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flz) = 9 4 > (an-cosmx + bn-sinmx)
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Figures and images used in these lecture notes are adopted from
Differential Equations with Boundary-Value Problems, 9th Ed., D.G. Zill, 2018 (Metric Version)

=z
o
0

(2 d
L
>
tJ
[« e
(ll o
[TT I8
E ]




; DE11.2-FourierSeries - 2
Outline Feng-Li Lian © 2019

= 11.1: Orthogonal Functions

s 11.2: Fourier Series

s 11.3: Fourier Cosine and Sine Series
= 11.4: Sturm-Liouville Problem (BVP)

= 11.5: Bessel and Legendre Series
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e Fact:

7 27 37
l, Ccos—zx, COS—=x, COS—=,

p p p

. . 2T . 37

sin—x, sin—z, sin—zx, --- onl = [—-p,p]
p p p

IS a complete orthogonal set of trigonometric functions

e A Trigonometric Series for f(x)onI = [—-p, p]
2
= f(z) = 291 4 al-COSEa: + aQ-COS—Wa? 4+ o+ ap-cos Zg ..
2 p D p
2
+ b1-sin T + bo-sSin T + -+ bp-Sin LIS
p p p

a S nm Y
= 29 4 Y lan-cos—z + by -sin—z
2 n=1 p p
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e \What are an, by:

e n—20

(f(:r;), 1) = /_pp f(x),-1dx



11.2: Fourier Series ol Lian ® 2016

® N ="M

(f(:c), cosmx ) — /p f(:c),-cosmx dx
p —p p



11.2: Def 11.2.1: Fourier Series
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f(x) on I

|
|
3
S

= f(x) C;—O—I— > (an cos g + on - smmaz)

n=1 p p
1 /p
ag = —/ (z) dx
p J—p
1
an = —/ f(x) - cos g da
p p
1
b, = —/ f(x) - sin s da
p p



11.2: Example 1: Expansion in a Fourier Series

£(2) 0, —mT < x<O
T) —
T—x, O0<zx<m

p =7 :>f(a:)=a—0—|—z (an-COS—:c+bn-Sinn—7Ta:)
2 n=1

ni
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e f, ' piecewise continuous on I = (—p,p)

— may have discontinuities at a finite number of points

THEN,

— at a point of continuity

the fourier series of f(x) converges to f(x) at the point

— at a point of discontinuity

the fourier series of f(x) converges to the average

flt) + fla7)
2
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£(2) 0, —m < x <O VA
rT) =
mT—x, 0<z<m

IACAD -2|‘ f7) _ : -

= f@)| =4 )

n=1

( - (_1)nc05n:c + Lein n:c)

n2’7T n

=0



11.2: Periodic Extension

7 27
l, Ccos—z, COS—=z,

p p
T 21
sin—x, sSin—u=wx,
p p
= Period =

= Fundamental Period =

on /

ni

. COS —,

p

. nir
sin —u,
p
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[—p,p]
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e f(x) onI = [—p, p]
How about on

[_5p7_3p]7 [_3p7_p]7 [p73p]7 [3p75p]7

= (@ ) = 2
-+ i (an-cosm(a: ) + bn-Sinn—W(w ))
n=1 p p
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Sn(x)

So(x)
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N
a i XIS
=0 -+ § (an cCosS—x + by, - sm:::)
2 n=1 p p

e In Example 1:

So(x)

S1(x)

So(x)

|
N

A3

flz) =

-l>|>1

T n

Z (1_( 1)ncosvm: + 1Sinn$)

-+ (g-cos:c —+ sin:z:)

7

+ (%-cosm + Sinsc> + (%Sin?w)



11.2: Sequence of Partial Sums
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Summary - 11.2: Fourier Series

® Fourier Series

= f@@) = 2+ Y

f(x) on I

=

® Sequence of Partial Sums

Sn(x)

So(x)

ap N
— 4 Z (an.
2 n=1

ag
2
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= [-p, p]

ni . nTr
an - COS—x —+ bn-sm:z:>

p p

1 /pp f(x) dx

/p f(x) -COS%T:U dx




