù��wü�� ¸�� þ!ü|ù��Vü�� ¸�� þ!ü|ù��Vü�� ¸�� þ!ü|ù��'ü�� ¸�� þ!ü|ù��'ü�� ¸�� ü�� ¸�� þ!ü|ù��'ü�� ¸�� ü�� ¸�� þ!ü|ù��-ü�� ¸�� þ!ü|ù��-ü�� ¸�� ü�� ¸�� þ!ü|ù
	iü�� ¸�� þ!üù
	sü�� ¸�� ü�� ¸�� þhÿ}ü
line 6: ö ¤z÷ øúù�û-ü�ý_þ!ü�ù��wü�� ¸�� þ!ü|ù��Vü�� ¸�� þ!ü|ù��Vü�� ¸�� þ!ü|ù��'ü�� ¸�� þ!ü|ù��'ü�� ¸�� ü�� ¸�� þ!ü|ù��'ü�� ¸�� ü�� ¸�� þ!ü|ù��-ü�� ¸�� þ!ü|ù��-ü�� ¸�� ü�� ¸�� þ!ü|ù
	iü�� ¸�� þ!üù
	sü�� ¸�� ü�� ¸�� þhÿ}ü
line 7: ö ¤z÷ øúù�û-ü�ý_þ!ü�ù��wü�� ¸�� þ!ü|ù��Vü�� ¸�� þ!ü|ù��Vü�� ¸�� þ!ü|ù��'ü�� ¸�� þ!ü|ù��'ü�� ¸�� ü�� ¸�� þ!ü|ù��'ü�� ¸�� ü�� ¸�� þ!ü|ù��-ü�� ¸�� þ!ü|ù��-ü�� ¸�� ü�� ¸�� þ!ü|ù
	iü�� ¸�� þ!üù
	sü�� ¸�� ü�� ¸�� þhÿ}ü
line 8: ö ¤z÷ øúù�û-ü�ý_þ!ü�ù��wü�� ¸�� þ!ü|ù��Vü�� ¸�� þ!ü|ù��Vü�� ¸�� þ!ü|ù��'ü�� ¸�� þ!ü|ù��-ü�� ¸�� þ!üaù
	sü�� ¸�� þEÿ}ü
line 4: pick ù��wü�� ¸�� þ!ü
line 5: ö ¤z÷ øúù�û-ü�ý_þ!ü�ù��wü�� ¸�� þ!ü|ù��Vü�� ¸�� þ!ü|ù��Vü�� ¸�� þ!ü|ù��wü�� ¸�� þ!ü|ù��'ü�� ¸�� þ!üaù��-ü�� ¸�� ü�� ¸�� þ!üaù��-ü�� ¸�� ü�� ¸�� þ!ü|ù��'ü�� ¸�� ü�� ¸�� þ!ü|ù��-ü�� ¸�� þ!üaù
	sü�� ¸�� þ!üù
	sü�� ¸�� ü�� ¸�� þhÿ}ü
line 6: ö ¤ ÷ øúù�û-ü�ý_þ!ü�ù��wü�� ¸�� þ!ü|ù��Vü�� ¸�� þ!ü|ù��Vü�� ¸�� þ!ü|ù��wü�� ¸�� þ!ü|ù��'ü�� ¸�� þ!üaù��-ü�� ¸�� ü�� ¸�� þ!üaù��-ü�� ¸�� ü�� ¸�� þ!ü|ù��'ü�� ¸�� ü�� ¸�� þ!ü|ù��-ü�� ¸�� þ!üaù
	sü�� ¸�� þ!üù
	sü�� ¸�� ü�� ¸�� þhÿ}ü
line 7: ö ¤ ÷ øúù�û-ü�ý_þ!ü�ù��wü�� ¸�� þ!ü|ù��Vü�� ¸�� þ!ü|ù��Vü�� ¸�� þ!ü|ù��wü�� ¸�� þ!ü|ù��'ü�� ¸�� þ!üaù��-ü�� ¸�� ü�� ¸�� þ!üaù��-ü�� ¸�� ü�� ¸�� þ!ü|ù��'ü�� ¸�� ü�� ¸�� þ!ü|ù��-ü�� ¸�� þ!üaù
	sü�� ¸�� þ!üù
	sü�� ¸�� ü�� ¸�� þhÿ}ü
line 8: ö ¤z÷ øúù�û-ü�ý_þ!ü�ù��wü�� ¸�� þ!ü|ù��Vü�� ¸�� þ!ü|ù��Vü�� ¸�� þ!ü|ù��wü�� ¸�� þ!ü|ù��'ü�� ¸�� þ!üaù��iü�� ¸�� þ!ü|ù
	sü�� ¸�� þhÿ��
Thealgorithmreturns 	�{H
a  $|á � , where­�	�{H
a  $|á �}o�{ , which is boundedin ê�ox5b� � of theoptimalanswer.

