Chapter 11 Fractional-N Synthesizers

» 11.1 Basic Concepts
» 11.2 Randomization and Noise Shaping
» 11.3 Quantization Noise Reduction Techniques
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[ Basic Concepts: Fractional-N Loop }
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» We expect to obtain other fractional ratios between N and N+1 by

simply changing the percentage of the time during which the divider
divides by N or N+1

» In addition to a wider loop bandwidth than that of integer-N
architectures, this approach also reduces the inband “amplification” of
the reference phase noise because it requires a smaller N.



[ Fractional Spurs }
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In above example, VCO is modulated at a rate of 0.1MHz and producing
sidebands at =£0.1MHzXn around 10.1MHz, where n denotes the
harmonic number. These sidebands are called fractional spurs.

» For a nominal output frequency of (N+a)fxcr, the LPF output exhibits a

repetitive waveform with a period of 1/(afggr)



[ Fractional Spurs: Another Perspective }
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» The overall feedback signal, xg(t) can be written as the sum of two
waveforms, each of which repeat every 10,000 ns. The first waveform
consists of nine periods of 990 ns and a “dead” time of 1090 ns, while
the second is simply a pulse of width 1090/2 ns. Since each waveform
repeats every 10,000 ns, its Fourier series consists of only harmonics
at 0.1 MHz, 0.2 MHz, etc.

» The sidebands can be considered FM (and AM) components, leading to
eriodic phase modulation: y (g
P P .'II'FB(f) ~ A COS[U.JREFf -+ O(f)]



Randomization and Noise Shaping: Modulus
Randomization
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Xeg(t) exhibits a random sequence of 990-ns and 1090-ns periods
Xgg(t) now contains random phase modulation:

Random modulus breaks the periodicity in the loop behavior, converting
the deterministic sidebands to noise.

The instantaneous frequency of the feedback signal is therefore
expressed as: Fout

re(t) = ———
L b(1)
where b(t) randomly assumes a value of O or 1 and has an average value

of a. In terms of its mean and another random variable with a zero mean:

b(t) = a4+ ¢(1)



[ More about Randomization }

The sequence b(t) contains an occasional square pulse so that the
average is o. Subtracting a from b(t) yields the noise waveform, q(t).
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If q(t) << N + a, we have
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[ More about Phase Noise }

With the aid of the waveform obtained last Example for g(t), we arrive at
the random triangular waveform shown below:

The time integral of a function leads to a factor of 1/s in the frequency
domain. Thus, the power spectral density of g(t) must be multiplied by

[2mf,/(N+a)?/ ®]?
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where S,(f) is the spectrum of the quantization noise, q(t). Note that this
noise can be “referred” to the other PFD input—as if it existed in the
reference waveform rather than the divider output.
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[ Synthesizer Output Phase Noise within the Loop }

, 2
Alternatively, since o, = (N+@)fgee, 02 = (fRfF) S.(f)

b(t) consists of square pulses of width T, that randomly repeat at a rate of
1/T,. Its spectrum S, (f) [11.4 Appendix | ]

. all — «a) /sinnTy 2 :
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where the second term signifies the dc content. ¢ -7,

(1 N /i Y
,guw:”uﬂ(”(“ffj)

revealing a main “lobe” between f =0 and f = 1/T, 0




Basic Noise Shaping: Randomization Resulting in
High-Pass Phase Noise Spectrum
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» We wish to generate a random binary sequence, b(t), that switches the
divider modulus between N and N+1 such that (1) the average value of

the sequence is @, and (2) the noise of the sequence exhibits a high-
pass spectrum. Why?
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[ Negative Feedback System as a High-Pass System }
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If H(s) is an ideal integrator Y () I
Q(s) s+1

» A negative feedback loop containing an integrator acts as a high-pass
system on the noise injected “near” the output. If X=0 and Q varies
slowly with time, then the loop gain is large, making W a close replica

of Q and hence Y small. Or the integrator provides a high loop gain at
low freq. , forcing Y close to X. 11




