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Introduction

State Feedback (8.2)

Regulation & Tracking (8.3)

State Estimator (8.4)

Feedback from Estimated States (8.5)

State Feedback – Multivariable Case (8.6)

State Estimators – Multivariable Case (8.7)

Feedback from Estimated States –
Multivariable Case (8.8)
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n-state, p-input, q-output
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Proof:

rank rank[   ] [   ] [   ]anλ λ λr k
⎛ ⎞⎡ ⎤

− − = − = −⎜ ⎟⎢ ⎥−⎣ ⎦⎝ ⎠

I 0
A BK I B A I B A I B

K I

for all λ, including eigenvalues of A−BK and A

As in the SISO case, 

after state feedback observability may change



NTUEE-LS8-DesignMIMO-5
Feng-Li Lian © 2007Theorem 8.M3 (8.6)

Proof: “necessity” recall the single-input case

For multi-input case only change b to B and k to K

“sufficiency” see discussions below
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A has distinct eigenvalues
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(A, Bv) is controllable

if v ∈ R2 and v ∉ {v1+2v2 = 0} ∪ {v1 = 0}

for a randomly selected v, 

Probability(v ∉ {v1+2v2 = 0}∪{v1 = 0 }) = 1.

In general, (A, Bv) is controllable

if v ∈ Rp and v ∉ ∪i  { hyper-plane Hi }

• Example:
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• Example:

(A, Bv) is not controllable for any v ∈ R2, 

since for this non-cyclic A,

no controllability is possible with single input

If a v ∈ Rp is chosen such that (A, Bv) is controllable, 

then eigenvalue assignment may be accomplished 

by  u(t) =  r(t) − K x(t) =  r(t) − vk x(t),

where k is (chosen using methods for SI systems) 

such that A − Bvk has the desired eigenvalues
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For non-cyclic A, we may resort to

Proof:

where ai’s are functions of elements of K

A−BK has repeated eigenvalues

if Δf(s) is not coprime with

(for n = 4) the characteristic polynomial of A−BK is
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i.e., 

only met by special K

Thus for non-cyclic A, 

may use u = w − K1x to make A−BK1 cyclic first,

Then design w = r − K2x = r − vkx to assign eigenvalues, i.e.,
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Combining the two feedback gains, we actually use
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_

Proof:

(A, B) not controllable

∃ p ≠ 0 such that p′A = λp′ and p′B = 0

p′AT − p′TF =  λp′T − p′TF =  p′BK = 0

p′T = 0 (otherwise λ is also an eigenvalue of F) 

T singular

(F, K) not observable

∃ q ≠ 0 such that Fq = λq and Kq = 0

… Tq = 0 (otherwise … )

T singular

_

_
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In Procedure 8.M1, 

even with controllable (A, B) and observable (F, K),

T is may not be nonsingular, 

but is nonsingular “with probability 1”.

F may be chosen to have the modal form like

_

with corresponding 
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For SISO systems the controllable canonical form

may be utilized to facilitate state feedback gain design

NTUEE-LS8-DesignMIMO-16
Feng-Li Lian © 2007Canonical-Form Method for Multi-Input State Feedback – 2

Through a complex equivalence transformation

controllable MIMO state-space models also have 

a “controllable canonical form” like

which can be used for state feedback gain design
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For example, 

if the desired characteristic polynomial after state feedback is

then K may be chosen as
_
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Which obviously makes

Of course, 

the transformation matrix P to the controllable canonical form

will be needed to find K = KP, 

but the exact formula for P is not given here.

_
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The system (model)

n-state, p-input, q-output

The estimator

The error

satisfies

eigenvalues can be arbitrarily assigned
by choosing L if (A, C) observable
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Reduced-dimensional state estimator
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Define the error signal , then

Thus limt→∞e(t) = 0 if F is chosen to be stable, and
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Proof:
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(F, L) not controllable

∃ p ≠ 0 such that  p′F = λp′ and  p′L = 0

p′TA − p′FT =  p′TA − λp′T =  p′LC =  0

p′T = 0 (otherwise λ is also an eigenvalue of A)

P has L.D. rows, and is singular

(A, C) not observable

∃ q ≠ 0 such that  Aq = λq and  Cq = 0

… Tq = 0 (otherwise )

Pq = 0,  and  P is singular

Controllability of (F, L) and observability of (A, C)
can not ensure the nonsingularity of P as in the SISO case
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When full-dim. state estimator and feedback are combined,

The analysis for MIMO case is exactly 

the same as that for SISO case,

Here the combination of reduced-dimensional 

state estimator and feedback is discussed
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The system (model) n-state, p-input, q-output

The reduced-dimensional estimator

[Q1 Q2]
n×q n×(n−q)

The state feedback
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The overall system

Matrix-vector form
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The equivalent system

The transfer matrix

separation property


