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Figures and images used in these lecture notes are adopted from
Differential Equations with Boundary-Value Problems, 9th Ed., D.G. Zill, 2018 (Metric Version)
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= 7.1: Definition of Laplace Transform
s /.2. Inverse Transforms and Transforms of Derivatives

m  7.2.1: Inverse Transforms

m 7.2.2: Transforms of Derivatives

= /.3: Operational Properties |

= /.3.1: Translation on the s-Axis
= 7.3.2: Translation on the t-Axis
= /.4: Operational Properties Il
= 7.4.1: Derivatives of a Transform
= 7.4.2: Transforms of Integrals
= 7.4.3: Transform of a Periodic Function
= /.5 The Dirac Delta Function
= /.6: Systems of Linear Differential Equations
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7.2: Inverse Transforms and Transforms of Derivatives Feng-Li Lian © 2019

clrw} = [T e i d F(s)

e Given F'(s) = Find f(¢t)

- -
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7.2: Theorem 7.2.1: Some Inverse Transforms Feng-Li Lian © 2019
1
(a) £} {—} — 1
S
1 [ n! ) _
(b) L {Sn_l_l} = ) n_172737"'

(c) £—1{ 1 } _ Lt

S—a

(d) E_l{SQ—Ik—kQ} = sinkt (e) ﬁ_l{SQ—IS—kQ} — COSkt
(f) E_l{SkaQ} = sinhkt (9) E_l{SQikQ} = coshkt

See Appendix III for a list of Laplace transforms
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7.2: Theorem 7.2.2: Transform of a Derivative Digﬁ;'grzfaar,pgczeo-lg
o If f, f’7 e 7f(n_1) are on [0, 0c0)

are of
e and, if (M) is on [0, c0)

c{rw} = Fe)
e then E{f(”)(t)} = F(s)
- 7(0)
- O

- F 1 (0)
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7.2: Theorem 7.2.2: Transform of a Derivative Feng-Li Lian © 2010

c{f®}) =

c{fAwm} =



7.2: Example 5: Solving a 2nd-Order IVP D Fenei L 2015

u {y®)==1

!/ /
y' — 3y + 2y
y'(0) = 5

|
M
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Summary - 7.2: Inverse Laplace T. and T. of Derivatives oL L 2010

c{rw} = [Teima = F)

27T’i — 100

L_l{F(s)} = i/:_i_ioo eSLF(s) ds = f(t)

@) =

0 et M = =123

02 -

(d) £_1{32_|k_k2} = sinkt (e) ‘_1{52ik2} — coskt
[

. : —1 S _
2} — sinhkt (g) £ {SQ—kQ} — cosh kt
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Summary - 7.2: Inverse Laplace T. and T. of Derivatives Feng-Li Lian © 2019
clrw} = [T a = F)
0
L{f®} = sF@s) - £0)
L{f'®} = PF@) - s£(0) - £(0)
L{fM®} = B @) — s"©) = 720) — o — [ D(0)
y//_3y/_|_2y — e—4t

— sy(0) — ¢'(0) + 3y(0)

Y(s) = ... — y(t) = ...



Summary - 7.2: Inverse Laplace T. and T. of Derivatives

Find unknown y(7)
that satisfies DE
and 1nitial conditions
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— Apply Laplace Transform & —

A

Transformed DE
becomes an algebraic
equation in Y(s)

Solution y(1)
of original IVP

Y

~— Apply Inverse Transform ¢~ —

Solve transformed
equation for Y(s)




7.2: Example 5: Solving a 2nd-Order IVP 2 oTe
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y" — 3y’ 4+ 2y = e 4t { y(0) =1
/ _
= Method in 4.2: y'(0) =5
y1(t) =€’
— t
y(t) = u(t) y1(1) =ue
y'(t) =v y1 +uyf = (v +u) e
y'(t) = vy + 2 y’l + u y’l’ = (v 424 +u) €l
= (V' 4+2u +u)et 30w +u)et F2ue =
= (v —u) el _
— (u”—u/) = 0
— letw =/ = e tw=rc = u=rcy e’ + ¢
= (w' —w) = 0 :>’w=(31€t = =y
= LF. =" = v =w= C1et

j%[e_tw}: = u= [ cq eldt



7.2: Example 5: Solving a 2nd-Order IVP oL L 2010

y' — 3y + 2y = e 4t { y(0) =
/ —
= Method in 4.3 & 4.4: y'(0) =
y(t) =™ = yp(t) = Ae= ¥
y'(t) = me™ yp(t) = A(—4)e
y"(t) = mZe™ yy(t) = A(—4)%e ™
y" — 3y +2y =0 vy — 3yp+2yp = e
= m?—-3m4+2=0 (164 + 124 + 2A)e 4t = ¢4
1
= m12 : ) 5
_ —4¢
= ye(t) = Clelt + C2€2t = yp(t) = %e
1
= y(t) = ye(t) + yp(t) = crelt 4 che?t 4+ = — —4t
y(0) = _ 16 1;_ 25 o »
{ y'(0) = 5 5 + +
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7.2: Example 5: Solving a 2nd-Order IVP Feng-Li Lian © 2019
! — 3y + 2y — o4t { y(0) =
/ —_
= Method in 7.2: y(0) =
r {y// . 3y/ + Qy} — L {6—415}
1
= (s =354+ 2)V(s) — y(0)(s—3)—y/(0) = ——
s+ 4
1

= (°=3s+2)V(s) = y(O)(=3I)+y'(0) + ——

y(O)(S B 3) + y,(O)) = Zero-input response

- V) = 5 33—|—2)(

1
_|_ “ 351 2) (s n 4) = zero-state response

- (_ >s—1 25) (310)si4

o (9 (D) g (1) e