[ Discrete-Time Version of Previous System
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This is a high-pass response (that of a differentiator) because subtracting
the delayed version of a signal from the signal yields a small output if the
sighal does not change significantly during the delay.
12




Addition of a Signal and Its Delayed Version for High
and Low Clock Frequencies

a(t)o

i@—o g(t)
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Low clock frequencies High clock frequencies

» If the clock frequency increases, a(t) finds less time to change, and a,
and a, exhibit a small difference.
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2-A Modulator
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» The quantization from m+2 bits to 1 bit introduces significant noise,

but the feedback loop shapes this noise in proportion to 1-z1. The

higher integrator gain ensures that the average of the output (Y) is
equal to X.

» The choice of mis given by the accuracy with which the synthesizer

output frequency must be defined.
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[ Noise Shaping of Modulator
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» The noise shaping function begins from zero at f = 0 and climbs to 4 at
f = (2Tc)t (half the clock frequency).

» A higher clock rate expands the function horizontally, thus reducing
the noise density at low frequencies.
15



[ Shape of S,(f) }
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» Since the PLL bandwidth is much smaller than fic, we can consider
Sq(f) relatively flat for the frequency range of interest. We hereafter
assume that the shape of S(f) is approximately the same as that of the
noise-shaping function.
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[Summary: Fractional-N Synthesizer Developed Thus}
Far
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Modulator b(t)

> Shown above is a basic fractional-N loop using a Z-A modulator to
randomize the divide ratio.

> Clocked by the feedback signal, the Z-A modulator toggles the divide
ratio between N and N+1 so that the average is equal to N+a.
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[ Problem of Tones }
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> The output spectrum of Z-A modulators contains the shaped noise,
but also discrete tones. If lying at low frequencies, such tones are not
removed by the PLL, thereby corrupting the synthesizer output.

» To suppress these tones, the periodicity of the system must be broken.
If the LSB of X randomly toggles between 0 and 1, then the pulses in
the output waveform occur randomly, yielding a spectrum with
relatively small tones.
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Seeking a System with a Higher-Order Noise
Shaping

The noise shaping function shown above does not adequately suppress
the in-band noise. This can be seen by noting that, for f << (mT, ),

‘Sfy(gf:_) — ‘qu(f”zSin(WfTCS'K)IZ ~ qu(,f)|2'7rfTC‘K|2

+
We therefore seek a system that exhibits a Ao B
: +
sharper roll-off. The following development L >
V4

will call for a “non-delaying integrator”.

The transfer function is given by B 1
i
Replace the 1-bit quantizer with a Z-A modulator )
!
i Quantizer with Higher ~  CK |
i Resolution ;

19



[ To Determine the Noise Shaping Function }

1 — 21 1 — 21
+
+ 1] + 2Tl + X = 0
Xo—»@—» _— —>®—> —_ — Y 4 g @ X =
T T Y(M) (1= 271
Q" v~ — 141
Modifying the first integrator to a non-delaying topology:
Non-Delaying Q
Integrator +l

. —1 :—1 ﬁ
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|

Comparison: Noise Shaping in First- and Second-
Order Modulators

» 2nd-Order

Sy(f) = S,(N)2sin(x fTex)]

» The noise shaping in
second-order modulator
remains lower than that of
the first-order modulator for
frequencies up to (6Ty)™

» 1st-Order
S,(F)2sin(7 fTex )|

Sy([)

Second-Order
Noise Shaping

; First—-Order
&+ Noise Shaping
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[ Cascaded Modulators

1 Combiner

CK CK
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1 bit

Froe 1

Y,

Y,

> Y, Is arelatively accurate replica of U. Y, is combined with Y, yielding
Y.t @S @ more accurate representation of X. The system is called a “1-1

cascade”.
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Residual Quantization Noise }

& Q
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— (1= 2"HY;(2)
— (1 —=7HQ'(=).

