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“Linear System Theory & Design,” 3rd. Ed., by C.-T. Chen (1999)
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Matrix Algebra — 1 (3.1)

e Matrix partition and block matrix

———————————

Matrix Algebra — 2

e Matrix multiplication with compatible partitions

C =AB [Cd = | 2, A By |
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bt

Compatible Partitions:

column partition of the 1st matrix = row partition of the 2nd matrix




Matrix Algebra — 3

AB=|[a a; ---
CA=C[31 a ---
by
b
BD = .

by,

a,]

b,D
b,D
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" b T Linear combination of A’s columns
b;

— 31h1 -+ agbg + -4 amhm

a,] = [Ca; Ca; --- Ca,]

b, D

Linear Dependence (L.D.) vs. Linear Independence (L.l.) — 1 (3.2)

o A set {xl,x2,--- ,xm} in R" is L.D. (linearly dependent)

IF Jo =

aj
o

Oin

# 0, such that [xl X) xm} -o0=0

< at least one x; is a linear combination of other vectors
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« A set of vectors in R" is a basis
if 1) The set of vectors is L.I. (linearly independent)

2) All vectors in R" can be linearly combined by those
in the set

« Every basis in R" has n vectors. Thus dim(R") = n

o Let {Xq, X,, ..., X} be a basis and x be a vector in R" , then

X=Xy Xy o XpJa
unique representation
of x w.r.t. the basis

Sl

» Any set of more than n vectors in R"is L.D.
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e Standard orthonormal basis

-1 -0 b -0

0 1 0 0

ol  |o _ ol |o
h=|.], b= O In-1 = - | I = .
0 0 1 0
L0 s | (] [ 1
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e Norms of vectors: real-valued function |jx||

1

x .
x = |72 [lel] -

In

e satisfying

1. ||x|| = O for every x and ||x|| = 0 if and only if x = 0.

2. |lax|] = |«|||x||, for any real a.

3. [Ix1 + x2]| < |I%1]] + |Ix2]| for every X, and X. (triangle inequality)
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e Common norm: 1-norm, 2-norm (Euclidean), co-norm, p-norm
xl[1 = |z1] 4 |22 4+ - - 4 |zn]

n
= |y
i=1

xl2 := V012 + [wol? 4 - - + |2n|?
n 1/2
=x'x = (Z|xz|2>

=1

[xloo := max {|z1],]z2l, -, |znl |

= max [ai]
7

" 1/
x| o= (_le )
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e A vector x is normalized if

e Two vectors x;,x; are orthogonal if

)
e A set of vectors {xl, e ,xm} is orthonormal if
e Given a set of L.I. vectors {el,--- ,em},

use Schmidt orthonormalization procedure

to obtain an orthonormal set
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e Schmidt orthonormalization procedure for {e,, e,, ..., e}

qd1 = -
uj] i=e 1-=
! 1 [Jag]]
u
: T =
uz .= ez — ((h 92) q1 4 -= l[us]|
. T T . usz
o= (aTe)a - (o) e aim
3
. o .__ _Um
Um = em — Z (q,{; em) az dm -=—

= ]
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e Representation by Orthonormal vectors {q,, 9, ..., 9,.}:

Let {9, 9, ..., 0,4} be an orthonormal basis

Q=1[0d;0; " dp ] 2> QQ =1,

> Q =Q!
and x =[0;0, " 0y] o,
then o =1[0q; g, " g,] X
Linear Algebraic Equations — 1 (3.3)
Ax =Yy, A:mxn, xX:nx1l, y:mxl
e range space of A = {B|B=Aa}

e rank(A) = p(A) dim. of A’'s range space < min{m, n}

e null space of A {a]Aa=0}

e nullity(A) = dim. of A's null space =n- p(A)
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e Ax =y has at least a solution < p(A)=p([AY])

e Ax =y has at least a solution foreveryy < p(A)=m
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e Given an m xn matrix A, & an m x 1 vector vy,
an n x 1 solution x exists in Az =y
if and only if
y lies in the range space of A,
or, equivalently,

p(A) = p([A y])

where [A y] is an m x (n 4+ 1) matrix
with y appended to A as an additional column.