Theorem 2 Approx-Rooted-Tree-Subset-Sum is a fully polynomial-time approximation scheme for the Rooted-

Tree Subset-Sum Problem.

Proof: In line 6, thetrimming procedureremoveseachelement® where ­�	�®g� is greaterthan X from Ú � . Therest

elementsof Ú � aregeneratedby selectinga subsetof � andapplyinga sequenceof » operationson theselected

elements.Therefore,theelement©�� returnedin line 9 is indeedderived from a subsetof � . It remainsto show

thatthe ­�	�©��-� is not smallerthan `�e:ê timesanoptimalsolution,andwe mustalsoshow thatthealgorithmruns
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Figure5: A rooted-treewith eightvertices.Thetreehasa minimumcut (cut-size= 1) which partitionsthetree
into two balancedparts.

in polynomialtime.

To show thattherelativeerrorof thereturnedansweris small,notethatwhenlist Ú � is trimmed,we introducea

relative errorof atmost êVîTº betweentherepresentative ­ valuesof theelementsremainingandthe ­ valuesof the

elementsbeforetrimming. By inductionon � , it canbeshown thatfor eachpossibleelement® in Ú � producedby

theExact-Rooted-Tree-Subset-Sumalgorithm,thereexistsanelement©9�KÚ � producedby theApprox-Rooted-

Tree-Subset-Sumalgorithmsuchthat

	a`�eRêVîTº�� � ­�	�®g��6U­�	�©~�O6U­�	�®g�wI (1)

If ® � denotesanoptimalsolutionto theRooted-TreeSubset-Sumproblem,thenthereis a © � �úÚ Ä suchthat

	a`veRêwîTº�� Ä ­�	�® � �O6U­�	�© � �m6U­�	�® � �w
 (2)

where ­�	�© � � is the ­ valueof theelement© � returnedby Approx-Rooted-Tree-Subset-Sum.Since º � `QÍ�ê , it

canbeshown that

¬
¬Bº 	a`ve

ê
º �
Ä ÍP��I (3)

It impliesthatthefunction 	a`veRêwîTº�� Ä increaseswith º , sothat º�Í�` implies

`veRê�ËG	a`veRêwîTº�� Ä 
 (4)

andthus,

	a`�eRêV�¨­�	�® � �O69­�	�© � �wI (5)

Therefore,the ­ valueof ©!� returnedby Approx-Rooted-Tree-Subset-Sumis not smallerthan ` eKê timesthe ­
valueof theoptimalsolution ®"� .
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o show that this is a fully polynomial-timeapproximationscheme,we derive a boundon the lengthof Ú � .
After trimming,successive elements© and ©^� of Ú � musthave therelationship­�	�©~�|îT­�	�©Y�Ã��Í�`iî�	a`�e�êwîTº�� . Thatis,

their ­ valuesmustdiffer by a factorof at least 	a`Oe%êwîTº�� . Therefore,thenumberof elementsin eachÚ � is atmost

log .�$&%Ã.('*)�$ Ä,+ ÅLo ln Å
e ln 	a`veRêwîTº�� 6

º ln Å
ê (6)

sinceln 	a`]y��¨�
6 � for ��Í½e�` . This boundis polynomial in the number º of the given input elements,in the

numberof bits ln Å neededto representÅ , andin `iîbê . Sincetherunningtimeof Approx-Rooted-Tree-Subset-Sum

is polynomial in the length of Ú � , Approx-Rooted-Tree-Subset-Sum is a fully polynomial-timeapproximation

scheme.

