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• Matrix partition and block matrix

[ ]ij

⎡ ⎤
= = ⎢ ⎥

⎣ ⎦
A A

 [ ]ij

⎡ ⎤
⎢ ⎥= = ⎢ ⎥
⎢ ⎥⎣ ⎦

B B
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• Matrix multiplication with compatible partitions

      =C A B

Compatible Partitions: 

column partition of the 1st matrix = row partition of the 2nd matrix

[ ]         ik ij jkj
⎡ ⎤= ⎣ ⎦∑C A B

 
⎡ ⎤

= ⎢ ⎥
⎣ ⎦
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Linear combination of A’s columns
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• A set of vectors in Rn is a basis

if 1) The set of vectors is L.I. (linearly independent)

2) All vectors in Rn can be linearly combined by those 
in the set

• Every basis in Rn has n vectors.  Thus dim(Rn) =: n

• Let {x1, x2, …, xn} be a basis and x be a vector in Rn , then

x = [ x1 x2 xn ] α

• Any set of more than n vectors in Rn is L.D.

unique representation 
of x w.r.t. the basis
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• Standard orthonormal basis
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• Norms of vectors: real-valued function

(triangle inequality)

• satisfying
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• Common norm: 1-norm, 2-norm (Euclidean), ∞-norm, p-norm
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• Schmidt orthonormalization procedure for {e1, e2, …, em}: 
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• Representation by Orthonormal vectors {q1, q2, …, qm}: 

Q =  [ q1 q2 qm ]        Q′Q =  Im

then α = [  q1 q2 qn ]′ x

and       x = [  q1 q2 qn ]  α, 

Let               { q1, q2, …, qn }          be an orthonormal basis

Q′ =  Q-1
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A x =   y,         A: m×n,   x: n×1,   y: m×1

range space of A := { β | β = Aα }

rank(A) := ρ(A) :=    dim. of A’s range space   ≤ min{m, n}

null space of A := { α | Aα = 0 }

nullity(A) := dim. of A’s null space      = n − ρ(A)
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Ax = y has at least a solution                     ⇔ ρ( A ) = ρ( [A y] )

Ax = y has at least a solution for every y ⇔ ρ( A ) = m
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•

•
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Suppose 

nullity(A) = k,

{n1, n2, …, nk} is     a basis of the null space of A, 

and     Ax =  y     has   a solution xp

Then 

every vector  x = xp + α1n1 + α2n2 + + αknk is also a solution
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•
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•

•
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A minor of order r =  the determinant of  any r×r submatrix of A

Rank: ρ(A) =   the largest order of all nonzero minors of A
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A is nonsingular ⇔ det A ≠ 0 ⇔ ρ(A) = n

and satisfies      AA−1 = A−1A = In

If A is nonsingular,            then the inverse of A is
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•

•

•

NTUEE-LS1-Matrix-24
Feng-Li Lian © 2007Similarity Transformation – 1 (3.4)

• Linear transform w.r.t. different bases

A x =   y,         A: n×n,   x: n×1,   y: n×1

-- a linear transform from    Rn to     Rn
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If  x &  y are represented w.r.t. a new basis {q1, q2, …, qn} as

Similar Transformation: 

Equivalently, or

where    Q = [ q1 q2 qn ],
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Suppose  {b, Ab, …, An−1b} is a basis,  and

Anb

Then

is in a companion form

=  [ b Ab A2b An−1b ]

=    [  Ab A2b   An−1b Anb ]A [  b Ab An−2b An−1b ]
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An eigenvalue/eigenvector pair {λ, x} of an n×n real A:

( A  − λIn ) x =   0,     x ≠ 0

Characteristic polynomial of A:    (monic, deg. = n)

A has distinct eigenvalues {λ1, λ2, …, λn}, 

then corresponding eigenvectors {q1, q2, …, qn}  form a basis
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det det det
3

3
2

2

1

4

4

1

0 1 0
1 0

1 0 1
0 1

0 1

0

0 0
0 0 1

0

1

λ α λ
λ α

λ α λ
λ α

λ

λ

α
α

λ

λ

α

α

⎡ ⎤
⎢ ⎥ ⎡ ⎤ ⎡ ⎤−⎢ ⎥ ⎢ ⎥ ⎢ ⎥−⎢ ⎥ ⎢ ⎥ ⎢ ⎥= − − −⎢ ⎥ ⎢ ⎥ ⎢ ⎥−⎢ ⎥ ⎢ ⎥ ⎢ ⎥− + −⎣ ⎦ ⎣ ⎦⎢ ⎥− +⎢ ⎥⎣ ⎦
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In general,     = diag[ λ1, λ2, …, λn ]
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Real matrices may have

complex eigenvalues & eigenvectors (in conjugate pairs).