® Given an m x n matrix A,
a solution x exists in Ax =y, for every vy,
if and only if
A has rank m (full row rank).
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® Suppose

nullity(A) = Kk,

{n, n, ...,n} is a basis of the null space of A,

and Ax =y has asolutionx,

e Then

every vector X =x,+ a;n; + a,n, ++ ¢n, Is also a solution
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® Given an m xn matrix A, & an m x 1 vector y,
let x, be a solution of Az =y
and let k =n — p(A) be the nullity of A.

If A has rank n (full column rank) or k=0,
then the solution x, is unique.

If £ > 0, then for every real o;,¢ =1,2,--- ,k,
the vector

X:Xp+0511’11-|—0521’12+'--+Qa;l_.1’1k

is a solution of Ax =y, where the set {nq,--- ,n;}
is a basis of the null space of A.
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Corollary 3.2

e Given an m x n matrix A,
a solution x exists in xA =y, for any y,
if and only if
A has full column rank.

e Given an m xn matrix A, & an 1 xn vector y,
let x,, be a solution of xA =y
and let k =m — p(A).

If £ = 0, the solution x, is unique.
If k> 0, then for any «;,: =1,2,--- .k,
the vector

X:Xp+0511’11-|—0521’12+“-+05k1’1k

is a solution of xA =y, where n;A =20
and the set {ny,--- ,n;} is linearly independent.
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e Determinant of A= {al.j} c RN

n
detA = Z ajj Cjj
i

cofactor ¢;; = (=1)""7 detM;;

M;; = (n—1)x(n—1) submatrix of A

by deleting its ith row and jth column
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e A minor of order r = the determinant of any rxr submatrix of A

e Rank: p(A) = the largest order of all nonzero minors of A
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e Aisnonsingular < detA=0 < p(A)=n

e If A is nonsingular, then the inverse of A IS

Al — Adj A 1
detA  detA

[ci;]

and satisfies AATT=ATA =1,

1 _
e For example, A= |“ b — ATl = d —b
c d ad —bc| —c a




Feng-Li Lian © 2007
Theorem 3.3 NTUEE-LS1-Matrix-23

e Consider Ax =y with A square

e If A is nonsingular,
then the equation has a unique solution
for every y
and the solution equals A~ 1y.

In particular,
the only solution of Ax =0is x =0

e Ax = 0 has nonzero solutions
if and only if
A is singular.

The number of linearly independent solutions
equals the nullity of A

Similarity Transformation — 1 (3.4)

e Linear transform w.r.t. different bases

Ax =Yy, A:nxn, x:nx1, y:nx1

-- a linear transform from R" to R"
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o If X & y are represented w.r.t. a new basis {q,, 4, ..., 4} as

x = @Qx
_ where Q=[q; g, -~ q, 1],
y = Qy
Ax = y A)_{ = Yy
then AQx = Q5 — QlAQx = ¥

Similar Transformation; A = Q_l A Q A = QAQ_l

e Equivalently, AQ=QA or

Alg: @2 - q,]1=[Aq) Aqy --- Aq,]=[q: @2 ‘' G.]A
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e Suppose {b, Ab, ..., A"'b} is a basis, and

A" = pBb+ BAb+ -+ B,A"'b

e Then
Al b Ab --A"bA™b] = [ Ab A% -+ A™b A" ]
00 - 0 B 7
1 0 -0 B
=[b Ab A% - ATp] [0 OB
[.] U' G .Bn.—l
L 00 - 1 B |

A isin a companion form




Diagonal & Jordan Forms — 1 (3.5)

e An eigenvalue/eigenvector pair {A, x} of an nxn real A:

(A -Al))x = 0, x=#0

e A has distinct eigenvalues {i,, %, ..., A, }.

then corresponding eigenvectors {ql, (s P qn} form a basis

e Characteristic polynomial of A:  (monic, deg. = n)

A(A) = det(AI — A)

= V4o " T4+ da, 1A+ an
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0 0 0 —uy 0 1 0 0 —a; 1 0 0 —Q) =02 —Q3 —04
1 0 0 —as3 0 0 1 0 - 0 1 0 1 0 0 0
01 0 —us 0 0 0 1 —a; 0 0 1 0 1 0 0
0 0 1 —o —wy —Qa3 —a2 —O —ay 0 0 O 0 0 | 0

A 0 O o,
A0 o -1 X 0
-1 X 0 oy
det =Adet|-1 X o, |—o,det|j0 -1 A
0O -1 X o,
0 -1 Aoy 0O 0 -1
0 0 -1 Ao

