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e In Example 4.6:

- 45—10 3
A 1 2
G(s) = N i1
L 25+ D(s4+2)  (s+2)?
—12 3
_‘2 0 + 25 + 1 542
“lo o 1 s+1
2s+ D(s+2)  (s+2)2
N(s)
- — ™
& () = 1 —6(s +2)*  3(s +2)(s+0.5)}
P T 3 A5+ 65 +2 [ 05(s4+2) (54 1)(s+0.5)

1 ([-6 3 2+[—24 ?.5]S+[—24 3])
—M( o 1]° Tlos 15 1 05

N1 Nz N3
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e The first realization is a six-dimensional realization

-1, -0y, —03l, _
—4, -6 0 : =2 0
5 0 . . L o-
0 —-45 ' 0 -6 1 0 =2 0 1
1 0 0 0 0 0 0 0 |[u
0 1 0 0 0 0 4
0 0
0 0 1 0 0 0 rers
L0 0 0 1 0
(6 3 1 —24 75 ° —24 3 2 07T u
L0 1 05 1.5 1 05 “2
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e In Example 4.7
4s — 10 3

25 + 1 s+ 2
] o541 u2

. — A{'Z’(J"
s+ DG +2) : 5+2)72 Gal®

—] G,y (5)

G(s) =

. —-2.5
XI=A]X1+b1H1=|: 1 0:|7(|+|:0

-6 —12 27
Yo =Cix) +dyu,y =[ 0 05 ]X|+|: |

, 4 —4 1
Xz=Azxz+b2u2=|:l O]Xz—i-[ ]u

3 6 0
Vo2 = Coxa + doup = X2 + U2
\_ 1 1 0
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e The second realization is a four-dimensional realization

Introduction — 4

(2.5 —1 1

K = A =

X 1X1 + by B 0 ]Xl“l‘l:ﬂ]ﬂl
[—6 —12 2

Yoo = Cix) +dyu; = 0 05 ]X| + |:G:|“l

, 4 4 |

X2=Azxz+b2u2=_ { O]Xz-l-[o]uz
3 6 0

Yoo = Coxo + dous = i l]x2+[0]u2

Overall Realization:

HERHE N

Y=Y +¥2=[C Cix+I[d; d;]u
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e The third, fourth, fifth, ... realizations are
ns, Ny, Ns, ... -dimensional realizations

{ %(t) = Ax(t)+But)
y(t) = Cx(t) +Du(t)

e The question is

what is the minimal (-dimensional) realization if exists.

y(s) 5(s) N(s) x(t) = Ax(t)+Bu(t)
pu— 5 —
u(s) I D(s) y(t) = Cx(t)+ Du(t)
b034 + 6183 + 6282 + b3s + ba
s* 4+ a153 4+ ans? + azs + ay
Coprimeness of Proper Transfer Functions (SISO) (7.2) TURE L an © 2007

g(s) = g(oo) + gsp(s)

Direct transmission part, / § strictly proper part

“D-matrix” in realization

Without loss of generality, only discuss

i) = N _ b1s> 4 bos® 4 b3s + by
Ry = D(s)  s*4a1s3+ars2+azs+ay
g(s) = N(s) D '(s) a(s)
Define ©(s) = D '(s) @(s)
Then 7(s) = N(s) v(s)
= (34—|—a133—|—a232—|—a33—|—a4) v(s) = u(s)

= (bys> + bas® +b3s+ba) 0(s) = F(s)
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z1(t) (1)
Define x(t) : 258 zgg
| z4(t) v(t)
[ 21(s) $3
or %(s) : Zg‘ — r;‘ 5(s)
| Z4(s) 1
We have
iy =
by =
iy =
i, =
Coprimeness of Proper Transfer Functions (SISO) — 3 TURE L B 200
Also, §(s) = N(s) 9(s) = (b1s> +bos® +bzs 4 ba) (s)
[ 2(s)
y(t) = | %(s)
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e Thus, a realization is

—a1 —ap —a3z —ag 1

. . 1 0 0 0 0
x = Ax+bu = 0 1 0 0 X + K

0 0 1 0 0

y=cx={blb2bgb4 X

e Which is called a controllable canonical form because

[1 —a1 a? —a —a‘;’—I—Qalag—ag-‘

C = 0O 1 —aq a% —an
O O 1 —a1
O O 0 1

with det(C) =1

Feng-Li Lian © 2007
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Theorem 7.1
The controllable canonical form above is observable if and only if D{(s) and N(s) in (7.1) are coprime.

