Fall 2019

Vi i 2
Differential Equations

Unit 04.7
Cauchy-Euler Equations
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ar<y” 4+ bxy + cy = 0
y(x) = ™

Figures and images used in these lecture notes are adopted from
Differential Equations with Boundary-Value Problems, 9th Ed., D.G. Zill, 2018 (Metric Version)
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= 4.1: Linear Differential Equations: Basic Theory
= 4.1.1: Initial-Value and Boundary-Value Problems
= 4.1.2: Homogeneous Equations
= 4.1.3: Nonhomogeneous Equations
= 4.2: Reduction of Order
= 4.3: Homogeneous Linear Eqns w/ Constant Coefficients
= 4.4: Undetermined Coefficients — Superposition Approach
= 4.5: Undetermined Coefficients — Annihilator Approach
= 4.6: Variation of Parameters
= 4.7. Cauchy-Euler Equations

= 4.8: Green’s Functions
= 4.9: Solving Systems of Linear Equations by Elimination
= 4.10: Nonlinear Differential Equations



. : DEO4.7-Cauchy-Euler - 3
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an 2" Y™ + a1 2"ty 4o a2y 4 agy = g(2)
a; € R, I =(0,c0)
known as a Cauchy-Euler Equation (Equidimensional Eqn)
Augustin-Louis Cauchy (1789-1857)

Leonhard Euler (1707-1783)
e Consider a 2nd-order DE:

a:czy” +bzry +cy =0

e Assume y(xz) =
y' (z) =

y'(x) =
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| e Case I. distinct real roots: mq1,m»




. DEO4.7-Cauchy-Euler - 5
4.7 Case I Feng-Li Lian © 2019

_—

e (Case II: repeated real roots: m1 = mo

(y1(2) =

L yo(x) =

yo(x) =

yr(x) =
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e (Case III: conjugate complex roots

r —
mi1 =

{
\ m2 —
= "l =
= z'"2 =




| 4.7: Another Point of View DEO‘L‘Z,}C;L‘?CJ;Z},E@‘;'EB'lg
a:r;2y” +bxy +cy =0

o Let r =

y(z) —
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| e auxiliary egn:

1e Case I. mq,mo distinct real roots

e Case Il: m1 =mo
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e Case IIll: my o =ax1if
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2y — 3zy + 3y = 224"

e auxiliary eqgn. y(x) =

:>yc
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aa:zy” + by 4+ cy =0

a(z—20)°y" + b(z—w0)y + cy =0



Summary - 4.7: Cauchy-Euler Equations et Uan® 2015

e Consider a 2nd-order DE: g 22 y” + baxy + cy = 0

e Assume y(x) = z™
Y(2) = mam?
y'(z) = m(m—1) 22

= am(m—1) +bm + ¢ =0
=>am2—|—(b—a)m + c =0

e (Case I. distinct real roots: mq1,mo

y(z) = ca 2™ + cp "2

e (Case II: repeated real roots: m1 = mo

y(z) = c1 2™ + colnz '™
e Case III: conjugate complex roots my » = a + b

y(x) = z¢ (cl cos(blnz) + co sin(bln :r;))