D> AR =AY+ ad Far? + o3k +ag
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Example 3.5
0 0 0
A=|:I 0 2j|
01 1
A 0 0
A(A) = det |:—1 A -2 :| = —2)(A+ DA
0 -1 A-1

0 0 2
Q=qqeaq]l=|1 -2 1]

I
\
\

00 0770 0 2 0 0 2 20 0
AQ=|1 0 2|1 =2 ]=[1 -2 1|]|0o=10|= QA
01 1JL1t 1 =1 1 1 -1JL0 00
In general, A = diag[ Ay, Ay ..., A, ]
Example 3.6 NTFL?EEIEISLllaI\?Ia(.?rIiogg
-1 1 1
A=| 0 4 =13 haseigenvaluf:x—l,Z:Iﬂj.
0 1 0
1 J —Jj
Q=10 -3+2j —3-7;
0 J J

Real matrices may have
complex eigenvalues & eigenvectors (in conjugate pairs).
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e A has distinct eigenvalues {kl, Aoy eny km}, m < n,

then some eigenvalues are repeated

e Suppose 2, is repeated n, times,
then >, n,=n, and
there are |, eigenvectors corresponding to 2,

where 1 <[ <n,
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e There exists a set of eigenvectors and
generalized eigenvectors forming a nonsingular matrix Q

such that A=0Q'AQ has the Jordan form

(m)
Jl
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e Consider the equality

=

AQ = Ag, 9,9 Q = [9,9, - g, Q]

[P

«We have Aq, = Aq,,

Ad, = 1q, + q,

AQy = A0, + Qg
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and (A=Al q = Oy
(A-Al) d1 = Uy

(A-A)? q, = Ok

A=At q, = q

(A-A)< o =0

{9, 9,, ..., q,}: chain of generalized eigenvectors of length k

g,. ageneralized eigenvector of grade k
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Q Q' =1

~

A = Q A Q!

detQ detQ ! = detl = 1

detA = detQ detA detQ ! = detA

= product of all eigenvaluse of A

A is nonsingular if and only if A has no zero eigenvalue.
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A1 0 0 010 0
I jom |00 Lo
=10 0 & 1 J=2D=14 09 0 1
00 0 A 000 0
00 1 07
S |00 0
J=AD"=14 9 0 0
00 0 0
00 0 17
000 0

_3:

(J—AD 000 0
00 0 0.

(J—AD* =0fork > 4.

a nilpotent




Functions of a square matrix A — 1 (3.6)

AA---A fork >0

integer power AK =
gerb fork =0

AAT. AT fork <O

Note that: A% = A'°A*A for faster computation

: H Feng-Li Lian © 2007
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If fA) = A"+c A"+ 4c A+cC,

= A=r)A-r)-A-r)

Polynomial f(A) = A"+cA™'+.-+c, A+c,l

= (A-rDA=r--(A—-r.l)
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A, 0] Al 0
A= ko 1
GRS

A
f(A):[f( 1) 0 ]

0 f(A2)

A=QAQ! =) A'=(QAQ)QAQ™)---(QAQ™)=QA'Q"

fA) =Qf(A)Q!
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e Minimal polynomial of A: _
Ini poly I w(kal_[{k—lf)"‘

where N isthe dim. of the largest Jordan block
associated with A,

also called the index of 2,

e y()\) divides A(L), the char. poly. of A, and y(A)=0




Jordan Form
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A=QDQT
A 0 O A 10 A 10
D 0 M O 0 M O 0 N 1
0 0 )N 0 0 )M\ 0 0 )M
A— A 0 0 A— A -1 0 A— A -1 0]
A\ — D 0 A=)\ O 0O X=X O 0 A-x -1
0 0] A— A 0] 0 A—)\ 0] 0 A—)\
AN A=2AD)A=A1)(A = A1)
00O 010 010
000 000 001
D—M\lI 000 000 000
(D—XI)=0 (D—X\ID)?=0 (D—-X\I1)3=0
W(A) (A= A1) (A= A1)? (A—Ap)?