Proof:
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Coprimeness of Proper Transfer Functions (SISO Systems) — 5, og - tian © 2007

e More canonical realizations:

§(s) = §'(s)

4, 10 0] [ by |
—a> 0 1 O b
x=A"x+cu = g x+| 2 |u
—a3z 0 0 1 b3
—as, 0 0O by
_ nT . — -
y =b x = { 1000 | x Observable canonical form




Coprimeness of Proper Transfer Functions (SISO SyStems) — B e e nemer vy

e Which may become another observable canonical form

O 00 —ay ba
. 1 0O —as b3
X=1010 —a | XT|p|¥
1 10 01 —ag by
y= 0001 ]| x

e And, another controllable canonical form

0 1 0 0 0]
| o o 1 o0 0
*“| o 0o o 1 tlo|
1 | —agq —a3z —az —aj 1]
y = - bg b3 by by | x reverse-labeling x;'s
0 ¢ 0 1
. . . 00 1 0
e With the equivalence transformation P= 610D
I 0 0 O
Minimal Realizations (7.2.1) TURE L m e B 2007

e Realizations with the Lowest Dimension :

- Polynomial fraction: N(s)/D(s)

- Coprime fraction: coprime N(s)/D(s)

- Characteristic polynomial of N(s)/D(s) :
the part of D(s) after the g.c.d. of N(s) and D(s)
is factored out

- Degree of N(s)/D(s): degree of its characteristic polynomial
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e Example:

s2—1
4 (s3—1)

the coprime fraction:

the characteristic polynomial:

and degree
F -Li Lian © 2007
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Thecrem 7.2

A state equation (A, b, ¢, d) is a minimal realization of a proper rational function g(s) if and only if
(A, b) is controllable and (A, ¢) is observable or if and only if

dim A = deg g(s)

Proof:
1.

NOT controllable

(a) OR <= minimal realization
NO'T observable

controllable

(b) AND <= NOT minimal realization
observable
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_ Feng-Li Lian © 2007
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2.
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Theorem 7.3

All minimal realizations of g(s) are equivalent.

Proof:

Feng-Li Lian © 2007
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Implications of Theorems 7.1 - 7.3 NTUEETQ?:E;E‘;?;?S;
y(s) ~ N(s) 1
= = = C I-A b
i)~ I T Dy T e
degg(s) = :
coprime
deg D(s) =
{ A b ¢ d }
dim =

N\

{ A—O: bO: CO! d() }

dim = dim =

{ A.(;._ bc, Cc, dc

S —
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{A,b,c,d}
Is a minimal (controllable and observable) realization
— c(sl-A)™b is a coprime fraction

(& dimA = degg(s) = degc(sl—A)h)

Controllable/observable canonical forms

based on the coprime fraction of a transfer function

are minimal realizations

Every minimal realization of a T.F. may be transformed to
the same controllable/observable canonical forms

. . Feng-Li Lian © 2007
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Previous definition: | pole p;: g(p;)=«, zeroz;:g(z;)=0.