» Q(z) is eliminated. 23




[ Example : Signal Combining Operation }

For 1-bit streams, multiplication by z -1 is realized by a flipflop. The circuit
thus appears as shown below:

Y,(z)o—»]|D Q|—>

YZ(Z)J—» D Q _+.,

2 Bits
—A— - YOUt(z)

Y
Adder
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[ Problem of Out-of-Band Noise }

The transfer function from the quantization noise to the frequency noise

TN —I\2
Y(z)=(1-2"1%Q(2).
the phase noise  ®(z) = (1 — 27 HQ(=).
The spectrum of the phase)noise IS thus obta{nzed as
Sol([) = [L=277175,(/)
= [2sin(r fTox)|%S,(f).

Experiencing the low-pass transfer function

e e AR
bout(‘ff) — ‘2 Sln(,ﬂ-fTC'KH bq(f)i\

(W8 — wh)? + ACPwiw?

|23in(n fTCK)|2‘ |HPLL|2‘
1 Out-of-Band Noise
X 0.5 freereeeeeees : ,:> j%
- e E E e
3 0 f_34B f 0 f_3aB 1 f
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Summary: Effects of Phase Noise at the Output of a
Fractional-N Loop

For small value of f, the product, S, (f), begins from zero and rises to
some extent.

For larger values of f, the f2 behavior of the noise shaping function
cancels the roll-off of the PLL, leading to a relatively constant plateau.

At values of f approaching 1/(2T.x) = free/2, the product is dominated
by the PLL roll-off. If comparable with the shaped VCO phase noise,

this peaking proves troublesome.

Sout
Free-Running VCO '

Phase Noise \ R

Shaped VCO
Phase Noise

Effect of 2A Modulator
Shaped Noise
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[ Effect of Charge Pump Mismaitch }

U U
p AT, p

| |

PFD

(a) (b) (c)
(a) PFD/CP with current mismatches. (b) effect for Up ahead of Down. (c) effect for
Up behind Down. (d) resulting characteristic

UP leading Down, the total charge delivered to the loop filter is equal to
Qo = 11 - AT, + (1) — 1) - AT,
Now, let us reverse the polarity of the input phase difference.
Qo2 =12 - A5, + (1 — [2)ATh.
tot /_\

As AT, goes from a negative value to a positive one, the gain is different;
I.e., PFD/CP non-linearity will affect the PLL. 27



[ Example : Charge Pump Mismatch in Integer-N }

Synthesizers

(@) In the presence of a mismatch between I, and |,, an integer-N PLL
locks with a static phase offset, AT,, such that the net charge injected into
the loop filter is zero.

|, -1
AT -1 =(1,—1,) AT, = AT, ==—=-AT,

Il

, ATq AT,

- - t - -
AT,

- e
AT, AT, t

(a) (b) (c)
The key point is that, in both cases, the charge is proportional to I,
leading to the characteristic shown in (d). The non-linearity is avoided if

the feedback jitter is less than AT,
28



What is the Effect of the Above Nonlinearity on a ZA
Fractional-N Synthesizer?
Decompose the characteristic shown in previous example into two

components: 0wk 0l
A
. Actual
/ E\rror
AT, AT \ ) AT;,
. ~ 2 ~—  Parabolic
Approximate the error Q, = l,,,AT;,+ AAT% -b Approximation

» The multiplication of AT, by itself is a mixing effect and translates to

the convolution.

Sq(f) Sq(f)

>

: - : - -
0 f1 fzﬂ f 0 f1 fZE f 0 fZ_f1 @ f
2 2 2

» Charge pump nonlinearity translates the ZA modulator’s high-
frequency quantization noise to in-band noise, thus modulating VCO.

» This “Noise Folding” effect becomes serious as order of ZA modulator
Increases 29




[Approach to Alleviating the Charge Pump I\/Iismatch}

» Split the PFD reset pulse to create a static phase error and avoid slope
change.

