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Figures and images used in these lecture notes are adopted from
Differential Equations with Boundary-Value Problems, 9th Ed., D.G. Zill, 2018 (Metric Version)
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= 7.1: Definition of Laplace Transform
= 7.2 Inverse Transforms and Transforms of Derivatives
= 7.2.1: Inverse Transforms
s 7.2.2: Transforms of Derivatives
= /.3: Operational Properties |
= 7.3.1: Translation on the s-Axis
= 7.3.2: Translation on the t-Axis

= /.4 Operational Properties Il

m 7.4.1: Derivatives of a Transform

m  7.4.2: Transforms of Integrals

m 7.4.3: Transform of a Periodic Function

= /.5: The Dirac Delta Function
= /.6: Systems of Linear Differential Equations
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7.4.1: Derivatives of a Transform: Multiplication Feng-Li Lian © 2019

e [ heorem 7.4.1: Derivatives of Transforms

IF r {f(t)} — F(s)

THEN g{ f(t)} — F(s)

e Proof:
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E{t et cost} —

e method 1

LZ{ cost} —
[,{ et cost}

£{t et COSt} —
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E{t et cost} —

e method 2

¢fcost} =
eft cost) =

£{ e ¢ cost}



7.4.2: Transforms of Integrals: Convolution

e f(t) and g(¢) :

= f(t) = g(t) =
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7.4.2: Transforms of Integrals: Convolution Feng-Li Lian © 2019

t
FO 9 = [ @) glt-m)dr = h()

= [ 17 o) ar
—_— |—>
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7.4.2: Transforms of Integrals: Convolution Theorem ot Lian © 2015

e [ heorem 7.4.2: Convolution Theorem

IF f(t) and g(t) :

THEN E{f(t) * g(t)} —

e Proof:
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—

: o f(t)xU(t) = 7




7.4.2: Summary
L
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7.4.3: Transform of a Periodic Function Feng-Li Lian © 2010

e Definition: Periodic Function

f(t) is a periodic function with a period 7" > 0

It f(t +17T) =
fn4
| ANVANYA
T 2 R¥ 4
half-wave rectification of sin ¢
f()4
E(1) 4
a
I —— = /}
NN v
i é % zll L b 2b 3b 4b

square wave sawtooth



7.4.3: Transform of a Periodic Function
e [ heorem 7.4.3:

(1)

IF  f(®): <{ (2)

L (3)

THEN E{f(t)} —

e Proof:

F(s) = L{f®} =
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E() ¢
L - | | | :_
| | | |
12 3 4 !
AM
R
d . . .
L p” i(t) + Ri(t) = E(t) i(0) =
= LslI(s) 4+

= L {E(t)} =
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7.4.3: Examples 8 & 9 Feng-LiLian © 2019




. DEQ7.4-Operational-2 - 18
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elF R=1 L=1,0<t<4

(1 —e () 0<t<1
— e () 4 o= (-1) 1<t<?2
i(t) = A«
1—e (O 4= (=1) _ e_(t_Q), 2<t<3
| — e~ () 4 = (t-1) _ o= (t=2) 4 e_(t_?’), 3<t<4
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Summary - 7.4: Derivatives of T., T. of Integrals & Periodic F. Fenu-Li Lian ® 2019

clrw) = [Tt a = F)

c{rwf = Fe

|
cl sl = o R
c{rw « g} = c{rof £{s®} = F) 6

e+ 1) = f(t)

1

cliw) = — [ et i@ a