.. Poles (Zeros) =
roots of denominator (numerator) polynomial of

the coprime fraction of a transfer function

.. Poles of a coprime transfer function
equal to the eigenvalues of the A-matrix
of any minimal realization, and

BIBO stability < asymptotic stability
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Computing Coprime Fractions (7.3)

6s3 + s2 + 3s — 20
254 + 7s3 4+ 1552 4+ 16s + 10

f(s) = 25 + 753 + 1552 4+ 16s + 10

f(s) |

Wl

Feng-Li Lian © 2007
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e Computationally, it is not easy to identify

the common roots of N(s) and D(s) for a given N(s)/D(s)

e Example:

Roots of N(s) : { 0, 15.3, 1x108 }

Roots of D(s) : {0.00001, 21.9, 7732.345, 1.00001x108}
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e Without loss of generality, consider N(s) and D(s) with
degN(s) < degD(s) = n = 4

and let N (s) _ N(s)

D(s) OR  D(s)(=N(s))+N(s)D(s) = 0

o]
~

N
S

3 N(s) and D(s) such that

N(s) and D(s) are not coprime <= _ _
degN(s) < degD(s) <n=24

D(s) = Do+ Dis+ Dys? 4+ D3s3 4+ Das? D4 # 0
N(s) Ng + Nis 4 Nps? + N3s3 + Nys?

D(s) Do + Dys + Dys? + D3s3

N(s) = Ng+4 Nys+ Nos?2 4+ Nzs3

Feng-Li Lian © 2007
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D(s)(=N(s))+ N(s)D(s) = 0 <+
Dy Ne S0 0 10 0 o0 o[ N
. . . Dy
Dy, Ny Dy Ny © 0O 0 1 0 0
Dy No @ Dy Ny DoDg No i 0 0 || =M
Dy Ny @ Dy N> © D N i Dy Ny 'D]_ 4
Dy, Ny © Dy Ny @ Dy No @ Dy N N,
0 0 ° Dy No @ Dy Ny @ D Ny D,
0 0 : 0 0 : Dy Ny i Dy N _M
L0 0 0 0 " 0 0 I Dy NygJL Dy

Sylvester Resultant S: 2nx2n

_______________________________________________________________________________
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e When N(s) and D(s) are not coprime,

Search the L.I. columns of S from left to right:

D-columns, all L.I., since D, # 0

Dy Mo P 0 0 0 000 If an N-column linearly
i M Dy Mt 0 0% 00 " depends on its LHS columns,
1 NZ oDy N| 3 D“ Ny 4] ]

then all subsequent N-columns

Dy Ny P oDy Np oD N D Do Ny ‘ .
o l - depend on their LHS columns

Di Ny @ Dy Ny @ oDs Ny boDyN,

0 0 ' Dy Ny i Dy Ny ioDy N ! . )
; : - ' The first L.D. N-column is called
(O 0 . 0 0 . D4 N4 B D_] N} 1 3
0 0o 0 P00 oD N  the primary dependent N-column |

N-columns, may be L.D.

Thus, deg N(s)/D(s) = x, the number of L.I. N-columns,
andrank S = n+ u for non-coprime N(s) and D(s)

Feng-Li Lian © 2007
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Dy No b 0 0 P 0 0 o0 o |[MN]
) : . Dy
.0] N| T DU N{; : 4] 0 ; 0 0 .
Dy N, © D N Dy Ny L0000 _'_N!'
, . : D
Dy Ny D Ny Dy N Dy Ny i _] -0
Di Ny @ Dy Ny @ Dy Ny @ D N —N> —
0 0 © Dy Na = Dy Ny @ Dy No|| P2
0 0 : 0 0 : Dy Ny @ Dy N; M
Lo 0 0 0 0 0 : Dy NglL D3

S; ¢ 2nx2(ut+l),

rank S; = 2u+1
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Example 7.1

f’\a’_(.s] B 657 + 57 + 35 — 20
D(s)  25% + 753 4+ 1552 + 165 + 10

10 20 0 0O O O 0 O] 0
16 3 10 -20 0 O 0O O 0
15 1 16 3 10 20 0 O 0
7 6 15 1 16 3 10 -20 |0
2 0 7 6 15 1 16 3 |0
0O 0 2 0 7 6 15 1 0
O 0 0 0 2 0 7 6 0
‘0 0 0 0 0 0 2 o] | (O]
Theorem 74 Feng-Li Lian © 2007
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Theroem 7.4

Consider g(5) = N(s)/D(s). We use the cocfficients of D)(s) and N {5) to form the Sylvester resultant
S in (7.28) and search its linearly independent columns in order from left to right. Then we have

deg g(s) = number of linearly independent N-columns =: ji
and the coefficients of a coprime fraction g(s) = N(s)/D(s) or
I._Ji'.'_"r[fl -"jtl - J?;“_'Irl I!6] T "‘:'llu. Du.lf

equals the monic null vector of the submatrix that consists of the primary dependent N-column and all
its LHS linearly independent columns of S.