Algorithm: Exact-Rooted-Tree-Subset-Sum(��
\Åz
�Æ )
Input: � —asetassociatedwith a rootedtree W � 	���
���� .

Å : a target integer.
Æ : anupperbound.

Output: ©!� —anelements.t. ­�	�©!�-� is aslargeaspossiblebut not large
than Å and t ©��At�6UÆ .

1. º.- t �Jt ;
2. Ú�Î/-�ËG	���
\íA�vÍ ;
3. for �0- `�X¨� º do
4. Pick 	c¦u	��-4b�w
a  $�´ ����� accordingto thetopologicalorderof node
�-4 in W ;

5. Ú � - Merge-Lists(Ú � '~.T
�Ú � '~.�yx	c¦u	��-4T�w
a  $�´ � );
6. Remove theelement	c¦u	�� ��° . 
'I'I'Ii
|� ��° ¢i�w
a  $|¡²± £ 
'I'I'Ii
a  $ ¡²± ¥ � from Ú �

s.t. ¦u	�� ��° .-
'I'I'I-
|� ��° ¢s� is greaterthan Å ;
7. Remove theelement	c¦u	�� ��° .-
'I'I'Ii
|� ��° ¢i�w
a  $|¡²± £ 
'I'I'Ii
a  $ ¡²± ¥ � from Ú �

s.t. tÝ	c¦u	�� ��° .-
'I'I'Ii
|� ��° ¢s�w
a  $|¡²± £ 
'I'I'I-
a  $ ¡�± ¥ �'t is greaterthan Æ ;
8. Output theelement©!� in Ú Ä s.t. ­�	�©��-� is thelargest.

Figure6: Theexactalgorithmfor theRooted-TreeSubset-Sumproblem.

Approx-Rooted-Tree-Subset-Sumtells ushow to partitiona rooted-treecircuit. If its resultscontaininfeasible

trees,we needto applyApprox-Rooted-Tree-Subset-Sumrepeatedly.

For thecasewhere W � (rootedat � ) is anacyclic graph.We canperformbreadth-firstsearchfrom node � and

obtaina rootedtree,andthenapplyApprox-Rooted-Tree-Subset-Sumon thetree.
3.2 Phase II: The Probability-Based Algorithm

Theprobability-basediterative-improvementmethodextendsthework [6] to fit thearchitectureof Xilinx TMF-

PGAs.



Algorithm: Approx-Rooted-Tree-Subset-Sum(��
\Åu
�Æ/
\ê )
Input: � —asetassociatedwith a rootedtree W � 	���
���� .

Å : a target integer.
Æ : anupperbound.

Output: ©!� —anelements.t. ­�	�©!�-� is aslargeaspossiblebut not large
than Å and t © � t�6UÆ .

1. º.- t �Jt ;
2. Ú Î -�ËG	���
\íA�vÍ ;
3. for �0- `�X¨� º do
4. Pick 	c¦u	��-4b�w
a  $�´ ����� accordingto thetopologicalorderof

node�-4 in W ;
5. Ú � - Merge-Lists(Ú � '~.T
�Ú � '~.�yx	c¦u	��-4T�w
a  $�´ � );
6. Ú � - Trim( Ú � 
\êwîTº );
7. Remove theelement	c¦u	�� ��° .-
'I'I'Ii
|� ��° ¢i�w
a  $|¡²± £ 
'I'I'Ii
a  $ ¡²± ¥ � from Ú �

s.t. ¦u	�� ��° .-
'I'I'I-
|� ��° ¢s� is greaterthan Å ;
8. Remove theelement	c¦u	�� ��° .-
'I'I'Ii
|� ��° ¢i�w
a  $|¡²± £ 
'I'I'Ii
a  $ ¡²± ¥ � from Ú �

s.t. tÝ	c¦u	�� ��° .-
'I'I'Ii
|� ��° ¢s�w
a  $|¡²± £ 
'I'I'I-
a  $ ¡�± ¥ �'t is greaterthan Æ ;
9. Output theelement© � in Ú Ä s.t. ­�	�© � � is thelargest.

