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Introduction
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Realizations (4.4)




Solution of LTI State Equations (4.2) — 1

e Derivative of Exponential Function:

2
el I—I—tA—I—%AQ-I—---

d Ay ,
_eAL = A eAL
dt
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Solution of LTI State Equations — 2
e LTI State Equation and its Solution:

{:‘c(t) = Ax(t) 4+ Bu(t)
y(t) = Cx(t) + Du(t)

x(t) — Ax(t) = Bu(t)
e Alx(t) —e MAx(t) = e ABu®®)
i(e—mx(t)) = e ABu(t)

dt

t
e_ATx(T)E_:O = /(;e_ATBu(T)dT
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Solution of LTI State Equations — 3
e LTI State Equations:

e Alx(t) —e’x(0) = /Ote_ATBu('r)d'r
t
e Alx(t) = '%(0) + /Oe_ATBu('r)d'r
x(t) = e*e%(0) + eA"/Ote_ATBu(T)dT
t
x(t) = eAlx(0) + fo AT Bu(r)dr
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Solution of LTI State Equations — 4
e Useful formulae:

0 b(t) R IONE ob(t) _da(t)
by 70 = [y (il @n) T | Teen)
ot t /0 !
g S = [ (G D) a0l
e Verification:
t
x(t) = eAlx(0) + fo AUT)Bu(r)dr

At t =0, x(0) eA0x(0) = %(0) = Ix(0) = x(0)
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x(t) = eAMx(0) + /OteA(t_T)Bu('r)d'r

%(t)

Clerx©) + [ AIBu(dr
A 4 [ AN B + A

x(t) = A(eAfx(o) + ./OéeA(t_T)Bu('r)d’r) + A%Bu(t)

= Ax(t) 4+ Bu(t)
e Output Equation:

y(t) = Cetx(0) + C/O!eA(‘E_T)Bu(T)dT + Du(t)

Solution of LTI State Equations (4.2): By Laplace Transform ~ [enollan® 2007

{:‘c(t) = Ax(t) 4+ Bu(t)
y(t) = Cx(t) + Du(t)

e Laplace transform:

%(s) = (sT — A)7'[x(0) + Bi(s)]
§(s) = C(sI — A)7'[x(0) + Bii(s)] + Dii(s)
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e How to compute  eAl

e How to compute (sI—A) !
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1. Use Theorem 3.5:
First, compute the eigenvalues of A;
Next, find a polynomial A(\) of deg. n — 1, s.t. h(A) = eAt




Computing eAt— 2
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2. Use Jordan Form of A:
Let A = Q A Q_l
Then, eAt = Q Al Q1
At t2 5 = 1 kak
e = I+tA+§A 4+ ... = ZEtA
k=0
Computing eAt — 3 NTUEE L S4-Saluton 12
3. Use the infinite power series:
At t2 5 2 L okak
e = I+tA+§A + ... = ZEtA




Computing eAt— 4

4. Use et = [1(sI-A)1
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Computing (sl-A)1-1

1. Taking the inverse of (sI — A)
0 -1
=1 o
1 =2

sl— A =

[ (s +2)/(s + 1)?
1;‘(5+1)2

[ s 1 _]_
| —1 s+2]

1 s+2
s2+ 25 + 1 [ 1
—1/(s + 1)?

s/(s + I)Z:I
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-1
§
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Computing (sl-A)1-2

2. Using Theorem 3.5

eigenvalues of A are —1, —1

f(r) = (s — )~ f(—=1)y=h(-1): s+ 17! = fo — Bi
hA) = Bo+ pia FED=HE=D: +D)7P=4

D> A =[6+D "+ +D)+ G+ D72

D GI-A) ' =hA) =[G+ D"+ + DT+ 6+ DA

_[e+2/6+ 1 —1s+1)?
N 1/(s + 1)? s /(s + 1)?

. ) AT _ Feng-Li Lian © 2007
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3. Using (sI — A)~! = Q(sI — fi}—] Q'and the Jordan form for A

s—A -1 0 -1
= 0 s—A —1
0 0 sS— A

(s=A"1 (s=202 (s=A)3
{ 0 (s—x)"1 (3—A)2]
0 0 (s—x)"1

Every term of eAl is a linear combination of

e/\éf,’ te}xi!',: t2€}\i!: v, tﬁi—le)\i_f,: P 1’ 2’ e m
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4. Using the infinite power series

(sSI-A)'=s1+s?A+s A% +...