Generalized Eigenvectors — 1
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A=QDQ"
A O O M 100 M 1 0
D 0 M O 0 A O 0 N 1
0 0 A 0 0 A 0 0 A
AN A =2 =2D) (A= A1)
O 0 O 010 010
MI—D O 0 O O 0 O 0 01
0O 0O O 0 O 0O 0O
nullity 3 2 1
Vi * * *
0 0
(>\]_I — D)VZ‘ =0 * * 0




Generalized Eigenvectors — 2

A=QDQ"

D

=

V3 =V

vo = (D — M\ I)v

vi = (D — >\1[)2V

= (D—-XMD3v=00but (D-XD’v#0

v . a generalized eigenvector of grade 3
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A1
0 M
0O O
[0 1
00
|00
[0 0
00
|00
[0 0
00
|00

1

*

0

0

0
1
A1

Generalized Eigenvectors — 3

A=QDQT

D

vo = (D — X\ I)v

vi = (D — \I)%v

= (D—-XD3v=0but (D—-X\D?v#0

o

o oo o O

o oo

1 0]

01| vi=(D-XND3v=0
00

1 0] [ 1]
0 1|vy=vy =10

0 0| | 0|

1 0] [ % ]
0 1|vyg=vy=|1

0 0| | 0|
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Vi

V2

V3
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Theorem 3.4 (Cayley-Hamilton theorem)
Let

A =detI —A) = A"+ A" + -+ ap 1A +ay
be the characteristic polynomial of A. Then

AA) =A"+ A" '+ Fa, A+ a,I=0
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e The C-H Theorem implies that
A¥ can be linearly combined

by {I,A, ...,A"} foranyk>0:

A" g AT+ ap A2 e, A=0-A=0
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e Given any polynomial f (1), there exist 3, A, ..., B,4, S-t.
FO) = aptar A Fan 1 A" T an\ a4

f(A) = aptaiA+-- "|‘05n—1An_1+a75An+an+1An+l—|—- .-

= fo+ B1A + -+ Br1 AT
Let h(N\):=Bo+BiA+ -+ By 1"}
e To determine S, f, --., S, may use long division:

fQ)=qM)AR) +h(A)

f(A) = g(A)A(A) + h(A) = q(A)0 + h(A) = h(A)

O =m0, forl=0,1,..., ni—1 and i=1,2, ..., m

Theorem 3.5: Polynomial Representation — 1 Feng-Li Lian © 2007
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e Given f(\)

and an n x n matrix A with charac. poly.

A(N) = H (A=)
i=1

where n =371 | n;

o Define h(\) = Bo + 1A+ -+ Bp_1 A"}
These n unknowns are solved by:
FOM) =rD )
fori=0,1,--- ,n;— 1, and ¢ =1,2,--- ,m

where

dIN| o) = L)

FOMN) =
a2y, U Y




. H H Feng-Li Lian © 2007
Theorem 3.5: Polynomial Representation — 2 NTUEE-LS1 Matrix.49

® Then we have

f(A) = h(A)

and h()\) is said to equal f()\)
on the spectrum of A

Example 3.7 - 1 NTFUeglgtISLllal\r/]la(l?nioSOg
A = —01 —12
0 - _01 _12 1100
= f(\) = At
= h(A) = Bo+p561 A
=  f( ) = h( )
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A =A2 420+ 1=+ 1)?

h(X) = Bo+ B12

f(=1)=h(-1): (—1)'% = g, — B
(=D =hn(=1): 100 - (_]}99 = B

B =—lm.ﬁ[}=1+ﬁ1 = —99,

Alm = ﬁul + _ﬂ|A = —99I — 100A

10 0 1 ~199  —100
=_99[0 1]_100[—1 —2]’[100 101]

Feng-Li Lian © 2007
Example 3.8 -1 NTUEE-LS1-Matrix-52

0O 0 -2
Ay = |01 o0
1 0 3
[8(1)_02% 00 -2
- Ml — g1 0 3 or exp||0 1 0 |t
1 0O 3

=  h(\) = Bo+B1 A+ B2 N\

= f( ) = h( )
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Example 3.8 — 2
AN = (A — DA —=2)

h(X) = Bo+ BiA + BaA?