Subroutine: Trim( Ú � 
\ê )
1. ç1- t Ú � t ;
2. Úì�"-fË9®�.�Í , where®�. is thefirst elementin Ú � ;
3. º�Z�j-X2-Á­�	�®�.w� ;
4. for �0-Á5³X¨�³ç do
5. if º�Z/jiX�Ë�	a`�eRêw�¨­�	�® � � then
6. append® � ontotheendof Ú � ;
7. º�Z�j-X3- ­�	�® � � ;
8. Output Ú �

Figure7: Thefully polynomial-timeapproximationschemefor theRooted-TreeSubset-Sumproblem.



3.2.1 Iterative-Improvement Approach

In theTMFPGAbipartitioningproblem,theset � of nodesis dividedinto two subsets� . and � 0 , which represent

nodesin two stages.For any two nodesC , � in � , if >"?A@B	�CE�mFU>"?A@B	��H� , then C , � arein thesamestage,or C is �E.
and � is in �g0 . Further, �~. and �Y0 mustsatisfythebalanceconstraint.Thesizeof W"CYX'	c5/
-`i� equalsthenumberof

total registersin thecircuit, which cannotbereducedany more.Therefore,we only needto minimizethesizeof

W]C^X_	a`b
\5A� in theTMFPGA bipartitioningproblem.In thesecondstepof CPAT, we presentthePAT (Probability-

basedAlgorithm for TMFPGA), which appliesa probability-based,iterative-improvementapproachto minimize

thesizeof W]C^X_	a`b
\5A� . (Figure10summarizesPAT.) Wefirst usethetopologicalsortto obtainaninitial partitioning

thatsatisfiesthebalanceandtheprecedenceconstraints(line 1 in Figure10). During the iterative improvement,

eachnodeis assigneda gain,representingthebenefitof moving thenodeto theothersubset.In eachpass(lines

4–18in Figure10),wechooseanodewith thelargestgainandcheckif it will violatethebalanceor theprecedence

constraintaftermoving thenode.If it is feasibleto move thenode,it is temporarilymovedandlocked.Selectthe

bestsequenceof movesandmake thempermanent.Repeattheabove processin a passuntil no bettercutsizeis

found.

3.2.2 The Precedence Constraint

Becauseof theprecedenceconstraint,moving a nodeto theothersubsetmaynot bevalid. We usethefollowing

two rulesto judgeif anodecanbemoved:

R1: A node� in �E. canbemovedif all its successorsin �E. have beenmoved.

R2: A node� in �g0 canbemovedif all its ancestorsin �g0 have beenmoved.

For example,in Figure 8(a), �)0 cannotbe moved accordingto Rule R1. In Figure8(b), �)� cannotbe moved

accordingto RuleR2.

v1 v2

v3

v4

v5

1V V2

(a)

v1

v2

v3

v4

v5

1V V2

(b)

Figure8: Theprecedenceconstraints.Shadednodescannotbemovedto theotherstagedueto theprecedence
constraints.

After a node � is movedto theotherstage,someof its neighborsmayalsobeblocked in thatstagedueto the

precedenceconstraint.We usethe following two rulesto determinewhethersuchneighborsshouldbe blocked



(see4 line 14 in Figure10):

R3: If � is movedfrom �~. to �Y0 , all its successorsshouldbeblockedin �g0 .
R4: If � is movedfrom � 0 to � . , all its ancestorsshouldbeblockedin � . .

3.2.3 Gains of Nodes

In the PAT, eachnodeis given a probability for moving it to the other set. Basedon theseprobabilities,an

expectedgainof moving a nodeto theothersubsetcanbeevaluated.Beforedetailinghow to computegains,we

shallintroducesomenotationfirst.