5. Using the Leverrier algorithm (Problem 3.26)
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Example 4.2
o 0 -1 0
x(r)._I:I _z]x(r}+[]]u{3}

x(t) = eAlx(0) + /O ' AT Bu(r)dr

s+2 -1 :
—t -
L GF? D2 | _[A4net e ]
M =L 1 5 =l et a=pe

(s + 12 (s+1)?

(1+0e’  —te ] [ — fot = v)e " Vu(r)dr }
= 0
x() [ te™" (1—=1)e" x(0) + f(;[] —(t —D]e " u(r)dr

Every term of eA!x(0) is a linear combination of

e’\i", te}‘i"', tze}‘i”, tﬁi_le)‘i‘: t=1,2,---,m
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o If Re()\;) <O for all i,

then every zero-input response will approach zeroast — «

e If Re();) > O for some i,

then part of zero-input response may grow unbounded ast — o

Every term of el is a linear combination of

e’\i", te}\i!',} t26)«iﬁ.} e tﬁi—le/\i.{: P 1’ 2’ e m
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e If Re(2;) <0 for all'i, and A; with Re();) = 0 has only index 1,

Solution Characteristics

then zero-input response will be bounded for all t

e If Re(A;) <0 for all i,
but some A, with Re(%;) = 0 has index 2 or higher,

then part of zero-input response may grow unbounded ast — o

Every term of eAl is a linear combination of

e/\i!,’ te}\z'!',} t26)«iﬁ.} v, tﬁi—le/\i.{: P 1’ 2’ e m
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e Finite difference approximation of C.T. systems

x(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(?)

lim x(t+ 1) — x(t)
T—0 T

x(t) = = Ax(t)4+Bu(t)
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e Approximation:

X(r+7T)=x(t)+ Ax(1)T + Bu(t)T

x((k + DT) = (I + TAX(KT) + TBu(kT)
y(T) = Cx(kT) + Du(kT)
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e C.T. systems with piecewise constant inputs

u(t) =uk7l) =: ulk] forkT <t <(k+ 1)T

(may be generated by computers)

Feng-Li Lian © 2007
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u(t) =wkT) =: ulk] forkT <t < (k+ )T

x(t) = eAlx(0) + /O ' A Bu(r)dr

kT
x[k] := X(kT) = e**7x(0) +f eMTOBu(T) dt
0

. (k+1)T
X[k + 1] ;= x((k + DT) = eﬁ{k+l}'fx(0] +f eﬁ(fk+]]T—T}B“(rJ dr
0 :
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. (k+13T
X[k + 1] ;= x((k + DT) = eﬁl{k-’r—l}?'x(ﬁ) +f eﬁ(fk-i—]}?-ﬂﬂu(r:l dr
0 :

kT
e [e*‘”wa f e"”““”nu(r}dr]
0

(k+1)T .
+ f eﬁ(l’f+T—t}B“{T)dr
kT

T
= e x[k] + (f e‘mdu’) Bu[k]
0
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T
Ad = EﬁT Bd = (f EAT(JT) B Cd =C D_.g =D
]

x[k + 1] = Ayx[k] + B,ulk]
y[k] = Cax[k] + Dyulk]
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T
ﬁd = EAT Bd = (f EATdT) B th =C D;=D
0

2 3 4

T 2
. AT B T r> ., T% 4

e If A is nonsingular, then

-1 T, T, —1( AT
A TA+FA +§'~A +ooo+I=I]=A" (" —1I)

B,=A'A; - DB (if A is nonsingular)
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At t2 5 — 1 k. k
k=0
T2 S|
M =T4+TM+ M2 +...= Y —ThMF
2! = k!

_|A B > | A2 AB 3 | A3 A%B
“4“[ 0 0 ] M "[ 0 0 ] M "[ 0 O
A; By B
< [ %]=eo((5 3])
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x[k + 1] = Ax[k] + Bu[k]
ylk] = Cx[k] + Du[k]

x[1] = Ax[0] + Bu[0]

x[2] = Ax[1] + Bu[1] = A%x[0] + ABu[0] + Bu[1]

k=1
x[k] = A¥x[0] + ) ~ A*"'""Bu[m]

m=0

k—1
y[k] = CA*x[0] + > CA*"'"""Bu[m] + Dulk]