NTUEE-LS1-Matrix-31
Feng-Li Lian © 2007Jordan Form – 1

• A has distinct eigenvalues   {λ1, λ2, …, λm},   m < n, 

then some eigenvalues are repeated

• Suppose λi is repeated ni times, 

then ∑i ni = n, and 

there are li eigenvectors corresponding to λi, 

where 1 ≤ li ≤ ni
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• There exists a set of eigenvectors and 

generalized eigenvectors forming a nonsingular matrix Q

such that                                   has the Jordan form

1

2

(1)
1

(1

(2)
1

( )
1

( )

)

(2)

m

m

l

l

m
l

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

J

0

J

J

J

0

J

J

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

1

1

1

1

1

1
       1

λ

λ
λ

λ

0

0

n1×n1

n2×n2

nm×nm
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• Consider the equality

ˆ ˆ        [  ]            [  ]  

ˆ

k k

λ
λ

λ

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥= = ⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

1 2 1 2q q q q

1

1AQ A Q Qq q

J

" "
%
%

• We have  Aq1 = λq1,  

Aq2 = λq2 + q1, 

…,  

Aqk = λqk + qk−1
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and   (A − λI)     qk =   qk−1

(A − λI)     qk−1 =   qk−2

(A − λI)2      qk =   qk−2

…

(A − λI)k −1   qk =   q1

(A − λI)k qk =   0

{q1, q2, …, qk}:  chain of generalized eigenvectors of   length k

qk:  a generalized eigenvector              of   grade k
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a nilpotent
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             for 

  
     

                         for 

  

  

integer pow

      

 

for

e

 

r  k

k  

k

k  − − −

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪= ⎨⎪⎪⎪⎪⎪⎪
⎩

=

⎪⎪

>

<
⎪ 1 1 1

0AA A

I

A

0

0A A

A

"

"

Note that:  A21 =   A16A4A for faster computation
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If                    ( )      

                                   ( )( ) ( )

Polynomial     ( )      

                                   ( )(

m m

m m

m m

m m

m

c c c

c

r r

cf

r

f

r

c

λ λ λ λ

λ λ λ

−

−

−

−= + + + +

= − − −

= + + + +

= −

1 1

1 1

2

1

1

1

1

A A A A I

A I A

"

"

"

) ( )mr r− −2I A I"



NTUEE-LS1-Matrix-39
Feng-Li Lian © 2007Functions of a square matrix A – 3

NTUEE-LS1-Matrix-40
Feng-Li Lian © 2007Minimal Polynomial of A

• Minimal polynomial of A:                                  

where            is the dim. of the largest Jordan block 

associated with λi,

also called the index of λi

in

• ψ(λ) divides Δ(λ),  the char. poly. of A,  and  ψ(A) = 0



NTUEE-LS1-Matrix-41
Feng-Li Lian © 2007Jordan Form

NTUEE-LS1-Matrix-42
Feng-Li Lian © 2007Generalized Eigenvectors – 1



NTUEE-LS1-Matrix-43
Feng-Li Lian © 2007Generalized Eigenvectors – 2

NTUEE-LS1-Matrix-44
Feng-Li Lian © 2007Generalized Eigenvectors – 3



NTUEE-LS1-Matrix-45
Feng-Li Lian © 2007Theorem 3.4: Cayley Hamilton Theorem – 1
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• The C-H Theorem implies that

Ak can be   linearly combined

by   { I, A, …, An−1 }    for any k ≥ 0:
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• Given any polynomial f (λ), there exist β0, β1, …, βn−1, s.t.

• To determine β 0, β1, …, βn−1 may use long division:
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•

•
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•
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Then the “interpolation” conditions yield

Therefore
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• Defining functions of A with power series

with the radius of convergence ρ

if |λi(A) | < ρ for all i
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in this case,
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∀A, t

∀λ, t

because  eλ(t1+t2) = eλt1eλt2 and   AkAl = AlAk

because  eAte−At = eA(t−t) =  e0 =  I
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where

matrix representation of      w.r.t. a certain basis

• Lyapunov equation:   AM + MB = C
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: right eigenvalue-eigenvector pair

: left eigenvalue-eigenvector pair

is nonsingular if  λi + μj ≠ 0 for all i, j
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• A: m×n, B: n×p

if C and D are square and nonsingular

( ) ( )   and   ( ) ( ) ( )ρ ρ ρ ρ ρ−≤ = ≤1AC A A ACC AC∵

( ) ( ) nρ ρ+ − ≤A B

( ) ( ) ( )  nullity( )nρ ρ ρ+ − = −A B B A∵
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• Elementary Operation Matrices:

elementary column (row) operations:

post- (pre-) multiply the elementary operation matrices

,       ,       c

c

1 2 3

1 0 1 0 1 0

1 0

E E 1 E 1

1 0

0 1 0 1

1

0

1

1

1 1

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥= = =⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

≠ 0
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A: m×n, B: n×m
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det ( / )( / ) det ( / )( / )

        det( ) det( )