QR decomposition (7.3.1)
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e A good numerical algorithm for searching L.I. columns of S

— The QR decomposition (details omitted)

Given M e R™M

Exist an orthogonal Q € R"*"

Ql =@ = @
QM = R
M = QR
Feng-Li Lian © 2007
Example 7.1 NTUEE-LS7-Realization-38
N(x) B 6s? + 57 + 35 — 20
Dis) 25+ 75 + 1552 4+ 165 + 10
10 -20 0 0 0 0 0 o1 1 T0
16 3 10 -20 O 0 0 0 0
15 1 16 3 10 -20 0 O 0
7 6 15 1 16 3 10 -20 _0
2 0 7 6 15 1 16 3 1o
0 0 2 0 7 6 15 1 0
0 0 0 0 2 0 7 6 0
0o 0o 0 0 0 0 2 0] | |0
In Matlab: [Q, R] = qr(S)
- —25.1 37 —206 101 —11.6 11.0 —4.1 53
0 —207 -103 43  -7.2 21 -3.6 6.7
0 0 —102 —15.6 —20.3 0.8 —16.8 9.6
0 0 0 80 35 —179 -—11.2 73
R= 0 0 0 0 —50 0 —12.0 —15.0
0 0 0 0 0 0 20 0
0 0 0 0 0 0 —46 0
L0 0 0 0 0 0 0 0
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e Example -1 =2 N 1
X = ) X U
4o —2 20 a7 0
2
Yy = { -1 — } X
(8]
3 18
transfer function g(s) = c(sI-A) b = s+
s2 + 3s + 18
1 -9
controllability matrix C = [b Ab] —
20 0O
2
. . C 1 a
observability matrix O = =
cA
9 0
®» The above realization is and
Balanced Realization (for Stable A only) — 2 Feng-Li Lian © 2007

NTUEE-LS7-Realization-40

e Since A is stable,

the solutions of the following equations are positive definite

AWe + WcAT = —bb'

ATWo + WoA = —c'lec
05 O

controllability Gramian W¢ =
0 a2

05 O
observability Gramian W, = !
L
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» o > 1: “more controllable”, and o < 1: “more observable”

Also,

0 a2 0

wewe = [25 2112 ] -

For the general case,
is there a minimal realization

which is “balanced” in controllability and observability?

Feng-Li Lian © 2007
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Theorem 7.5
Let(A, b, ¢)and (}i, l_}, ¢) be minimal and equivalent and let W_. W, and Wﬂwo be the products of their

controllability and observability Gramians. Then W, W,, and W,.W,, are similar and their eigenvalues
are all real and positive.

Proof:

AWe + WeAT = _bb' ATWo + WoA = —c'ec

AW + WeAT = —bb' ATWo + WoA = —¢c'e
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e Corollary:

For any stable realization,

W.W, s similar to 32,
where ¥ = Jdiag(cq, 0y ..., G)
and o,>06,> -+ 2 0,>0

are positive square roots of the eigenvalues of W W,

and these eigenvalues are called the Hankel singular values
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Theorem 7.6 (The balanced realization)

For any n-dimensional minimal state equation (A, b, €), there exists an equivalence transformation
%X = Px such that the controllability Gramian W, and observability Gramian W, of its equivalent state
equation have the property

W. =W, =%

Proof:

. . Feng-Li Lian © 2007
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It is also possible to find P such that

W_.=1and V_VO = ¥? (input-normal realization), or such that

W, = | and W, = =2 (output-normal realization).
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Suppose Xil A A | x n b )
o LAY An]lx b, |

y=ley exfx
Is a balanced minimal realization of a stable a(S) with
W, =W, =diag(X,, )
If the Hankel singular values o, in £, and X, are different, then
X; = Apx, +bu
¥ =0Xx