m=0
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A=QDQ ! - A =0DFQ 1

A1 0 O A1 100 A1 100
D 0 X\ O 0 M O 0 A 1
0O 0 M O 0 M\ 0O 0 A
A2 0 0 A2 2)\; O A2 20 1
D2 0 A\ O 0 A O 0 A2 2\
0 A2 0 0 A2 0 0 A
B 00 Ak m’fk—l 0 MR k(= )N
DF 0 M o 0O M 0 0 A 2
0 0 M 0O 0 M\ 0 M
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e )\, : multiplicity = 4, index = 3

o ), : multiplicity = 1, index = 1

AT kk-DMTE2 000

0 Ak kst 0 0
A*=Q| 0 o Ak 0 0 |Q!

0 0 0 A0

0 0 0 0 M

Every term of A¥x[0] is a linear combination of

N .- ni—1yk—n;+1 .
R N I e W e P

. .. Feng-Li Lian © 2007
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A kDA 000

0 A b 0 0
At=Q| 0 o ak 0 0 |Q!

0 0 0 L]

0 0 0 0 A

o If ] < 1 foralli, then
every zero-input response will approach zero as k — «

o If A, > 1 for some i, then
part of zero-input response may grow unbounded as k — «

e If | <1 foralli, and A; with [A] = 1 has only index 1,
then zero-input response will be bounded for all k.

o If A| <1 for alli,
but some 2, with 4| = 1 has index 2 or higher,

then part of zero-input response may grow unbounded
as k - .




In Summary: CT

{:‘c(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t)

z(t) = ax(t) + bu(t)

x(t) = Ax(t) + Bu(t)
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z(t) = e®2(0) + /Otea(t_f)bu(ﬁ')dT

si(s) —x(0) = aZ(s)+ bu(s)

(s) = -L-2(0)+ -2-a(s)

S—a S—a

x(t) = eAlx(0) + /O ' AC-DBu(r)dr

sx(s) —x(0) = Ax(s)+ Bu(s)

%(s) = (sI—A) 'x(0)+ (sI — A) 'Bi(s)

In Summary: DT
x[k + 1] = Ax[k] + Bulk]
ylk] = Cx[k] + Dulk]

z[k + 1] = ax[k] 4+ bulk]

x[k + 1] = Ax[k] 4+ Bulk]
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k—1
2[k] = a*2[0] + > a1 My [m]

m=0

k—1
x[k] = APx[0] + Y AFT17mBu[m]

m=0




. ; Feng-Li Lian © 2007
In Summary: Ain CT & DT NTUEE-LS4-Solution-35

{:‘c(t) = Ax(t) + Bu(t)

x(t) = eAlx(0) + / ' AW Bu(r)dr
y(t) = Cx(t) + Du(t) 0

A1 O e/\t te)\t (t2/2!)8)\t
D=0 X1 Dt — 0 eM et
0O 0O A 0 0 et
x[k+1] = Ax[k] + Bulk] 1
x[k] = AFx Ak—1-m m
{ y[k] = Cx[k]+ Dul#] k] = A [OHMZ::O Bu[m]

A=qpgt = A'=qpfq

A10 AP RN (R(k — 1) /2)AF2
D=0 )\ 1 DE=1| 0 )\ kAE—1
0 0 A 0 0 Ak
. Feng-Li Lian © 2007
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At 2,2 SIEP IV
e :I+tA+§A +---:ZHtA




Equivalent State Equations (4.3) — 1 T Lan o 2007

e Example 4.3: Equivalent state equations
L+ —.
|

I i
L

1H ’+
+
1F| f
M /D lﬂ /E X2 ¥

Equivalent State Equations — 2 T L er oty
e Example 4.3: Equivalent state equations Two sets of
[ = state variables:
X
. IH ’Jr
1F| +
© D Y]
- I
X2 A2

y=1[0 I)x

[i]]_ 0 -1 X1 1
.f:g - ] —1 X2 + 0 u
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{ x(t) = Ax(t)+ Bu(?) { x(t) = Ax(t)4+Bu)
y(t) = Cx(t) +Du(t) C

State Variable Change or Coordinate Change — 1

y(t) = Cx(t) +Du(t)

Feng-Li Lian © 2007
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Definition 4.1 Let P be an n x n real nonsingular matrix and let X = PX. Then the state
equation,

X(1) = Ax(t) + Bu(r) X(1) = AX(1) + Bu(?)
d i} i
y(t) = Cx(t) + Du(t) " ¥(t) = Cx(t) + Du(?)
where
A=PAP' B=PB C=CP' D=D

are said to be (algebraically) equivalent, and

x = Px is called an equivalence transformation.
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Define P~ 1=Q= lql, d2, -, dn