N W"CYX|js@-X : setof netswhich needmicro registersin W"CYX'	a`b
\5A� . In otherwords,a C-typenet is not in W"CYX|js@-X
if all its nodesarein �~. or �g0 ; anFF-typenet is not in W]C^XajT@'X only if its fan-outnodeis in �g0 andall its

fan-innodesarein � . .
N65 	�+n� : costof net + .
N 3�	�CE� : probabilityof moving nodeC to theotherstage.

N + .�7D0� : event thatnet + � is removed from W"CYX|js@-X by moving nodesto �Y0 . For a C-typenet + � in W]CYX|jT@'X ,
+ .�7D0� meansall its nodesin �~. aremovedto �Y0 ; for anFF-typenet + � in W"CYX|js@-X , + .�7"0� meansall nodesare

originally in �~. andthenits fan-outnodeis movedto �Y0 .
N + 087�.� : event thatnet + � is removed from W"CYX|js@-X by moving nodesto �~. . For a C-typenet + � in W]CYX|jT@'X ,
+ 087�.� meansall its nodesin �Y0 aremovedto �E. ; for anFF-typenet + � in W]C^XajT@'X , + 087�.� meansits fan-out

nodeis originally in �Y0 andthenall its fan-innodesaremovedto �E. .
N 3�	�+.9 7;:� t CE� : probabilityof removing net + � from W"CYX|js@-X by moving nodesto � : in theconditionthatnode

C is originally in � 9 andthenis movedto � : .
N 3�	�+.9 7;:� t C=<\� : probabilityof removing net + � from W"CYX|js@-X by moving nodesto � : in theconditionthatnode

C is originally in � : andthenstaysin � : .
N?>A@ ¡ : fan-outnodeof net + � .
N9� 9 	�CE� : setof successorsof C in stage� 9 .
N6B 9 	�C~� : setof ancestorsof C in stage� 9 .
N6C 9 	�+ � 
|+Y4s� : set of nodesin � 9 that are both in nets + � and +Y4 . E.g., in Figure9, C .i	�+.Db
|+.E-�èoÁí andC 0A	�+.DT
|+.Ei�}oG,-�FDT2 .
N � 9 	�C~� : setof C ’s neighborsin � 9 .



N6G 	�CE� : setof netswhichcontainnodeC .
N�� 9 	�+n� : setof netsthathave commonnodeswith net + in � 9 . E.g., in Figure9, � . 	�+ D �]o×,-+IH)
|+KJi2 and
� 0A	�+.D-��oG,-+z0T
|+.ET2 .
N @<	�+.9 7;:� � : expectedgainin theconditionthatnet + � is movedfrom � 9 to � : .
N @ @ ´ 	�+ 9 7;:� � : expectedgaincontributedby +Y4 in theconditionthatnet + � is movedfrom � 9 to � : .
N éE	�CE� : gainof nodeC .
N é @ ´ 	�CE� : gainof nodeC contributedby +Y4 .

v1

v5

1V V2

v3

v4

1n

n4

n7

v2

v6

n2 n3

n5

n8

n6

Figure9: Examplefor thenotation.

Accordingto thedefinitionsof + .�7"0� and + 087;.� , wehave thefollowing equations.For aC-typenet + � with node

C , C���� 9 ,
3�	�+ 9 7;:� t C~� o L$'&FM!N % @ ¡ + '�O�PAQ 3�	����
3�	�+ :�7 9� t C < � o L$'&FMIR % @ ¡ + 3�	��H�wI

For anFF-typenet + � with nodeC , Sh�Y
|�����E. ,
3�	�+ .�7"0� t CE�ìo T ` if Cèo >A@ ¡

� otherwise

3�	�+ .�7"0� t C=<\�ìo T 3�	 > @ ¡ � if CVUo > @ ¡
� otherwise

3�	�+ 087;.� t CE�ìo ��I
For anFF-typenet + � with nodeC , > @ ¡ ���Y0 ,

3�	�+ 087;.� t CE��o TXW $-&YMz¤ % @ ¡ + '�O[Z]\ ¡ ° PAQ 3�	���� if C����;0)	�+ � ��eK, > @ ¡ 2
� otherwise

