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Figures and images used in these lecture notes are adopted from
Differential Equations with Boundary-Value Problems, 9th Ed., D.G. Zill, 2018 (Metric Version)
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= The mathematical description of a system or a phenomenon

is called a mathematical model and

IS constructed with certain goals in mind.
= Construction of a mathematical model of a system starts with:
> ldentify the variables for changing the system and
specify the level of resolution of the model
> Reasonable assumptions, or hypotheses, and theorems or

empirical laws



Mathematical Models

= Modeling process

Assumptions

&

|
If necessary,

alter assumptions
or increase resolution

of model
|

Check model

known facts

predictions with

——

Express assumptions in terms
of differential equations

Display model predictions
(e.g., graphically)
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Mathematical
formulation

Solve the DEs

Y

Obtain
solutions
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= Variables and Constants:
> P(t): the total population at time t

> K: a constant of proportionality

s Model:

dP dP
EOCP or — kP --- (1)
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s Variables and Constants:

> A(t):  the amount of the substance remaining at time t

> K: a constant of proportionality
= Model:
dA dA
EOCA or E—kA --- (2)
= Note:

A single DE can serve as a mathematical model

for many different phenomena.
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s Variables and Constants:

> T(1): the temperature of a body at time t

> T the temperature of the surrounding medium
> K: a constant of proportionality
= Model:
dT dT

— x T-T,, or —

x K(T-Tp) ()
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s Variables and Constants:

> x(1):

> y(t):
> K:

s Model:

# of people who have contracted the disease
# of people who have not yet been exposed

a constant of proportionality

= kxy - (4)

— =kx(n+1—x) --- (5)

IF: x+y=n+1
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s Variables and Constants:
> X the amount of chemical C formed at time t
> a, f: the amounts of chemicals Aand Batt=0

(the initial amounts)

> K: a constant of proportionality
= Model:
d
= = k(@-X)(f-X - (6)

CH,Cl + NaOH —— CH;0H + NadCl
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= Variables and Constants:
> A(t): the salt in kilograms in the tank at time t
> R;,.  Input rate of salt in kilograms per minute
> R,,:. output rate of salt
» Concentration of salt inflow/outflow
> Input/output rate of brine

= Model:
input rate of brine
10 L/min
i -
—— Rin = Roy - (7) \W L
constant _ ; _,.__,fd',
1000 L i - ' ==
dA A dA 1
4 _25-2 o U4 Lg= 25 b
dt w0 O @ T oo — @

output rate of brine
- (8) 10 L/min

Figure 1.3.2: Mixing tank



Series Circuits

s Variables and Constants:

> 1(t):

> q(t):

> L, R, C: Inductance, resistance, and capacitance

s Model:

di d?
L= = L]
dt dt
L1 4 pda |
dt? dt

The current in a circuilt at time t

The charge on a capacitor at time t

— (11)
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.........................

(a) LRC series circuit

Inductor
inductance L: henry (H)
di

voltage drop across: L 7

LA

Resistor
resistance R: ohm ({})
voltage drop across: iR

Ay
R

j —

Capacitor
capacitance C: farad (F)

voltage drop across: raki

I
C

I'- —

(h)



Falling Bodies and Air Resistance

Variables and Constants:
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> s(t):  Position of rock relative to the ground at time t

Model:
d’s d?s
mﬁ = —mg or Froie —g (12)
d?s
=9 s(0)=s, 'O =9y, (13) .
direction C: B
w _ kv (14
m_. = mg v (14)
d?s ds d?s ds
=mg—k— or m— + ka = mg (15)

M dt dt?
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s Variables and Constants:

> s(t):  Position of rock relative to the ground at time t

s Model:

T,=T,cosf® and W = T,sin@

tan@ = TK and dy/dx = tan®
dy
= 1
dx T, (16)




DE for Mathematical Model

dy
da:

= f(=,

Y )

y (zg)

' (20)

Cy (21)

Y (z2)

+ ao(z) y(x)

PO

U0

€1

2

g(x)
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Qualitative Analysis vs Numerical Analysis Feng.Li Lian © 2019

Does the DE actually have solutions?

If a solution of the DE exists and satisfies an initial condition,
IS it the only such solution?

What are some of the properties of the unknown solutions?
What can we say about the geometry of the solution curves?
Can we somehow approximate the values of an unknown

solution?

(a) analytical (b) qualitative (c) numerical



Lectures and Exams  FempLi Lian © 2019

= Midterm Exam

-1-1,1-2,1-3 (Introduction)

—2-1, 2-2, 2-3, 2-4, 2-5, 2-6  (First Order DE - Math)
-3-1, 3-2, 3-3 (First Order DE - Modeling)
—4-1,4-2,4-3, 4-4, 4-5 (Higher Order DE - Math)

= Final Exam

—4-6, 4-7 (Higher Order DE - Math)

— 51 (Higher Order DE - Modeling)
—7-1,7-2,7-3, 7-4, 7-5, 7-6  (Transform — Laplace)
—~11-1, 11-2, 11-3 (Transform — Fourier)

—12-1 (Partial DE)