H H Feng-Li Lian © 2007
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— _ From Sec 3.4
AQ =QA <= ith column of A, i.e. a;,
is the representation of Aq; w.r.t {qi1, 42, -+, Qn}

B=QB <= ith column of B, i.e.b;

is the representation of b; w.r.t {q1, qQ2, -+, qn}
by, b1;
b bo;
2| = !CIL a2, qn] -
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e Equivalent state equations

have the same eigenvalues and transfer matrix:

Feng-Li Lian © 2007
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e Two state equations may have the same transfer matrix
(and are called zero-state equivalent),

but are NOT algebraically equivalent.




Feng-Li Lian © 2007
Example 4.4 NTUEE-LS4-Solution-45

+
> o.sn§ 2
g 0.5Q2 4
x(r) = x(r)
y(#) = 0.5 u(r) y(t) = 0.5x(2) + 0.5u(r)

y(s) = 0.54(s) v(s) = 0.5a(s)

Feng-Li Lian © 2007
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(sT — A)" = s lI4s2A453A%4..
_ _ _ =1 —
D+c(sI—A)lB = D+C(sI1 - A) B
o D+CBs !4+ CABs 24+ CA°Bs3+4...

= D+CBs !+ CABs?4+CA’°Bs 34

Theorem 4.1

Two linear time-invariant state equations {A, B, C, D} and (A, B, C, D} are zero-state equivalent
or have the same transfer matrix if and only if D = D and

CA"B=CA"B m=0,1,2, ...




Diagonal/Jordan Canonical Form (4.3.1) — 1
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a1l @12 a3 aiq
A — | @21 a22 a23 a24
a3zl @32 433 a44
aq1 @42 Q43 Q44
ail ai2 @13 ai4 A1 O 0 0
Qrl| @21 @22 423 24 | _ 0O A2 O 0
1 | az1 azx azz ass | 0O 0 a+jb O
a41 @42 G43 Q44 0O O O a-—ygb
Q;TAQ = A
1 00 O A O 0 0 1 0 O 0
010 O 0 X 0 0 O1 O 0
001 1 0 0 a+434b O 0 0 0.5 —0.5j
00 j —j 0O 0 O a—3jb||0 0 05 0.5j
Pl 0 O ow
—1 0O A O O
A = A _ 2
Q" A1 Qo 2 0 6 o b
O O —-b a
. . Feng-Li Lian © 2007
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ail ai2 a13 aiq A1 O 0 0 [Al 0 O Ow
_ | a21 ap2 ap3 apg _ |10 X O 0 0 X 0 O
A= a3l as2 a3z a44 A1=10 0 a+jb O AQ:{O 02 a bJ
aaql @42 43 Q44 0 O 0 a-—jb 0 0 —-b a
A = PAP!
Ay = Q,'Q;'AQ1Q; = A
1 0 O 0
1 O1 O 0
P - Q].QQ - |: d1 92 43 494 } O 0O 05 —05j
0 0 0.5 0.55

= [a1 a2 Re(as) Im(qs) |




Diagonal/Jordan Canonical Form — 3
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Q = [ n L.I. eigenvectors/generalized eigenvectors |
— A has the diagonal/Jordan form, which may have complex elements.
A O 0 0
0 A 0 0 _
J:= : . =Q'AQ
0 0 a+4jp 0
0 0 0 a— jp
For real A, the modal form may be obtained
with a further equivalence transformation:
1 00 0 a0 0 0
- a0 0 0[]0 A& O 0
QU= 146 1 0 0 a+j8 O
00 j —j 0 0 0 a-jp
1 0 0 0 M 0 0 07
01 0 0 |0 & 0 0f_ ¢
‘lo 0 05 -05;| |0 O o 8
0 0 05 05j 0 0 —-B ol

Diagonal/Jordan Canonical Form — 4

Feng-Li Lian © 2007
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e Combined equivalence transformation for the modal form:

P!'=QQ=I[q @ 93 q4]

o O O -

= [q; qz2 Re(q3) Im(q3)]

e Please figure out the modal form

0 0
0 0
0.5 —0.5]
0.5 0.5j

and the associated equivalence transformation for systems

with generalized eigenvectors of grades larger than unity
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e Special algebraically equivalent forms —

the canonical form & companion canonical form:

If Q:= [ b; Aby --- A" 'by ] is nonsingular

Then A= Q_lAQ has the companion form

|

And l_)l = Q_lbl = -‘
ol

Magnitude Scaling (4.3.2) T Lan o 2007
e Magnitude scaling:

in hardware (op-amp circuit)

or software (digital computation) simulations,

usually need to ensure that

magnitude of all signals are not too large and not too small
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_}(ﬂ too small

0 10 . 20 30 40 t

Feng-Li Lian © 2007
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Use state variable change to adjust the magnitudes:

20 20
m]ﬂ = (.2x, Xy = mxz = 200x;

=
I

s _[-01 0002] T2
=l 0 -1 20 | "

y=[1 —0.005]%
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e A transfer matrix é(s) is realizable
if there exists a finite dimensional state equation {A,B,C,D},

a realization of G(s) , suchthat  G(s)=C(sl—-A)'B+D

o x(t) = Ax(t) + Bu(t)
Vi) = Gln) {ym — Cx(t) + Du(t)

Feng-Li Lian © 2007
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Special Case: Single-Input-Single-Output Systems

y(s) = G(s)u(s)

b1s3 4+ bps2 4 bzs + by
s*+a1s3 + ars?2 4+ azs+ aq

<)

X] = il y = b1X1 + boXo + b3X3z + bsXy
d(s)

- s2 ~ s ~

X = u SXgq = u — X3

2 d(s) d(s)

~ s _ s2 .

X = u SX3 — u = Xo

3 d(s) d(s)

R 1 _ 3

Xqg = a sXo = i = X1




Special Case: Single-Input-Single-Output Systems

s¥%4 4+ a153%4 + a0s%K4 + azsXq + agXa

sX1 + a1X1 + aoXo + azX3z + asXg =

o))

)

Xl = —a1X1 — a2X2 — a3X3 — a4X4 + u

X2 = X1

X3 = X2

X4 X3
[ —a1 —a> —a3z —ag 1

o - 1 0 0 0 | |0},

o 0 1 0 0 0

0 0 1 o0 0

Yy = _bl bQ b3 b4}X

Feng-Li Lian © 2007
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Special Case: Single-Input-Multi-Output Systems (p = 1)

G(s) = [

d>

s* 4 o187 + a8t + ass + oy

§ arealization

[ —0y —0 —Oy —Qy4 | 1
. | 0 0 0 X+ 0
*“lo 1 0o o0 0

[ Bu Bz Bis ﬁm} _dl]
| B B B Ba hh y

Feng-Li Lian © 2007
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d N 1 [ﬁ1|33 + B12s? + B1as + ﬁmjl
Ba153 + Baas* + Brs + P




Example 4.6: Multi-Input-Multi-Output Systems FengLi Lian © 2007

NTUEE-LS4-Solution-59

- 45 —10 3
By 25 + 1 s
Gls) = 1 s+1
L 25+ Ds+2) (s +2)
—12 3
[2 0 + 2s + 1 s+2
10 0 1 s+ 1
2s+ D(s+2) (s+2)?
N(s)
- — ™
& (s) = 1 —6(s +2)* 3(s +2)(s +0.5)
) = O a2 65 +2 | 05(6+2) (54 1(s+0.5)
l 6 37, 24 757 [-24 3
= — 5
dsy\| 0 1 05 L5 1 05
Nl NZ N3
Example 4.6 NTullzzeErTE_stil-LsiiTu?oi?gg
(45 0 ¢ -6 0 -2 0 O
-, | ) -0, | . -0l B 7
0 245 10 26 0 22 6 1
. 1 0 -0 0 : 0 0 0 0 [ul}
X = ) _ X+ 0 0
0 1 0 0 0 0 W2
. . 0 0
0 O 1 0 ‘ 0 0 6 o
L 0 0 0 1 : 0 0]
: (6 3 —24N 75 1 —24 3]x+[2 0][u1]
= N, _ N
0 1Y 05 15 S 1 05 0 0]Lu

a six-dimensional realization
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Theorem 4.2

A transfer matrix fi(s) is realizable if and only if G(s) is a proper rational matrix.