3�	�+ 087;.� t C=<\��o T W $-&YM ¤ % @ ¡ + '�O[Z]\ ¡ Q 3�	���� if C����J.s	�+ � �I^�, > @ ¡ 2
� otherwise

3�	�+ .�7"0� t CE��o ��I
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ving a net + � to somestagewill affect themove of theothernetsthathave commonnodeswith net + � . It

is calledthe2nd-orderinformation[6]. Therefore,theexpectedgainfor removing a net from W]C^XajT@'X shouldbe

considered.

@B	�+ 9 7`:� � o a@ ´_&YbcN % @ ¡ + @ @ ´ 	�+ 9 7;:� �wI
For two C-typenets+ � and +Y4 , + �ed +Y4fUoxí ,

@ @ ´ 	�+ 9 7`:� � o 5 	�+Y4s� 3�	�+ 9 7;:4 �|î L$'&Yg N % @ ¡ ° @ ´ + 3�	����wI (7)

For aC-typenet + � andanFF-typenet +Y4 , + �"d +Y4hUoxí ,
(1) if > @ ´ ���~. ,

@ @ ´ 	�+ .�7"0� ��o T 5 	�+Y4T� if C .i	�+ � 
|+Y4s�}o > @ ´
� otherwise

@ @ ´ 	�+ 087;.� ��o ��I
(2) if >A@ ´ ��� 0 ,

@ @ ´ 	�+ 087;.� ��o ij k < % @ ´ + 1Y% @ ¤�lO£´ +W ¸nmpo ¤nq \ ¡ ± \ ´sr 1Y% $ + if > @ ¡ U� C 0)	�+ � 
|+Y4T�
� otherwise

@ @ ´ 	�+ 087;.� ��o ��I
For anFF-typenet + � andaC-typenet +Y4 , + �"d +Y4hUoxí ,

@ @ ´ 	�+ .�7"0� �}o T 5 	�+Y4T� 3�	�+ .�7"04 �|î\3�	 > @ ¡ � if > @ ¡ �k+Y4
� otherwise

@ @ ´ 	�+ 087;.� �}o ij k < % @ ´ + 1Y% @ ¤�lO£´ +W ¸8mto ¤8q \ ¡ ± \ ´sr 1Y% $ + if > @ ¡ U�k+Y4
� otherwise.

For two FF-typenets+ � and +Y4 , + �ed +Y4uUo�í ,
(1) if >A@ ´ ��� . ,

@ @ ´ 	�+ .�7"0� ��o T 5 	�+Y4s� if > @ ¡ o > @ ´
� otherwise

@ @ ´ 	�+ 087;.� ��o ��I
(2) if > @ ´ ���Y0 ,

@ @ ´ 	�+ 087�.� �}o ij k < % @ ´ + 1Y% @ ¤�lm£´ +W ¸nmpo ¤nq \ ¡ ± \ ´&r�vxw�y \ ¡�z 1F% $ + if > @ ´ U�k+ �
� otherwise

@ @ ´ 	�+ .�7D0� �}o ��I



If net{ +Y4 in the above casesis not in W]CYX|jT@'X originally andmoved into W]C^XajT@'X in conditionof + 9 7;:� , the term

e 5 	�+Y4i� shouldbeincorporatedinto @ @ ´ 	�+ 9 7;:� � . For example,two C-typenets+ � and +Y4 , +Y4"��� 9 ,
@ @ ´ 	�+ 9 7;:� ��oòe 5 	�+Y4i�zy 5 	�+Y4i� 3�	�+ 9 7;:4 �|î L$'&Yg N % @ ¡ ° @ ´ + 3�	����wI (8)

Usingtheabove equations,we cancomputeé @ ¡ 	�CE� asfollows:

(1) if + � is C-type,

é @ ¡ 	�CE� o 	 5 	�+ � �zyK@<	�+ 9 7;:� �|� 3�	�+ 9 7;:� t CE��e
	 5 	�+ � �zyK@<	�+ :�7 9� �|� 3�	�+ :�7 9� t C < �wI (9)

(2) if + � is FF-type,

é @ ¡ 	�CE� o 	 5 	�+ � �zyK@<	�+ 9 7;:� �|� 3�	�+ 9 7;:� t CE��e
	 5 	�+ � �zyK@<	�+ 9 7;:� �|� 3�	�+ 9 7;:� t C < �wI (10)

Thus,thegainof anodeC is givenby

éh	�C~� o a@ ¡�&Y| %,P + é @ ¡ 	�C~�wI (11)

Theprobabilityof a noderepresentsthe likehoodthat thenodewill be moved. The nodewith a greatergain

hasa higherprobability to bemoved. Thus,we canget theprobabilityof a nodeby a monotonicallyincreasing

mappingfunctionof its gain.(In ourexperimentsshown in thenext section,weusedanincreasinglinearfunction.)

It causesaninterdependency betweenprobabilitiesandgainssinceweobtainthegainsfrom probabilitiesof nodes

asshown in theaboveequations.To breakthisendlessrecursive relation,wegiveeachnodetheprobability0.5in

our experiment.Repeatcomputinggainsandprobabilitiesfrom eachotheruntil they arestableenough,andthen

we have initial probabilities(line 6 in Figure10). In practice,threeiterationsareenoughto reacha stablestate.

Theprobability-basedalgorithmPAT is summarizedin Figure10.
3.3 The Timing Constraint

Thespeedof a TMFPGA is determinedby themaximumexecutiontime of a micro-cycle. Therefore,we must

reducethelongestpathin amicro-cycle. In PAT, thelengthsof thelongestpathsin bothstagesareupperbounded

by � � 0 � , where� is thelengthof thelongestpathin thecircuit.

For a node � , let }t~�	���� denotethe lengthof the longestpathfrom � to primaryoutputsand } | 	���� denotethe

lengthof the longestpathfrom primary inputs to � . A node � cannotbe put in �E. if } | 	��H� is more than � � 0 � ,
becausetherewill exist a pathof lengthmorethan �_� 0 � from a primary input to � in � . . For thesamereason,a

node � cannotbeput in �Y0 if }t~�	��H� is morethan � � 0 � . Accordingto theabove rules,thenodesthatmayviolate

thetiming constraintarefixedin properstagesbeforetheclusteringphase.



Algorithm: Prob(�}
�� )
Input: � —setof nodes;� —setof nets
Output: �~. , �Y0 —setof nodes;�F�

initial partition(� )—a pairof nodesetswhichsatisfy
theprecedenceconstraint�F�

Cutsize(�~.i
w�g0b
�� )—total weightof netsin W"CYX|js@-X
1 	�� . 
w� 0 �3- initial partition(� );
2 old cutsize- Ï ;
3 min cutsize- Cutsize(� . 
w� 0 
�� );
4 while (min cutsizeË old cutsize);
5 old cutsize- min cutsize;
6 >�- Comp initial prob(�~.i
w�Y0b
�� );
7 ��- Compgain(�~.i
w�Y0b
���
�> );
8 � - Movablenodes(� . 
w� 0 
�� );
9 while ( � Uoxí ) do
10 C�- largestgain(� );
11 if ( C is feasibleto bemoved)
12 temporarilymove C ;
13 update� ;
14 block nodes(C );
15 new cutsize- Cutsize(� . 
w� 0 
�� );
16 if (new cutsizeË min cutsize)
17 min cutsize- new cutsize;
18 Actually move thenodesthatcausetheminimumcutsize.

Figure10: The2ndphaseof CPAT: PAT.