F()=h1): e =po+ B+ P2
ff(y=rnQ1): te' = B+ 2B
fQ=h2): €' =Bo+2B +4B

Bo = =2te' +e¥, By =3te' +2¢' —2e¥,and By = €* — &' —té’

2¢' —e¥ 0 2¢ — 2%
M = h(A)) = 0 e 0

e¥—e 0 2% ¢

Example 3.10 -1 NTFjggtlsLllan:inzxogZ
A1 0 O
A — O A 1 O
O 0 X 1
| 0 0 0 Aq |

= arbitrary ()

=  Select a convenient form of h()\) (i.e., different set of 3;'s)

= h(\) = Bo + 81 (A=21) + B (A=21)? + Bz (A—1p)3
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Then the “interpolation” conditions yield

" }\ (3) h
Bo=f(h), Bi=f () ﬁz—f,j_” ﬁ3=f3(1 )

Therefore
. ! by . " l . (3}
sy = sor+ 280 &+ LR A o+ L2 A -
F) FOD/L /20 FO%)/3!
_ 0 f(A) o/t ffag)/2!
0 0 FAr) foaq) /!
0 0 0 Fen
Example 3.10 - 3 NTUREAST Macs6
A 10 0
5 0 » 1 0
A= 0 0 A 1
0 0 0 A
el]: reix]: Ezellrfzf_ r3€l|r!/3!
A_| 0 e rett et 2!
N 0 et tet

0 0 0 ettt




Example 3.11

M 1 0 0 0

0 A 1 0 0

A=|10 0 » 0 0

0O 0 0 i 1

0O 0 0 0 X
FO) = e ot
FO)=(s=N""  6I-a7=

Feng-Li Lian © 2007
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.-ell.f H&'j"f tzell"_ﬂ! 0 0 A
0 e tet!? 0 0
0 0 Mt 0 0
0 0 0 et el
0 0 0 0 et2! |
1 1 1 0 0 -
5—=2) G—x) (—Xx)°
1 1 :
0 0
(s—X1)  (s—2)?
0 0 ! 0 0
(s — A1)
0 0 1 1
(s=4) (s=21)?
0 0 0 I
(s —A2) A

Using Power Series

e Defining functions of A with power series

Feng-Li Lian © 2007
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f) = Zﬂil" with the radius of convergence p

i=0

fA) =Y gA" if[L(A) [ < pforalli

i=0
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[\, 1 0 0|
A= |0 M 1O — arbitrary f(\)
0 0 A 1
0 0 0 A
£
A
f(k):f(ll}+f’(l.){l—l1}+fz(ll){k—kl)2+---
A ' A f(u_n(ll) z 1
FA) = FOOL+ FODA =MD 4 TSR =D 4
‘o100]loo10][oo0oo01][oo0o0 0]
oo10|/|looo1||looo0oo|looo0o0
0oo0oo01|/loooo||oooo|l|loooo
'oo0o0o0]loooof/|looo0o0]|l0oO0O O]

inthis case, (A — ADf = 0fork > n — 4

Feng-Li Lian © 2007

Matrix Exponential Function — 1 N TURE L ST Matc60

i }LEIE Ann
M =1 A4 — 4+ +o- WALt
2! n!
2 “RFN
'r— J— - w w — _
eA_I+:A+2!A+ _é‘k!m VA, t

e =1

ehtitn) — LAn At phecause eMutt) = eMights gnd  AKA! = AIAK

[A]) = A because eAleAt = gAt) = g0 = |




Matrix Exponential Function — 2
o(A+B)t ” oAt Bt

t2 5
TR
2

bt = [+ tB+ _B? + -

At = T 4 tA +

becasue AB#BA
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in general

2 2
I N ...) (I+tB+;Bz+ )

1';2
= I—I—tA—I—tB—I—

2
AR = T4 (A+B) + _ (A+B)? +

A2+ B2 4 2AB = (A+B)2 _

A2+ B2+t2AB+ A2B+ AB2+

A?2 4+ AB + BA + B?

Matrix Exponential Function — 3

eAt

t2
I+tA+§A2+...
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= AeM = MA
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Al = I+tA-|—t2—z:A2+... jﬁ[em}z?
cl1] =
z:,[t' = 14+ s7Ix 4+ 57202 + ...
t2 = (1 — s_l)\)_l
- l 2! | - converges for [s7 1Al <1
cleM] = s+ sT2A 4 s3A% 4 -

I
o
n
H
|
>
S —
L

Lyapunov Equation AM + MB = C (3.7)

Lyapunov equation:. AM+ MB =C

diy dip diz miur my my My

i1 Ci12
b1 dr @ by b _
21 d»  axp M1 My |+ | ma man =] Ccxn 2
d @ G by by :
3 32 433 ms msz msz; My €31 €32
[fan + by ap az by 0 0 J[mu] [en
az azn + by axn 0 by 0 ma, C21
asi ax ass + by 0 0 by m3 | | €3
b2 0 0 ay + by ap ap mi2 c12
0 b 0 a axy + bxn as; ma2 €22
| 0 0 b2 as as asz + by | Lmsz [ C32 |

matrix representation of ‘A w.r.t. a certain basis

AM) = C where AM) := AM + MB
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Right/Left Eigenvalue-Eigenvector Pair