Proof:

1] 7

—

A 1 -
. — CisI—A)'B= ————C[Adj (s — A)IB : strictly proper
G.'.p{-g) =C(sI-A)" B det(s1 — A) ClAdj (s ) y prop

® G(oc)=D and G(s) is proper
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“—" Let G(s) = G(co) + Gyp(s)

ds)=s +as" '+ +o_1s +a,

: monic l.c.d. of all entries of ésp(s)

5 L 1 -1 -2
N(s)] = Nis" '+ Nys"24...+N,_1s +N,
Cap(s) c:t'(.v:)r (5)] d(s) [ 4 2 1 ]




Realization: Controllable Canonical Form
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o Let us check the transfer matrix of the following state equation

in controllable canonical form:

C—al, —ol, o —a,l, -1, 1,1
1, 0 - 0 0 0
i=| 0 L .. 0 O |x+| 0 |u
0 0 . I, 0 L 0 J
B . rpxrp rpxp
y=[Ni N; --N,_; N,]x+ G(oo)u
gxrp
e . Feng-Li Lian © 2007
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« Consider
-7,
Z
Z = . =(1-—A)"'B
L Z, _
l.e., sZ=AZ+B
» SZZ = Z‘]: TZ"- — ZE: 1 SZ!‘ = Z.I"—]
. 1 1 |
|.e., Zz - ;Z[.. Z‘g = :ﬁzl, =, Zr = Sr—JZ]
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Also s =—£I|Z] — oy dn — s — o, A, -I-Ip
o ) oYy
——(a1+T+-~-+Sr_,)Z]+Ip
. ‘s.r—l Sr—z I
l.e., 7, = L, Zi=—1, .-, Z,=—1I
B0 SR 17 T d(s) *

- 1 -
» CGI—A)'B+ G(o) = m[m.s“' +Nas" 2 4.« + N, ]+ G(o0)

i.e., {A,B, C, G(cx)} is a realization of G(s)

In addition to the controllable canonical form,
there is also the “observable” canonical form. See Prob. 4.9
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Special Case: Single-Input Systems (p = 1)

&) di 1 |:;51|S3 + Bi2s? + Bias + ﬁmjl
5=
dn st 4 o185 4 a5t + ass + oy ﬁzﬁj + ﬁgg.‘i‘g + Baas + Boy
§ arealization
[ —) —0r —03 —04] 1
. | 0 0 0 X+ 0
X = "
0 1 0 0 0
L 0 0 ! 0 0

[ Bu Bz Bz ﬁm]x—l—-dli'u
| B Bn Bn B




Special Case: Single-Input Systems (p = 1) T Lan o 2007

A multi-input LTI system is

the sum of many single-input LTI systems,
so can realize each single-input subsystem and form the sum:

§(5) = GOs) = G ()i (5) + Gea ()2 (s) + -+ - =2 Fer (5) + Feols) + - -

1st and 2nd columns of G(s)
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— Gy (5)

4y — 10 3
~ 2s + 1 Pos 42
G(s) = l LS+ e [, y
— Gn(s) -

25+ DG +2) | (5 +2)

. —25 -1 1
x1=A1x1+b1u1=|: 1 0:|7(|‘+'[0]u

-6 —12 2
Yo = Cixy +dyu,y =[ 0 05 ]X|+|:0_ i

, -4 —4 1
X2=A2X2+b2u2=|:l 0 ]Xz—f-[g:lu

3 6 0
Vo2 = Coxo + doup = X2 + 12
N 1 1 0
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. [—25 -—1 1

X1=A]X1+b1u1:- 1 0]X|+|:0]H1_
[—6 —12 2

Yoo = Cix) +dyu; = 0 05 ]X| + [O]Hl
4 —4

i2=A2K2+h2H2=_ 14 0]32+|:{l):|u2
3 6 0

Voo = Coxo + dauy = { I]K2+[O]u2

Overall Realization:

X1 . A 0 X i by, 0 ki
fig B 0 A> X7 0 b 1 5]
Yy=Ya +Y¥o2=I[C Clx+[d d:]u

For this case, a four-dimensional realization with this method
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e Can also focus on the realizations of single-output systems,
then treat LTI systems with multi-outputs

as combinations of single-outputs subsystems.

¥

§(s) = G(s)ies) — G (5) —— ith row of é(s)

Grls) f——22 $;(5) = Gpi()0(s)

realize with {A;, B;, c,, d

Overall Realization:

P
I
X
_|_
£
<
I
X
_|_
c
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e Realizations for discrete-time systems:
all discussions apply,
except “s” is changed to “z”, “x(t)” is changed to “x(k)”,
and “dx(t)/dt” is changed to “x(k+1)".