4 Experimental Results

Theprobability-basedalgorithm,PAT, andtheclustering-andprobability-basedalgorithm,CPAT, wereimple-

mentedin theC++ languageon a PCwith a PentiumII 300microprocessorand128MB RAM andtestedon the

MCNC Partitioning93benchmarkcircuits. In Table1, we comparedPAT with thenetwork-flow-basedapproach

FBP-m [9] andthelist schedulingList [2, 3] on theXilinx TMFPGA model,in which a circuit waspartitioned

into eightstages.Thesizeof a stageis boundedby thebalancefactor5% (thesameasin [9]). Columns2 and3

in Table1 list thenumbersof nodesandnets,respectively, in eachcircuit. Columns4, 5, and6 list themaximum

numbersof micro registersusedby List, FBP-m, andPAT, respectively. Columns7 and8 list thepercentages

of improvementsof PAT overList andFBP-m, respectively. Theresultsshow thatour PAT algorithmoutper-

formsList andFBP-m by respectiveaveragereductionsof 33.2%and12.4%in themaximumnumbersof micro

registersrequired. It implies that the probability-basedschemeis effective in reducingthe interconnectionfor

TMFPGAs.

In Table2, we comparePAT andCPAT. Columns2, 3, and4 in Table2 comparethe maximumnumbersof

micro registers. Columns5, 6, and7 comparethe runtimes. The resultsshow that PAT hasperformancefor

smallercircuits while CPAT obtainbetterresultsfor larger circuits. It implies that the clusteringalgorithmin

CPAT leadsto a considerableimprovementas the sizeof a circuit increasesover a certainbound. In addtion,

the clusteringalgorithm in CPAT substantiallyreducesthe problemsize and thus the runtime. However, the

clusteringalgorithmin CPAT might breaktheconnectivities of nodesandnetswhenthecircuit is small,in which

thefollowing probability-basedalgorithmmightnotbeableto getthesufficient informationto find abetterresult.

Circuit #Nodes #Nets Max # of registers PAT Imprv. (%)
List FBP-m PAT List FBP-m

c3540 1038 1016 177 166 126 +28.8 +24.0
c5315 1778 1655 265 165 157 +40.7 +5.1
c6288 2856 2824 117 114 114 +2.6 0
c7552 2247 2140 453 392 260 +42.6 +33.7
s820 340 314 91 81 43 +52.7 +46.9
s838 495 459 131 71 72 +64.8 -1.4
s1423 831 750 130 120 106 +18.5 +11.7
s9234 6098 5846 640 502 430 +32.8 +14.3
s13207 9445 8653 1118 901 838 +25.0 +7.0
s15850 11071 10385 1070 877 808 +24.5 +8.5
s35932 19880 17830 3806 2950 2138 +43.8 +27.5
s38417 25589 23845 3546 2892 2628 +25.9 +9.1
s38584 22451 20719 5131 2796 3611 +29.6 -25.7

Average +33.2 +12.4

Table1: Resultsfor the8-stagesTMFPGApartitioning.



Circuit Max # of registers runtime(sec)
PAT CPAT Imprv. (%) PAT CPAT Imprv. (%)

c3540 126 152 -17.1 3 3 0
c5315 157 174 -9.8 11 4 +63.7
s820 43 61 -29.5 4 2 +50.0
s838 72 93 -22.6 1 1 0
s1423 106 120 -11.7 3 2 +33.3
s9234 430 402 +6.5 29 25 +13.8
s13207 838 838 0 190 136 +28.4
s15850 808 767 +5.0 163 104 +36.2
s35932 2138 2018 +5.6 20131 15715 +21.9
s38417 2628 2468 +6.0 1125 926 +17.7
s38584 3611 1451 +59.8 1766 932 +47.2

Average -0.7 +28.4

Table2: Resultsfor the8-stagesTMFPGApartitioning.

5 Conclusion

We have presenteda clustering-andprobability-basedalgorithmfor thek-stageTMFPGA partitioningprob-

lem. Experimentalresultsshow that our probability-basedalgorithmoutperformsthe previous works, the List

schedulingandthenetwork-flow-basedmethod,in a significantmargin. Furthermore,we canimprove theresult

andruntimeby incorporatingtheclusteringalgorithmfor largecircuits.
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