Au = A;u  :right eigenvalue-eigenvector pair

vB =vu; left eigenvalue-eigenvector pair

A(av) = Auv +uvB = Luv +uvy; = (A; + pj)uv

> (A; + p;) is an eigenvalue of A

=> A isnonsingular if A+ 4=0 foralli,j

Some Useful Formulas — 1 (3.8)

e A: mxn, B: nxp

p(A)+p(B)—n < p(AB) = min(p(A), p(B))

. p(A)+ p(B)—n = p(B)— nullity(A)

p(AC) = p(A) = p(DA) | If C and D are square and nonsingular

" p(AC)< p(A) and p(A)=p(ACC™) < p(AC)
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e Elementary Operation Matrices:

elementary column (row) operations:
post- (pre-) multiply the elementary operation matrices
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det(L,, + AB) = det(I, + BA) A: mxn, B: nxm

L, —
szl:Im+AB u] QP:[ A ]
B L,

det(NP) = det(I,, + AB)
=detNdetP = det P

=detQdetP = det(QP) = det(I, + BA)
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s" det(sL,, — AB) = 5" det(sI, — BA)

det[ I — (A/Js)B/Ns)] = det[ I — B/s)(AIVS) ]

& imdet(slm—AB) = indet(sln—BA)
S S

det(sI, — AB) = det(sI, —BA) ifn=m

Quadratic Form — 1 (3.9)

2 2 2
X; +2X5 —3X; + 4X X, —OX, X3 — X X,
. real coefficients and variables = real values

1 4 7%,
=[x, X, X]|0 2 —5]|x,
0 0 -3|x
1 3 0%
=[x, X X]|1 2 -=5]|x,
—7 0 —3|X,
1 2 —712][x,
= X, X, X|| 2 2 —5/2|x,
—7/2 -5/2 -3 |x,

=x"M X real symmetric M (= M’)
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To accommodate complex variables,
consider real symmetric M and the quadratic form

(* means complex conjugate transpose)

(x*Mx)* = x*"M*x = x*M'x = x*Mx

For Mv = Av, wherev 0, V'Mv=v'Av=Ai(v'V)

Thus, eigenvalues of real symmetric matrices are real
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Suppose X is a generalized eigenvector of grade 2 or

M — AI)’x = 0
M —ADx #0
then
[(M — ADx](M — ADx =X (M’ — AIN(M — ADx = X' (M — AI)°x
N /)
20 =0

l.e., all Jordan blocks of M are 1x1, and M is diagonalizable

Orthogonal matrix;, QQ=QQ =1
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Theorem 3.6

For every real symmetric matrix M, there exists an orthogonal matrix Q such that
M=0QDQ or D=QMQ

where D is a diagonal matrix with the eigenvalues of M, which are all real, on the diagonal.
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e Positive definiteness of a real symmetric matrix M:

xX’Mx > 0 forall x=0.

e Positive semi-definiteness of a real symmetric matrix M:

x'Mx > 0 forall x #0.
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Theorem 3.7

A symmetric n x n matrix M is positive definite (positive semidefinite) if and only if any one of the
following conditions holds.

1. Every eigenvalue of M is positive (zero or positive).

XMx = x'Q'DOQx = X'DX = AKX +AX+--+ A X
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2. All the leading principal minors of M are positive (all the principal minors of M are zero or positive).

3
3
3

m m 11 12 13

det[m,,] >0, det{ H m“} >0, detjm,, m, m,| >0, ---, detM >0
. * m31 m32 m33
m m mll m12 m13

det[m,,] >0, det{ H m“} >0, det{m,, m,, m,| >0, ---, detM >0
. * m31 m32 m33
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3. There exists an n X n nonsingular matrix N (an 7 x n singular matrix N or an m x n matrix N with
m < n) such that M = N'N.

x'Mx = x'N'Nx = (Nx)'(Nx) = ||Nx||5 =0

If N is nonsingular, the only X to make Nx = 0isx = 0.
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Theorem 3.8

1. Anm x n matrix H, with m > n, has rank n, if and only if the n X n matrix H'H has rank n or
det(HH) # 0.
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Proof :
(<)