The PLL must lock with a zero net charge

ATO']ZWTD']I Voo ll>|2
The static phase offset is T - Bown To
D o > -
ATO ~ TL) Aoc—ck +—o Up _!_

XE Qo A T—TD_T_C_—

Q tot1

Qtot2

- - >
ATO ATin

» For a sufficiently large T, and hence AT,, phase fluctuations simply
modulate the width of the negative current pulsein |, leading to a
characteristic with a slope of I,. Unfortunately, this technique also
Introduces significant ripple on the control voltage.

30



[ Another Approach Using Sampling Circuit }

; N ~
;

Vy

—

» A sampling circuit interposed between the charge pump and the loop
filter can “mask” the ripple, ensuring that the oscillator control line
sees only the settled voltage produced by the CP.

» In other words, a deliberate current offset or Up/Down misalignment
along with a sampling circuit removes the nonlinearity resulting from
the charge pump and yields a small ripple

31



Quantization Noise Reduction Techniques: DAC
Feedforward

|
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quantization error: W (z

» Here, W is the shaped noise. However, if we compute Q = Y-A, itis
unshaped.
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[ Basic DAC Feedforward Cancellation }

fREFo—>| PFDICPI %L VCO P fout
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X=OC Z Y(Z) t e + ran
Modulator

(1-z7)a(z)
16 (
-1 | 2
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> In the absence of analog and timing mismatches, each Z-A modulator
output pulse traveling through the divider, the PFD, and the charge
pump is met by another pulse produced by the DAC, facing perfect

cancellation.
33



[ Issues in Previous System and Modifications(l) }

» PFD/CP generates a phase error; time integral of the frequency. An
Integrator must be interposed between the subtractor and the DAC.

_ S (N+1)IN . DAC [
16 sa | v(z) f o 7 | 16 } ok

X=0
Modulator :0(1_2'1)’-0(2) 1-z"" (1—2_1)L_1Q(Z)
16 (
z” 7

» Accuracy requirement: it is hard to realize a 17-bit DAC. Another ZA
modulator is used to achieve the accuracy; say, 6-bit representation
whose quantization noise is shaped.

I— 2 (N+1)IN <—| DAC <1
. s v b+ @ 17 A |8 1 } e
Modulator _ Modulator 1-z -1
‘ 6 (7
-1 p
Z rd
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[ Issues in Previous System and Modifications(ll) }

guantization error:
Constant

CP / Height
output

t

output = Constant

Width
» The Up and Down pulses activate the CP for only a fraction of the
reference period, producing a current pulse of constant height each

time. The DAC, on the other hand, generates current pulses of constant
width.

The sampling loop filter is typically used to mask the ripple.

The unequal areas of the current pulses generated by the CP and the
DAC lead to incomplete cancellation of the quantization noise. For
example, a 5% mismatch limits the noise reduction to roughly 26 dB
(=2010g20).

YV VvV
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[ DAC Gain Error }

A 3-bit DAC: :
out
Iout A
I rer /l Dz/[ D, l 71 Rer
M rer II_T I_T IE‘IL
Wi it w

lowi = IREr(4D3 + 2Dy 4 Dq)

» Since both the charge pump current and the DAC current are defined
by means of current mirrors, mismatches between these mirrors lead
to incomplete cancellation of the quantization noise.

» The quantization noise
applied to the DAC are
convolved and folded
to low frequencies,
raising the in-band .~ -
phase noise. @) in )

A Nonlinearity A

I out




[ Fractional Divider }

» Another approach to reducing the ZA modulator quantization noise
employs “fractional” dividers, i.e., circuits that can divide the input
frequency by non-integer values such as 1.50r 2.5

Latch 1 Di

Diyo—e—»|D Q
AN

o !

