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Introduction: What is a system? — 1 (2.1)
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Figure 2.1 System.

Introduction: What is a system? — 2

Excitation Response
Input System Output
Cause Effect
x(t0)

—y(t), t>1t
u(), tzto} y(t), 2t

®» A “mapping” from input signal(s) to output signal(s)




System Characteristics — 1

« Continuous-Time systems:
u(l)[
* Discrete-Time systems:

ulk]
45
4] 123 k
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= u(t), y(t)

u[k]zu(tz )

=

y[k]=y(t= )

* Single-Input-Single-Output (SISO) systems:

-

= u(t),y(t)

e Multi-Input-Multi-Output (MIMO) systems:

— =

=u(t) = , y(@) =

System Characteristics — 2

* Memoryless systems:
> y(t,) depends only on u(t,)

* Dynamic systems:
> y(t,) depends on u(t)
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P

o

T TS

e Causal systems:
> y(t,) depends only on u(t), t < t,

> y(t,) depends on u(t), t > t,

to
* Non-causal (anticipatory) systems: to to

o o
0

t
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e Lumped systems:

> Finite number of state variables

e Distributed systems:

> Infinite number of state variables

—

Concept of System States — 1 (2.1.1)
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e System Description
I i 2 7
Y, Yl = |nputs:
1€ 1€ T
C C; 13

(DQ 1 = Outputs:

uy Ry

= Parameters:

= Variables:

= State Variables:




Concept of System States — 2
e Definition 2.1: State

The state x(tg) of a system at time tg is
the information at ¢g that,

together with the input u(¢), for ¢t > tg.
determines uniquely the output y(t), Vt > tp.

L3

Ry

X(tp) =

[ x1(t)
x2(to)

| x3(t0)
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Concept of System States

x(to)

u(t), t>tp

* The output is
partly excited by the initial state at t, and
partly by the input applied at and after t,,.

}—>y(t), t > to

* Therefore, there is no need to know
the input applied before t, all the way back to — co

* In general,
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|-

state variables may or may not have physical meanings.




Linear Systems — 1 (2.2)

* Linear systems satisfy the superposition property,
that is,

x1(to)

— t)., t>t
uy (1), tEto} y1(e), &2t

x2(to)

— t)., t>t
us (1), tZto} y2(t), &2 to

* Imply (1) additivity

x1(to) + x2(to)

ur(t) +  uo(1), t>to}—> yi(®) +  y2(b), t=to

* And (2) homogeneity

a -x1(to)

— Q- t). t>1t
oy (t), tZto} y1(t), ¢ 2 to
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« Zero-input response:  x(tp)

— y.i(t), t>1
u(t)= 0, tzto} y=i(t) 0

 Zero-state response:  x(tg)= 0
u(t), t > to
» The additivity property implies:

pr— 0
x(to) = x(to) + } — () = yult) + ys(), t>to

u) = 0 +u(t), t=to
x(to) X(to) X(to) =0
Qutput due to [u(rn), t>1 output due to u(rt; =0. t>1 + ouputdieto iu(r), t=1

. total response = zero-input response + zero-state response




| The Impulse Response Model — 1 N
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|« Suppose for an SISO linear system, single-input-single-output
if the input is u(t) =0a(t —t;)
an output is assumed to be y2s(t) = ga(t, t;)

Bl —

In(t—1t;) — gnl(t.t;)

|-

In(t—t;) — — gn(t,t;)

| The Impulse Response Model — 1

Sat—t )

N

In(t—t;) — gnalt,t;)

Sa(t—t ) — gn(t,t )
in(t—1t ) — gn(t,t )

Salt—t ) — gn(t,t )
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The Impulse Response Model — 2

* Then for u(t) approximated by

uiti)3a(t —1)A
///

ry
A
fon4a
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The Impulse Response Model — 2

e Because

San(t—1t;) — gnl(t.t;)

 We have

n(t—1t;) u(t;) & —

> Oalt —t) u(ty) A —

1

* Thus
y(t) =

Feng-Li Lian © 2007
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e Let AI‘im0 n(t—1t;) = 6(t—t;) (time-shifted unit-impulse)
o If AIim0 an(t,t;)) = g(t.t;) exists, then we have
y(t) =

* For causal systems, g¢(t,7) =0, fort <t

And, if the system is relaxed at t,, i.e., x(tp) =0

y(t) =

Feng-Li Lian © 2007

The Impulse Response Matrix NTUEE-LS2-Systom-18

* For MIMO linear systems, Multiple-Input-Multiple-Output

y(t) =

gn, ) gt - g, 1)

gZI(rrr) sz(fv T") e glp(r! 1')
where G(t, 1) = .

g, 7) gt T) -+ 8gp(t.T)

is the impulse response matrix
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* The n-dimensional State-Space model,

x(t) = A()x(t) + B(H)u(?)

y() = C@)x(t) + D(t)u(?)

where vy: gx1, x: nx1, u: px1, A: nxn, B: nxp, C: gxn, and D: gxp.

Linear Time-Invariant (LTI) Systems — 1 (2.3)
* A system is said to be time invariant

* If for every state-input-output pair

t —
x{to) =xo } — ¥ (), t>t
u(t), t>to
e and any T, we have

x(to + T) = xg

—svy(t=T), t>t T
u(t — 1), t2t0+T} i, t=tod

(time shifting)
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* Since for LTI systems

gtt,7) = g(t 7 ) = g( : )

«We write g(t,7) = g(t+T, 74+ T) = g(t—7,0) =

and
y(t) =

e For SISO LTI systems,
the impulse response g(t) and its Laplace transform g(s)
are used to represent the system characteristics

R Feng-Li Lian © 2007
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i(s) = /O°° y(t) e~otdt




Transfer Function Matrix

« Transfer Function Matrix G(s)

Feng-Li Lian © 2007
NTUEE-LS2-System-23

AT [Euls)  gia(s) E1p(8) 7 ik (s) T
y2(5) _ g21(5)  gxnl(s) £2,(8) fia(5)
500 Len®) 826 o e Lae)
¥(s) = G(s)ia(s)
Rational Transfer Function NTURE LS Syetom2n
e Rational transfer function g(s) = %EZ%,

where N(s), D(s) are polynomials for lumped LTI syst

e g(s) is proper

¢ ¢

deg D(s) > deg N(s)
g(oco) = 0 or nonzero constant

e §(s) is strictly proper <« degD(s) > deg N(s)

e j(s) is biproper

e G(s) is improper

3

t ¢

(R

g(co) =0

deg D(s) = deg N(s)
g(oco) = nonzero constant

deg D(s) < deg N(s)

|g(c0)| = oo
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e Poles and zeros of SISO LTI systems

pole p;: g(p;) = o0 D(p;) =0
zero zj: g(z) =0 N(z) =0
pole-zero-gain form  &(s) =k (s —2)(s —22) -+ (S — Zm)

(s —p1)s—p2)---(5s — pp)

® Poles and zeros of MIMO LTI systems are more complex

. . Feng-Li Lian © 2007
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x(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t)
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® Building block

Ria R Rfa c
X o-JWN—R A ) o K
xz,_M";\,_ Y o R/b RC=1

R/ X
C
R/c X
X3 0= AAN— .
—(ax; 4+ bx: + cx3) U3 = VWV ° _ .
—x =avi + bv; + ciy

212-0 22-0_ 23-0 ¥ v1 v v3 dz
Z =0 o — o
R/a * R/b + R/c t R R/a+R/b+R/c+ dt
y = —(azq1 + bxo + cx3) —RCi = avy + buy + cv3
Op-Amp Circuit Implementation — 2 Feng-Li Lian © 2007
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—ip =2(—x1) +2u+ 03z

—(—22) = 1z1 + 8(—x2)

/ ¢ R/2 R

4
LY

R/2 0 R RS

U o AAA— - AAA 2 < v
R/0.3 R/8 R/5
R |
RC =1
X2

R
R
._a”\Rﬁ Ii : —u
y = —(2z1 + 3(—22) + 5(~u))
r1 = 2x1 —0.3x0 —2u [II(I}] = |:2 -0'3] I:xi (”] + [_2} u(t)
To = x1 — 8xo X2(1) 1 -8 x2(t) 0
y = —2x1+ 3z 4+ 5u v(t) =[-2 3] I:x] (I):I + 5u(t)

x2(1)




Linearization — 1 (2.4)

e Linearized state-space model for nonlinear time-varying
systems

x(t) = h(t,x(¢),u(?))

e Given {
y(t) = f(t,x(t),u(?))

e And a set of “nominal solution” {us(t),xo(t),yo(t)},

e How to use a linear state-space model
to “approximately represent its characteristics

around the nominal solution”
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Linearization — 2 NTUEE-LS2-System-30

e For xg = h(xg(t),up(t),t)
if ug(t) — ug(t) +u(t)
& x0(0) — x0(0) + X0(0),
then xq(t) — xo(t) + x(?)

e What is the relationship between u(t) & x(t)7
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x(t) = h(t,x(t),u(t))
Xo(t) + x(t) = h(t,xo(t) + x(t),up(t) + u(t))
oh

= h(t,x0(t),u0(?)) + -

X0:Wo

Example 2.8: Inverted Pendulum on a Cart — 1 (2.5)

Horizontal force balance (linear motion):

Vertical force balance (linear motion):

Torque balance (rotational motion):
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Horizontal force balance (linear motion):

dz}'
Md—rz- =u—H
d* .. Lo
H n——m&—z(y—HsinE) =my +mif cosd —ml(6) sinf
t

Vertical force balance (linear motion):

2

mg —V =m—(cosf) = ml[—Fsind — (8)* cos ]

dr?

Torque balance (rotational motion):

mgl sin® = mlf -1 + m¥l cos @

Feng-Li Lian © 2007

Example 2.8: Inverted Pendulum on a Cart — 3 NTUEE.L S2-Svsiem.24

when 0, 0, and 6 are small

Horizontal force balance (linear motion):

d*v
Y _u_H
dt?

2 . LS | .
H= m;—z(y +/sinf) =my +mifcos@ —mi(B) sind
t

Vertical force balance (linear motion):

2

mg —V =m—(lcos8) = ml[—Gsiné — (§)* cos §]

dr?

Torque balance (rotational motion):

mgl sin@ = mlf -1 + ml cos
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e Under the “small movement” assumption, the system model is

My =u—m¥y —mlé
g0 =10+ 7%

MYy =u—mgb
MI8 = (M +m)gb — u

Ms*5(s) = ii(s) — mgh(s)
- Mis?d(s) = (M + m)gh(s) — ii(s)

Byu(s) = -8
VAN $2[Ms? — (M + m)g]
ﬁ _1
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e May select a set of state variables as follows:

o
z Y
3 0
x4 = 0
X 0 1 0 0 X1 0
X2 _ 0O 0 —mg/M 0 X2 + 1/M )
il |0 0 0 1| | x 0
X4 0 0 (M+m)g/Ml 0 X4 —1/Ml
y=[10 0 0lx

Actually a linearized state space model




Example 2.9: Orbital Movement of a Satellite — 1
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X(f) =

u(r) =

——
r(t)
e(r)
6(t)
P (1)
| &(t) _

[ (1)
Ha(‘)i|

| 1y (1)

r(t)
y(t) = [ﬂ(r)}
o(1)

Example 2.9: Orbital Movement of a Satellite — 2

#(¢)
o)
. O(t

X0 = 4
o(1)
(1)

A

.".
ré2cos ¢ +rd? —k/r: +u,/m

2

¢

| —8%cospsing — 2¢p/r + ugy/mr

—270/r + 20¢ sin ¢/ cos ¢ + ug/mr cos ¢
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X(f) =

u(t) =

y(r) =

()
r(t)
0(r)
a(t)
@)
L &)

[ u, ()
Ha(‘)i|

| 1y (1)

[ @)
9(;)}
Lo()

= h(x,u)




Example 2.9: Orbital Movement of a Satellite — 3 NTURE 52 Symtom 3

e Nominal solution: circular equatorial constant speed motion

X, () =1[r, 0 w,t @, 0 0] u, =0
with r}w? = k, a known physical constant

e Linearized model w.r.t. the above nominal solution

. : : Feng-Li Lian © 2007
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e Linearized model w.r.t. the above nominal solution

(0 1 0 0 0 0| [ 00 ]
302 0 0 2w, 0 0 — 0
m
_ 0 0 0 1 0 0 0 0 0
0=\ , —2w, 0 0 o o |XO+ ] 1 o |80
Tﬂ mr,
0 0
0 1 s 1
s 0 —wg 0 L mr, -
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+ ) —_
it — X] ————
H— X L
R — My >
R rr B I+
+

el Vot
I

Example 2.11: An RLC Circuit — 2 Feng-Li Lian © 2007
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Xy = o —1/RC;, 0 —1/Cy 1/RC,
: %= 0 0 1/C |x+| 0 |u
.. ;xz 1/L  —1/L 0 0

y=[1 —-10]x+0-u




Example 2.12: Another RLC Circuit — 1 Feng-Li Lian © 2007
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(up — x1)/2

) Fi !
Yz 1
I
i W' 4
d 0 Y e P +
- -
.+_ el — — M
“I 3F X 2 : v
B 3% R
(voliage _
source) ~
i i F -Li Lian © 2007
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al 1 1= l j. —
-5 0 —3 6 3
x=| 0 0 I |x+[0 0 lu
1 1 1
L3 T3 T3 0 0]




Example 2.12: An RLC Circuit with a Tunnel Diode — 1 Feng-Li Lian © 2007
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+ L —
- | L x3| —1/R»
_T - + | A= h(v) PN
Rx g : / \
2l Fg 0[] S )
E= i— ¥y Ci; ; ] | : . ‘ v
-|- B a 0 \5\, c vy d \
N .
1/Ry \ \
\ '\
: . . \ i
X)) =Cxi(1)+i(t) = Cxi(t) + h(x (1)) N '|
Lx3(t) = E — Rxa(t) — x1(¢ . S~
2(1) x2(t) = x1(1) nominal solutions @,8,
: decided by E and R.
or, equivalently,
. —h(x;(r t
s = 0D 4 20 = (2, 29)
) —x1(t) — Rx-(1 E
X () = 1) A = Ho(z1, 20, E)
L L
Example 2.12: An RLC Circuit with a Tunnel Diode — 2 FengrLl Lian © 2007
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* Linearization w.r.t. nominal solution @:x1 =v =0, z0=7:=0(

[il]_[—ucm /¢ 1[x 01, Ri Fe
BT -1/L  -R/L x2]+[1fL] ET 1 :

Il

* Linearization w.r.t. nominal solution ®Jz1 = v =wvg, %2 =17 = 99

X)) =x1(t)—ve,  X2(1) = x2(t)—i

| T -1y —r/L || % 1/L

E = E—v,— Ri, Ri 1T
ﬁc?\ o > —R:
-l el b T
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C =2 R=1

£
+ N —

X y . }—O_l_ . . O
...JYY'Y‘\_ +
¥ Li=1 g 1 Le=1 % L9 La

+ X1 -
u y M ¥
® ®
1 182 14 L
‘ S5 ) =0
y=u
g(s)=1
0 —05 0 0 0.5
|1 o 0 0 0 , 0 —0.5 0.5
=lo o —os5 o |*"| o (" ‘“=[1 0]‘”[0]“
0 0 0 -1 0 y=[0 0]x, + u
y=[000 1]x+u
Summary: A System NTUF.;EE?L'ng;Si,i%
u(t) - y(t)
x(t
(o) — y(t), t>to

u(t), t>to

.{ x(t) = A@)x(t) +B()u(t)
y(t) = C(t)x(t) + D(t)u(t)

— Ax(t) + Bu(t) y(s) = G(s) a(s)

{ x(t)
y(t) Cx(t) + Du(t) G(s) = C(sI—A) B4+ D

. { x(t) = h(t,x(t),u(t)) 51:(s) = N;;i(s)
y(t) f(t,x(t),u(t)) D;;(s)
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-_1 o 17 117
6 3 6 3
x=| 0 0 I |x+|0 0fu
1 1
B 0 0]
N D e S O I 01,
Y=l-05 0 o 0.5 0

a=[-1/6 0 -1/3;0 0 1;0.5 -0.5 -0.51;
b=[1/6 1/3;0 0;0 01;

c=[1 -1 -1;-0.5 0 0];

d=[0 0;0.5 0];

. . . Feng-Li Lian © 2007
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ﬂ‘:(j} =CGI-A)'B+D

[N1,dl]=ss2tf(a,b,c,d, 1T

Nl= B
70.0000 0.1667 —0.0000 —0.0000"
£ 05000 02500  0.3333 —0.0000 |
dl= |
. 10000 0.6667 07500 0.0833
S 016672 | 0.333352
G(s) = | 5° +0:66675> +0.755 +0. 083 53 + 0.6667s% + 0.75s + 0.0833
 0.55* +0.25s2 +0.3333s | —0.1667s* — 0.08335 — 0.0833

53 + 0.6667s2 4 0.755 + 0.083| 53 + 0.6667s2 + 0.75s + 0.0833




Summary: A Simple Example — 1
C =0.5

"

i(t) =

2
784
dt2
alq2
dt2

Feng-Li Lian © 2007
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dq(t)

dt

dq 1
R4 —g=
@ TcliTe

dq

3—2 4 2q =
dt+qe

Summary: A Simple Example — 2

alq2

dt2
1
[ ]
o
1

)

dgq
3242 =
+dt+q e

C(sI-A)"IB+D

Feng-Li Lian © 2007
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Discrete-Time Systems — 1 (2.6)

®Discrete-time systems

»With a fixed sampling period T and the integer index k

y(kT) =:y[k], u(kT) =: ulk]

Concepts like

causality, state, lumpedness,

linearity, time-invariance, etc.,

are similar to those in continuous-time systems,
also

Response = zero-state response + zero-input response

. . Feng-Li Lian © 2007
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® Input-output description: the impulse response model

1 fork=0

the impulse sequence (k] = { 0 for k # 0

o0
arbitrary input u[k] may be expressed as > u[m] §[k—m]

m=—oQ
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o[k — m] —>- — glk, m]

e Suppose the input §[k — m] produces y.s[k] = g[k,m], then

Sk — mlu[m] — glk, m]Ju[m] (homogeneity)
> 8l — mlulm] — ) _ glk, mlulm] (additivity)

o0

thus ylkl= ) glk, mulm]

.

M=—>00 :::\

iImpulse response sequence

Feng-Li Lian © 2007

Discrete Convolution — 2 NTUEE-LS2-System-56

Causal <= gl[k,m] =0, for k<m

k k
Time-invariant <= | yk1=)_glk —mlulm] =) _ glmlulk — m]
={l

m=0

discrete convolution
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®» The z-transform

$(2) = ZIylk)) = D ylklz™*

k=0

®» Discrete transfer function model

e ] o0
y@) =Z(Zg[k m]u[m]) g~ g
k=0 \m=0
o o0
= Z (Zg [k — m] “‘_"”) u[m)z™"
m=0 \k
o0 .
= (ZEU]’ ) ( ulmiz"’") =: £(2)i(2)
1=0 =0
Examples -1 NTUFISE-QI__gZIriSa;sirfl(-)SOg

e Example 2.14: the unit-sample-time delay system

yik] = ulk — 1]

() =ZBk—1=z"=

2y |
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e Example 2.15: a discrete-time feedback system

rik] 20| yik] transfer function from r[k] to y[K]
1t-time
4 delay
—1
R az da
8(2) = | —az7!  z-a

Feng-Li Lian © 2007
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e Example: a discrete-time system with an irrational  g(z)
0 form <0
elkl = { 1/k fork=1,2,...

2

g)=z"1+ %z_ + '31-2‘3 o= =In(1 —z7H

not a lumped system
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e Improper discrete T.F. represent non-causal systems:

2(2) = (2 +2z— 1 /(z = 0.5)
means
ylk + 11— 0.5y[k] = ulk + 2] + 2u[k + 1] — u[k]

Feng-Li Lian © 2007
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State-Space Models

e State-space model for discrete-time linear systems

x[k + 1] = A[k]x[k] + B[k]u[k]
ylk] = ClkIx[k] + D[kJu[«]

e State-space model for discrete-time LTI systems

x[k + 1] = Ax[k] + Bu[k]
y[k] = Cx[k] + Dulk]
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Zx[k+1]] = Zx{k +1)z7%F =2 Zx[k + 1]z~ %D

=0 k=0
=7 |:Z x[I1z~ + x[0] — X{U]} = z(X(z) — x[0])

I=1

7%(z) — zx[0] = AX(z) + Bii(z)
§(z) = Cx(z) + Dii(2)

%(z) = (zI — A)"1zx[0] + (zI — A)"'Bii(2)
§(2) = C(zl — A)F2%{0] + C(zl — A)7'Bil(z) + Di(2)

Giz)=CGEI—A)"'B+D
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e Example 2.16:

Money account w/ interest rate r = 0.015% (per day)

y[k+1] = y[k]+0.00015y[k]+u[k+1] = 1.00015y[k]+u[k+1]

Define state variable as z[k] := y[k], then

x[k + 1] = 1.00015z[k] + u[k + 1]

ylkl = x[Kk]

not a standard state-space model
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but if define z[k] := y[k] — u[k], then get

ylk+1T=x[k+ 1] +ulk+11, ylk]l= x[k]+ ulk]

x[k + 1] = 1.00015x[k] + 1.00015u[k]
yIk] = x[k] + ulk]

and