H'H is positive semidefinite (x'"H'Hx = HHXHE > 0) and has no zero eigenvalues

= H'H is positive definite, i.e., xX’H'Hx >0 V¥x =0

=Hx=0 VX=0,i.e., Hhasrankn. H

(=)
H has rank n,i.e., Hx =0 ¥x =0

= x'HHx >0 W¥x =0, i.e.,HH is positive definite

= H'H has only positive eigenvalues, i.e., det(H'H) > 0.
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2, Anm x n matrix H, with m < n, has rank m, if and only if the m x m matrix HH' has rank m or
det(HH") # 0.
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® For a real mxn matrix H,
HH’ has m eigenvalues, H'H has n eigenvalues,and

det(sI,, — HH') = s" 7" det(sI,, — H'H)

e HH' and H'H have the same nonzero eigenvalues,
and at most min{m,n} nonzero eigenvalues.

®f HH’ and H'H are positive semidefinite
Then HH' and H'H have all nonnegative eigenvalues,

and at most min{m,n} positive eigenvalues.

Singular-Value Decomposition — 1 (3.10)

—4 -1 2

T

20 5 —10
M; = H'H = 5 125 —-25

~10 -25 5

det(\I — M;) = A\2() — 26.25)
X\, = 26.25,0,0
B - 21 —10.5

Mz = HH® = {—10.5 5.25 ‘

det(\I — M») = A(\ — 26.25)

\; = 26.25,0
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e For a real symmetic matrix M = H'H ,
there exist an orthogonal matrix Q and a diagonal matrix D,

such that

Q'MQ =D

)\n >\’I’L

= Q'H'HQ=S'S

M =QDQ" H=RSQ"
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e The eigenvalues of H'H can be arranged as

M>a2> o a2>0=2%,=-.- =2

Let n = min{m,n},
then the singular values of H are defined as

AIEAEE"'}Lr}(}:kr—FI:"':}-

n
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e There exists an orthogonal matrix Q such that
QHHQ=D=:S'S

D: nxn diagonal, with 1.2 on the diagonal
S: mxn diagonal, with singular values A; on the diagonal

Theorem 3.9: SVD - 1 Feng-L1 Lian © 2007
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Theorem 3.9 (Singular-value decomposition)
Every m x n matrix H can be transformed into the form
H = RSQ’

with RR =RR' =1, Q'Q = QQ' =1I,,, and § being m x n with the singular values of H on the
diagonal.
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Proof:
HH = QS'R'RSQ" = QS'SQ,

with R satisfying HH' = RSQ'QS'R’ = RSS'R’

H'H =QS'S Q' or QH'HQ =S'S

HH =RS S'R" or RHHR =S &
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A =RsQT
AQ=RS

a=[0112;12 3 4;20 2 0];
[r,s,g]l=svd(a)

orthonormal basis of A’s range space rank = 2, nullity = 2

e - N f—/%ﬁ)%

0.3782 —0.3084 0.8?29:' [ 6.1568 0 0 {]:|
L=

r=| 08877 —0.1468 —0.4364 0 24686 0 0
0.2627  0.9399  0.2182 0 0 0 0
-0.2295  0.7020  0.3434 —0.58027
03498 —0.2439  0.8384  0.3395
0.5793  0.4581 —-0.3434  0.5802
L 0.6996 —0.4877 —0.2475 —0.4598 _

orthonormal basis of A’s null space




(Induced) Norms of Matrices — 1 (3.11)

e (Induced) norms of matrices (A: real, mxn)

n n 1/2
Xl =) |xil 1x]]2 = VX' = (Z |x¢-|2) [1X]|oo := max; |x;]
i=l1 i=1

||Ax]|
[|A|| = sup —— = sup ||AX]|
x#0 | [X|] [1x]|=1
(Induced) Norms of Matrices — 2 Feng-Li Lian © 2007
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"

||A]l; = max (Z |a,-j|) = largest column absolute sum
!

i=1

||All2 = largest singular value of A

= (largest eigenvalue of A’A)?

n

Ao = max E la;;| | = largest row absolute sum
j=1

[Ax| < [IA[llx]]
[|A +BJ| < [|A[l + [[B]|
[IAB|| < [|A[|[[B]]
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e Example:
| 3 2
=120
|All1 = 3+4+]-1]
|All2 = 3.7
|Alloo = 3+2