Is balanced and A, is stable, and

If the o, in £, are much larger than those in %,

Then c,(sl-A,;) b, = §(s) System Reduction

Degree of Transfer Matrices (7.6) Feng i Lian © 2007
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e For MIMO cases:

S 1 1
R sHI GFD)(F2) 43
G(s) = | ) 18 1
s+1 (s+1)(s+2) s

Definition 7.1 The characteristic polynomial of a proper rational matrix G(s) is defined

as the least common denominator of all minors of G(s). The degree of the characteristic

polynomial is defined as the McMillan degree or, simply, the degree of G(s) and is
denoted by 3G (s).
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1 1 2 1
~ s+1 s+1 ~ s+1 s+1
G]_(S) - 1 1 GQ(S) — 1 1
sF1 s+1 s+1 s+1

Minor of order 1:
Minor of order 2:
» Characteristic polynomial:

Degree:

Minor of order 1:

Minor of order 2:

=®» Characteristic polynomial:
Degree:

Characteristic polynomial of a transfer matrix is in general
different from the least common denominator of all its elements

Feng-Li Lian © 2007

Example 75 NTUEE-LS7-Realization-50
S 1 1
G(S) _ sj—ll (s—|—1)1(5—|—2) s—|1—3
s+1 (s+1)(s+2) s
Minors of order 1: all six elements
Minors of order 2:
5 N 1 B | B 1
s+ 1D2(s+2) (s+D2s+2) G+DXs+2) 5+ Ds+2)
s l " ] s+ 4
s+1 s GHEDE+YD GHEDGEED
1 1 3

(s + s + 2)s N (s + Dis+2)s+3) - s(s + 1) s+ 2)(s + 3)

Characteristic polynomial: s(s+1)(s+2)(s+3); Degree: 4
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% 3—22

N s+1)<(s4+2 s

G(s) = (+S)_(1+) :
s+3 (s+5)(s—3)

Every element has different poles
=» Characteristic polynomial equals

the product of the denominators of all elements

Feng-Li Lian © 2007
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Let (A,B,C,D) be a controllable and observable realization of G(s):

e Monic least common denominator of all minors of G(s)

— Characteristic polynomial of A

e Monic least common denominator of all entries of G(s)

= Minimal polynomial of A
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Theorem 7.M2

A state equation (A, B, C, D) is a minimal realization of a proper rational matrix é{a‘) if and only if
(A, B) is controllable and (A, C) is observable or if and only if

dim A = deg (Ai‘r{s)

Feng-Li Lian © 2007
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Proof:

For “minimality < controllability and observabiltiy” only

“=" If (A, B, C, D) is not controllable OR not observable,
Then can find a reduced dimensional realization (Thm 6.7)
Thus (A, B, C, D) is not minimal
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Theorem 7.M2 — 3

Proof:

“<" If (A, B, C, D) is n-dimensional, controllable & observable,

BUT there is another n-dimensional realization (A, B, C,_D)

with n < n, then CA”B = CA"B form=0,1,2....

l.e., C _C_
CA [BAB - A™'B = CA B AB ~ AT
camt A
rank>n+n—-n=n rankZn<n >

Feng-Li Lian © 2007
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Theorem 7.M3
Theorem 7.M3

All minimal realizations of G(s) are equivalent.

Proof:
Consider any two n-dimensional minimal realizations
(A,B,C,D) and (A,B,C,D), thus,
C C
oc=| ““ |[B AB ... AMIB | = cA B AB ... AMIB| = OC
C A.n —1 CA’n— 1

and OAC = OAC
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(Ot = (0To)"1oT (0to = (0To)"loTo=I
ct = ¢cT(ecT) 1 cct = ccT(eec™)t=1
Let B o __ Then « _ _
P = O0to=@To)"10To Pl = o0otd=To)"10TO

\ = Cct=_CcT(cecm) ! = ¢cCt=ccT(ecm1
Therefore, from OC = OC we have

C = 0toc = (OTO)"10Toc = PC
O = occt = occecchy 1 = op-1
which imply B =PB and C=CP!