Latch 2 =t : - -~
t

» Even with a half-rate clock, D, track D,,. In other words, for a given
clock rate, the input data to a double-edge-triggering (DET) flipflop can
be twice as fast as that applied to a single-edge-triggered counterpart.
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[CML Implementation and Use in Divide-by-1.5 Circuit}

= N - cx | | i
I | Ddl ¥ = =

CK o f + o Q, -

» Replacing the flipflops of =3 circuit with the DET circuit. The circuit
produces one output period for every 1.5 input periods.

went “ LT L PR s i Voo
On | LI LI LT IR u 2om |
e AL L1 ooy %) T fhpR i e,
T T L T UL S b owd | G
[ et I ) S I I N : _

Q1=1, Q2=0, /Q2=1, X=1 >Q1=1, Q2=1, /Q2=0, X=0
> Q1=0, Q2=0, /Q2=1, X=0 2Q1=1, Q2=0, /Q2=1, X=1 ...
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[ Reference Doubling }

» Another approach can reduce the ZA modulator quantization noise. 'If
the reference frequency can be doubled by means of an on-chip circuit

preceding the PLL, then the phase noise due to the ZA modulator
guantization can be reduced by 6 dB.

) \ v, (t) FIJ_
T U

-
t

The input is delayed and XORed with itself, producing an output pulse
each time V,(t) and V,, (t-AT) are unequal.
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[ Doubler Output with Input Duty Cycle Distortion }

Vin (t) |'
Vi, (t+AT) - [P T [}
|
V, (1) J‘J‘ U‘ |'_ 0 21_T1 % 2% rg

» If the input duty cycle deviates from 50%, the odd harmonics are not
completely canceled, appearing as sidebands around the main
component at 1/T,. Since the PLL bandwidth is chosen about one-tenth

1/T,, the sidebands are attenuated to some extent.
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[ Multi-Phase Frequency Division: an Overview }

As a divider is switched N to N+1, the output phase jumps a VCO period. It
IS possible to decrease the quantization by using a fractional divide ratio

by means of a multi-phase VCO and a multiplexer.

, =3 . =2 , =3 ,

Output

Divider
Output _|

Suppose a VCO generates M output phases with a minimum spacing of
21/M, and the MUX selects one phase each time, producing an output

given by | 2
Vo x (1) = Vo cos (wcf — k i)
M
where k is an integer. Now, let us assume that k varies linearly with time,
sequencing through 0,1, -, M-1,M,M+1, - --. Thus, k = t, where 8

denotes the rate of change of k, and hence

| 27
Virox(t) = Vooos [ (. = 322 1]

The divide ratio is therefore equal to 1 - (B/w_)(2m/M) 41




[ Example : Multi-Phase Frequency Division }
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Select |
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» This technique affords a frequency divider having a modulus of 1 and
modulus of 1.25. Since the divide ratio can be adjusted in a step of 0.25,

the quantization noise falls by 20log4 =12 dB
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Issues in Multi-Phase Fractional Division: Problem
of Phase Selection Timing Margin

—

Margin to

» The MUX select command
Input Edges

(which determines the phase
added to the carrier each time)
. . I
Is difficult to generate.

MUX Select |
Lines 4

» The edges of the select waveforms have a small margin with respect to
the input edges. Moreover, if the divide ratio must switch from 1.25to 1,
a different set of select waveforms must be applied, complicating the

generation and routing of the select logic.
43



[ Issues In Multi-Phase Fractional Division: Phase }

Mismatches
4x1.25T;,
V., |< : ] : | f - fin _ 4
" ; ; ; ; - e 1.25 B 5Tin
0 - - > i -
AT ATz ATs *Ts > The quadrature LO phases
« and the paths within the MUX
suffer from mismatches,
? ? thereby displacing the output
§ ? ? - transitions from their ideal
1 2 3 4 5 6 f . . .
STin 5Tin 5Tin 5Tin 5Tin 5Tin pOIntS In tlme
» The spectrum contains a large VCO [T Fout

component at 4/(5T,,) and “sidebands” Mutiple
at other integer multiples of 1/(5T,,) ases

» Itis possible to randomize the
selection of the phases so as to ?
convert the sidebands to noise. TA

Modulator

N |[<+— MUX

olo
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