[   ]   [    ]

      

m n

m nm n

s s s s

s s
s s

− = −

− = −⇔

I A B I B A

1 1
I AB I BA

if n = m
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[ ]

[ ]

                 :   coeffreal icients and variables re  values

  

  

al

 

x x x x x x x x x

x

x x x x

x

x

x x x x

x

x

+ − + − −

⇒
⎡ ⎤ ⎡ ⎤−⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥= −⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦
⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥= −⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦

=

2 2 2
1 2 3 1 2 2 3 1 3

1

1 2 3 2

3

1

1 2 3 2

3

2 3 4 5 7

1 4 7

0 2 5

0 0 3

1 3 0

1 2 5

7 0 3

[ ]

real

/

 /

/ /

       symmetric         ( )

x

x x x

x

⎡ ⎤ ⎡ ⎤−⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥−⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥− − −⎣ ⎦ ⎣ ⎦

′ ′= =

1

1 2 3 2

3

1 2 7 2

2 2 5 2

7 2 5 2 3

x M x M M



NTUEE-LS1-Matrix-71
Feng-Li Lian © 2007Quadratic Form – 2

To accommodate complex variables, 

consider real symmetric M and the quadratic form 

(* means complex conjugate transpose)

Thus, eigenvalues of real symmetric matrices are real

For Mv = λv, where v ≠ 0 ,
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then

≠ 0 = 0

i.e., all Jordan blocks of M are 1×1, and M is diagonalizable

Orthogonal matrix:  
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• Positive definiteness of a real symmetric matrix M:

x′ M x >  0 for all x ≠ 0.

• Positive semi-definiteness of a real symmetric matrix M:

x′ M x  ≥ 0 for all x ≠ 0.
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            n nx x xλ λ λ′ ′ ′ ′= = = + + +2 2 2
1 1 2 2x Mx x Q DQx x Dx� � � � �"

NTUEE-LS1-Matrix-76
Feng-Li Lian © 2007Theorem 3.7 – 2

11 12 13
11 12

11 21 22 23
12 22

31 32 33

det[ ] 0,   det  0,   det  0,  ,  det 0

m m m
m m

m m m m
m m

m m m

⎡ ⎤
⎡ ⎤ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎢ ⎥⎣

> >

⎦

> >M

11 12 13
11 12

11 21 22 23
12 22

31 32 33

det[ ] 0,   det  0,   det  0,  ,  det 0

m m m
m m

m m m m
m m

m m m

⎡ ⎤
⎡ ⎤ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎢ ⎥⎣

≥ ≥

⎦

≥ ≥M
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=
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: 

positive semidefinite  zero eigenvalues

positive de

 is  ( ) and has 

 is , i.e.,    

( )

no

   , i.e.,  has .

 has , i.e.,  

finite

rank 

rank

)

   

(

n

n

′ ′ ′ = ≥

′ ′ ′⇒ > ∀ ≠

⇒ ≠ ∀ ≠

≠ ∀ ≠

′⇒

⇐

⇒

2

2
H H x H Hx Hx 0

H H x H Hx 0 x 0

Hx 0 x 0

Pr

H

H Hx 0 x

o

0

of

x    , i.e.,  is 

  

positive definite

only positive eigenvaluehas , i.e., det( ) .s

′ ′> ∀ ≠

′ ′⇒ >

H Hx 0 x 0 H H

H H H H 0

=HH′
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=H H′
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For a real  matrix ,  

 has eigenvalues,  has  eigenvalues,an d 

m

n

n

m ′
×

′ H

H

HH H

HH′ and H′H have the same nonzero eigenvalues, 
and at most min{m,n} nonzero eigenvalues.

If         HH′ and H′H are positive semidefinite

Then HH′ and H′H have all nonnegative eigenvalues,

and at most min{m,n} positive eigenvalues.

•

•

•
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• The eigenvalues of H′H can be arranged as

min{ , }

singular values

Let , 

  then the  of  are defined as

mn n=
H
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• There exists an orthogonal matrix Q such that

D: n×n diagonal, with λi
2 on the diagonal

S: m×n diagonal, with singular values λi on the diagonal
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Proof:

H′H   =  QS′R′R SQ′ = QS′SQ′, 

with R satisfying HH′ =  RSQ′QS′R′ =  RSS′R′

H′H  = QS′S Q′ or  Q′H′HQ  = S′S

H H′ = RS S′R′ or R′H H′R  = S S′
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rank = 2, nullity = 2orthonormal basis of A’s range space

orthonormal basis of A’s null space
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• (Induced) norms of matrices (A: real, m×n)

NTUEE-LS1-Matrix-90
Feng-Li Lian © 2007(Induced) Norms of Matrices – 2 



NTUEE-LS1-Matrix-91
Feng-Li Lian © 2007(Induced) Norms of Matrices – 3

• Example:


