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Figures and images used in these lecture notes are adopted from
Differential Equations with Boundary-Value Problems, 9th Ed., D.G. Zill, 2018 (Metric Version)
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Linear Differential Equations: Basic Theory

= 4.1.1: Initial-Value and Boundary-Value Problems

= 4.1.2: Homogeneous Equations

= 4.1.3: Nonhomogeneous Equations

s 4.2
= 4.3
s 4.4
s 4.5
= 4.6
s 4.7
= 4.8:
= 4.9:

Reduction of Order

Homogeneous Linear Egns w/ Constant Coefficients
Undetermined Coefficients — Superposition Approach
Undetermined Coefficients — Annihilator Approach
Variation of Parameters

Cauchy-Euler Equations

Solving Systems of Linear Equations by Elimination

Nonlinear Differential Equations



4.1.1: INITIAL-VALUE & BOUNDARY-VALUE PROBLEMS ~ PEoL-reimeon
e nth-Order Initial-Value Problems (IVP):

Solve
(1 n—1,(, T
an(@) T 40 @ E D @) P 4 a0 4e) = ()
Subject to: y(zg) =
y' (z0) =
y (@) =
y(z)
— A
y"HD(zo) =
Solution: vo T °

i > T




4.1.1: Theorem 4.1.1: Existence of a Unique Solution oL L 2019
on@ TED o @ T YD b a0 22D 4 ) 4@ = o)
subject to: y(zo) = yo. ¥'(z0) = y1. ¥ (o) = w2, -+, ¥ V(z0) = yp1
e Let an(x), ap_1(x), --+, a1(z), ap(z) & g(z)
be
e And an(x)

e Then IVP exsits a unique solution y(xz) on I



DEO4.1-PrelimTheory - 5

4.1.1: Examples 1 & 2 Feng-Li Lian © 2019
3y" +5¢y" -4y + 7y =0 y(1) = 0,
y' (1) = 0,
y'(1) = 0
y' — 4y = 122 y(0) = 4,
y(0) =1
2y’ —2zxy + 2y =6 y(0) = 3,

y'(0) =1
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4.1.1: Boundary-Value Problems Feng-Li Lian © 2019

e 2nd-Order Boundary-Value Problems (BVP):

2 T T
Solve a (:C) d ( ) 4+ al(gj) dy( ) + ao(ilf) y(iU) — 9(55')

dx
A
Subject to: [y ( ) = o y(z)
{
Ly ( ) = w1
14 T2
Other possible BCs: ] ] >
Yy ( ) = wyo [y( ) = wo [ y( ) = o
$ $ {
A ) = y1 (y( ) = y1 |yl ) = w1
General BCs: | y ( )+ Y ( ) =

y ( )+ v ( ) =




e A BVP may have:

y(x)
Y1

Yo

>

(1)

or (2)

or (3)

L =— @
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solutions
solution
solution
y(x) 4
Yvo + @
| —
Xz
a b
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4.1.1: Example 3 Feng-Li Lian © 2019
® 1
" + 16x = 0O o
t
= solution: ' -
x(0) = O
(@]
33(7) = 0
z(0) = 0
O
fc(g) = 0

x(0) = O
(C){m@ .
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4.1.2: Homogeneous Equations Feng-Li Lian © 2019

(1 n—1,(r T

on@) TED 1 a1 @) X bt @) B o) () = 0
(1 n—1,(r T

on(@) TED o @) T b a0 P+ ao() @) = (@)

g(z) Z O

e associated homogeneous equation:

F(CL’,y,y/,"' 7y(n)> — g(CIZ‘)

F (33, Y, y/7 e 7y(n)>
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e In the following, we assume on some common interval I

(1) ai(x), i=0,1,---,n, are

(2) g(z) s

(3)  an(z)
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4.1.2: Differential Operators FonaoLiLian © 2019

—

Dy = D :

D"y =

(D +3)y =

D+ 3 :




4.1.2: nth-Order Differential Operator / Polynomial Operator 2= o =oy 1o
L = D" 4+ o D +
= L (y) =

for example,

L = (x+5)D 4+ =«

= L (y) =

e homogeneous equation: L (y) =

e nonhomogeneous equation: L (y) =




4.1.2: nth-Order Differential Operator / Polynomial Operator ~ °=242 =T 13

e D IS a linear operator

(0 5@ + 9@} =

\ D {c f(:r;)} =

or D {af@ + bg@)} =

= L IS a linear operator

= L {af@ + bg@} =



4.1.2: Thm 4.1.2: Superposition Principle — Homogeneous Eqn¥ ™oy 1o

o et yl(x)a yQ(ZU)a 9 yk(ilf) be

e Then y(z) = y1(z) + yo(z) + -+ + Y ()
IS also
where are arbitrary constants

e Proof:
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4.1.2: Example 4 Feng-Li Lian © 2019

:U3y”/ . 2$y/ + 4y =0

y1(z) = 27

on (0, oo)
yo(z) = z2 Inzx

= y(z) = y1(x) + y2(x)



4.1.2: Def 4.1.1: Linear Dependence / Independence e nerL i Lian 2019

° {fl(x), fo(x), -, fn(:c)} is said to be

o IT there exist constants

e such that fi(z) + folz) + -+ + fn(x)

o If {fl(ﬂf), fo(z), -, fn(:c)} is NOT linear depedent

e [ hen, the set of functions is

e [ hat is,
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4.1.2: Examples Feng-Li Lian © 2019

o {Sin(Q:U), sin(x) COS(:C)} I = (—o00,00)
f(flﬂ')A

o {:c, \:c\} r € (—00,0)

vE

o {CB, \:r;\} x € [0, c0) f(fU)A

¢ {ZC? ‘w‘} T < (—O0,0]

vE
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4.1.2: Def 4.1.2: Wronskian Feng-Li Lian © 2019

e Suppose each of fi1(x), fo(x),---, fn(x) has at least
e Define: ] )
f1 foro  In
W(f].?an"' 7fn) é
as the of fl(m)v fQ('r)v R fn(ilj‘)

Jozef Maria Hoene-Wronski (1776 — 1853)



4.1.2: Thm 4.1.3: Criterion for Linearly Independent Solutions °=2ir e iieoy 12

o Let yl(x)v yQ(ZU); ) yn(l‘) be

e Then {yl(l‘), y2($)7 ) yn(il?)} IS

e IFF (if and only if)



4.1.2: Thm 4.1.3: Criterion for Linearly Independent Solutions =3 20

c1y1(x) + coyo(x) + -+ - + cnyn(x) =0
c1yy(x) + coys(z) + -+ + cnyp(x) =0

c1y] (@) + coyp(x) + -+ + cnyp(z) = 0

clyln_ )(:B)-I-c oYs )(:13)-|- ‘|‘Cnyn ; )(fc) =0

y1 () yo(x) -+ yn(x) “

v (z) vh(z) - () .

vi@) s - yi(@) =0
"Dy 0 V@) - D@y |




4.1.2: Thm 4.1.3: Criterion for Linearly Independent Solutions

d™y dn—l,y dy
anm—n+@rb—1m+"'+a1%+aoy 0
dn—ly dy d"y
n-1 =7 * - T ar——+ ay —an o
d" 1y dyi d"y1
In-1 07 + -+ a T + aoyr = —an Ton
d" 1y, dyo d"yo
an—lW"’""Fal%'l'a’OyQ— — an dm
dly, | dyn d"yn
ol gt F o g Faoun = —an g
[ (n—1) (n-2) / 1 [ ] i
y;([ Y1 Y1 Y1 Ap—1
(n—1) (n—2) / Ap—2
Y5 Y5 Yo Y2 " _
ai
(n—1) (n—2) /
| Yn Yn Yn Yn | | a0 | i
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Feng-Li Lian © 2019

(™

_ anygn’)

(n)

—anYn
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e Remark:

e Given yq1(z), yo(x), -, yn(x) be n solutions of L(y) =0 on I

W(f].:va' o afn) IS:

either

IFF {yl(ﬂf), yQ(w)v ’ yn(ﬂU)} IS
or

IFF {yl(ﬂf), yo(x), -, yn(ﬂf)} IS
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4.1.2: Def 4.1.3: Fundamental Set of Solutions Cong.Li Lion © 201

o {11(0), 12(@). -, yn(@) | is 2

o IF (1) y,(x),i=1,2,---,n are

@) {n@), 1@, w@ | is
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4.1.2: Thm 4.1.4: Existence of a Fundamental Set Cong.Li Lion © 201

e [ here exists a fundamental set of solutions
for the homogeneous linear nth-order DE on [

dn qn—1 d
@) T 40 0 DD ) D 4 age)a@) = o
(1) a;(x),t=0,1,---,n, are continuous on [

(2) an(z) = 0, Vxel
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4.1.2: Thm 4.1.5: General Solution — Homogeneous Equations™ "r, . i 1 ian © 2019

o {11(), (@), yn(@)]

a fundamental set of solutions for the DE on [

e [ he general solution is

y(x) = y1(x) + yo(x) + -+ yn ()
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4.1.2: Example 7 Feng-Li Lian © 2019

= y(z) =



4.1.3: Nonhomogeneous Equations: Thm 4.1.6: General SolutiBis . .\ ane 2016

(1 n—1 T T
dy()+an_1(m)d y()+m+a1(x)dy()

dzn Jon—1 - 1 a@) y(@) = g(z)

g(z) # 0

an(x)

the general solution

y(x) = cry1(z) + coyo(z) + -+ + cpyn(x)

where

(D) {1, @) @] is

(2) yp(=z)

(3) Ci, 1= 1727"' y T,
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4.1.3: Thm 4.1.7: Superposition Principle — Nonhomogeneous B, e 2010
o [F

an(@) y™ + ap_1(@) vy + o+ a1 (@) Y + agx) y =

has a

e HEN

an(@) ¥ + ap_1(@) y" D 4+ o+ a1(@) Y + aplz)y =

has a
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4.1.3: Example 11 Feng-Li Lian © 2019
/" / _ 2

y — 3y + 4y = —16x° 4+ 24 — 8

y// . 3y/ + 4y = 2 2%

) — 3¢y + 4y = 22" — &

(— 1622 + 24z — 8)+(2e2%)+(2ze%% — &%)

y' — 3y + 4y
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Summary - 4.1: Initial-Value & Boundary-Value Problems

e 2nd-order DE:

Solve: 2
d d
2) “ g3 + @ LD+ a0 ve) = 9(a)
Subject to:
e Initial Condition e Boundary Condition
J v(zo) = w0 { a1 y(a) + Bry'(a) = 71
Y (z0) = w1 az y(b) + B2y'(b) = 2
y(x)
t ty(x)

|
| >z |
0o

Yo -




Summary - Thm 4.1.1: Existence of a Unique Solution el Lian 2019

Y@ " ty(e) o () @)

dx™ dxn—1 dx

+ ao(z) y(z) = g(z)

an(x)

subject to: y(zo) = o, ¥'(z0) = y1, ¥ (20) = w2, -+, v V(z0) = yn_1

o Let an(x), ap—1(x), ---, a1(x), ao(z) & g(=z)

be continuous on I

e And a,(x) #= 0, Ve el, xzg€el

e Then IVP exsits a unique solution y(xz) on I



Summary - Thm 4.1.5: General Solutions — Homogeneous EqrE ™ e oss

d"y(x) d"ly(z) dy(zx)
T + ap—1(x) g + -+ ai(x) .

1@, 2@, @)}

+ ao(z) y(z) = 0

an(x)

a fundamental set of solutions for the DE on [

(1) y;(x),i=1,2,---,n are solutions
@) {11(), 1), - . yn(@)} is linearly independent
[ y,]. y,2 « o y,;,l/ i
W(ylay27 Coe 7yn) é det y51 5 o # O’ Ve el
n—1 n—1 n—1
Y1 Yo  Yn

e [ he general solution:

y(z) = cryi(z) + coya(z) + -+ + cnyn(z)



Summary - Thm 4.1.6: General Solutions — Nonhomogeneous B e vos

y(x n—1ly(x x
dy()+an_l(m)d y()+m+a1(x)dy()

dzn Jon—1 - 1 a@) y(@) = g(z)

g(z) # 0

an(x)

e [ he general solution:

y(z) = cryi(z) + coya(z) + -+ cnyn(z) + yp(2)