Also, from OAC = OAC we have

A=OTo)y toToAaccTcc™)y t =pap!

Feng-Li Lian © 2007
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e In Example 4.6:
4s — 10 3

Gis) — 2s 11 2

Qs+ D(s+2) (s +2)?
Characteristic polynomial: (2s+1)(s+2)?; Degree: 3
In Matlab: [Am, Bm, Cm, Dm] = minreal( A, B, C,D)
—0.8625 —4.0897 3.2544 0.3218 —0.5305
X = { 0.2921 —3.0508 z.mg} X + { 0.0459 0.4933} u

—(.0944 0.3377 —0.5867 —0.1688 (.0840

o _[0 00339 35528 2 0
V=10 —21031 —os5720 [*T o ol"

a minimal (controllable and observable) realization




Matrix Polynomial Fraction and the Realization (7.8 & 7.9)  \icer e miomien

e Example 7.7:
8s) = 5 =
R 45—10 3
G(S) — 2s+1 s+2 —

1 s+1
(2s+1)(s+2)  (s42)2

) (25 + 1)(s + 2) 0 1 [ (4s—10)(s4+2)  3(2s+1)
G(s) = X
0 (2s+1)(s+2)2 (s+2) (s+1)(2s+ 1)
) (25— 5)(s+2) (45— 7) (s +2)(s+05) (2s+1)]"
G(s) = X
0.5 1 0 (s +2)
Example 7.8 NTUEE L85 Realzaton60
4s—10 3
" 2s+1 s+2
G(s) =
1 s+1
(2s+1)(s+2) (s+2)2
12 3
T 2s+1 s+2
o 1 s+1
2s+1)(+2) (5+2)2
—6s—12 — 24+2554+1 2s4+11 "
G’sp(s =
0 s+ 2

%(s)=[‘9§2] D(s) = éf]H(sHﬁE’ééiL(s)

s O r
L(s):{l o] N(s) = ‘06 ‘0_152 _19]L(s)
01 L




Feng-Li Lian © 2007
Example 7.8 — 2 NTUEE-LS7-Realization-61

1 2 25 1 1
(1 2171 1 -2 s2 0
_]__ _ - —_—
D). = 01] _{0 1] H(S)_[O 8]
_q (1 —2][25 1 1] [25 1 -3
Dmer—o1”o 02]_[002]
s2 + 255 + 1 % + 255 + =
x1 = T
To = T
Ty =
Example 7.8 — 3 NTUEEI-:fgg:II;ieI:E\;a?Oi(-)g;
25 1 —3| 1 -2
—6 —12 -9 |
N(s) = { o o5 1 |M®
25 _—1 3 1 -2
x=| 1% x| 00
0 0 ) 0 1




Particular Example (7.9)

s 0]
H(S) - 0 83
3 0
s2 0
s O
L(s)=1|1 0
0 s2
0 s
0O 1

D; D,

he

N(s)
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D(s) = Dh-cH(S) + DE-CL(S)

1 1 1 1 1 1 1
a11 Q1o A13 Q14 A1 G5p G533
= L(s)

2 p) 2 2 2 ) 2
ayy; Aaip Aayz Aayg A31 A3 a33

1 21 21 1 gl 1 2l
byj; bip biz byg b3y b3p b33
= L(s)
2 32 12 12 32 12 2
b1 bip b3 bi4 b5 05, b33

Particular Example — 2
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—a}; —ajp —ajz —aj, i —a3 —aj —a33 ] L b2
1 0 0 0 s 0 0 0 0
0 1 0 0 5 0 0 0 0
0 0 1 0 5 0 0 0 0O O
X = X + u
—af; —aj, —ajz —aj, : —a3; —a3, —a3g o 1
0 0 0 0 : 1 0 0 0O O
0 0 0 o : 0 1 0 | 0 0 |
b1 bip biz bl i b3y b3y bis
y = X + Du

> .2 2 42
by 0fp b1z big

2 .2 2
b51 b5, b33




