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Differential Equations

Unit 11.3
Fourier Cosine and Sine Series
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Figures and images used in these lecture notes are adopted from
Differential Equations with Boundary-Value Problems, 9th Ed., D.G. Zill, 2018 (Metric Version)
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= 11.1: Orthogonal Functions
= 11.2: Fourier Series

s 11.3: Fourier Cosine and Sine Series

= 11.4: Sturm-Liouville Problem (BVP)

= 11.5: Bessel and Legendre Series
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e Even Functions: Vi
) y = x2
f(—z) = f(z)
symmetric about y-axis J(=x), 1S ()
| | -
—X X X
e Odd Functions:
f(—z) = —f(z)
symmetric about the origin ‘
—x fo)
e Example: f(=0)! S
nm
cCosx, COSnx, COS—ux,
p
. . . nir
sinx, sinnx, sin—z=,
p



11.3: Theorem 11.3.1: Properties of Even/Odd Functions

(a)

(b)

(c)

(d)

()

(9)

fe(z) - ge(x)
fo(x) - go(x)
fo(x) - ge(x)
fe(z) £ ge(x)
fo(z) £ go(x)
[¢, fe(z) do =

J2q fo(z) dx =
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11.3: Even-Odd Decomposition
f(z) =
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©.@)
f(x) = 20 + Z (an . COS nwx L b, - Sin n—ﬂw )
2 n=1 p p

e IF f(z) : even function on (—p,p)

= f(x) = 9 4 Z A - cos g
n=1 p
w0 == [ 1) da
an — g/ f(x) - cos 2z da
p p

e IF f(x) : odd function on (—p, p)

s 2 [p
= f(@) = Y bu-sincx by = —/O f(zx) -sin "z da
p p

n=1 p
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flx) =z, -2<x<?2

y=x, =2<x<2
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-1, 7w <xz<O

flz) = { l

1, O<z<m




11.3: Gibbs Phenomenon
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(a) Sl(x)
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(c) Si(x)
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y = f(z) onz € (—p,p) |

¥

How about y = f(x) onz € (0, L)
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— COSine series — Sine series — Fourier series
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Expand f(z) =z%, 0<xz< L, V4
(a) in a cosine series y=x2,0<x<L
(b) in a sine series
(c) in a Fourier series /
=

2 L
ag = T /O f(x) dx

2 L nm
an = f/o f(w)-COSfxd:U

L2 4L2 o0 (_1)7’L -
f(x) :?"‘W—Q Z COST:U

n=1

n2
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2 L . nw
bn = Z/O f(a:)-Slnf:c dx

2 o0 __1\yn+1 N
0 = 2 E 2 o

n=1

p=1L/2

5 L
aOZE/O f(x) dx

2 L 2nm
anp = E/O f(:v)-COSTa: dx

2N

2 L :
bn — E /O f(CU)'S|n TCU dx
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L2 L2 X 1 2 1 . 2nmw
flx) = — 4+ — E ——COS ——1x — —sin—=x
3 7O nN<m L n L
n=1
Vi v
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(a) Cosine series
(b) Sine series
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(¢) Fourier series
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Fourier Series = determine a particular solution of a DE

when the driving force f(t) is periodic

dz? (1)
m™m
dt?

e Example:

+ kz(t) = y(@)

®©)
aop nm . nm
= —.1 . COS —t by - SIN —t
@) = 1+ % (an-cos ™5t + by -sin 2t )

= fo(t) : particular solution of y(t) =1

gn(t) . particular solution of y(t) = cos 7t

hn(t) : particular solution of y(t) = sin 7t
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= o) = 2foM + Y (an-gn@) i bn-hnu))
n—=1

is the particular solution of y(t) = f(t)



11.3: Example 4

dz2(t)
1 g 60 z(t) = f(t)
® f(t) is an odd function
= f(x) = i bn-sinn—waz

n=1 p

2 (D
bn — / f(x) -sin P dx
p JO p
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® Even Functions: f(—z) = f(x)

® Odd Functions: f(—z) = —f(=x)

® Even-Odd Decomposition:  f(x) = fe(x) + fo(x)

® Fourier Cosine and Sine Series

_ a0 |«

NI . NIt
(an-COS:U -+ bn-sm:r;)
n=1

p p

e IF f(x) : even function on (—p, p)

a s ni
= f(z) = =2 + 3 an-cos—=z
2 n=1 p

o IF f(z) : odd function on (—p,p)

O
= f(z) = ) bn-sinn—waz
n=1 p



