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= Introduction

= State Feedback (8.2)

= Regulation & Tracking (8.3)

= State Estimator (8.4)

= Feedback from Estimated States (8.5)

= State Feedback — Multivariable Case (8.6)
= State Estimators — Multivariable Case (8.7)

= Feedback from Estimated States —
Multivariable Case (8.8)
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= State Feedback (8.2)

» State Feedback in Controllable Canonical Form

* Eigenvalue Assignment by Solving the Lyapunov Egn
= Regulation & Tracking (8.3)

* Robust Tracking and Disturbance Rejection

« Stabilization
= State Estimator (8.4)

 Full-Dimensional State Estimator

 Reduced-Dimensional State Estimator

» Feedback from Estimated States (8.5)

Basic Concept of Feedback Control (8.1) NTUEETQS:S:;;:S;?Z

' u Plant y

(system to be controlled)

r: reference signal
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Basic Concept of Feedback Control — 2 NTUEE-L S8 DesianSISo.

r: reference signal

r + u
) Plant Y,
- (system to be controlled)
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state feedback control

u Plant y

- (system to be controlled)

f]lf
v
v

output feedback control

State Feedback (SISO Systems) (8.2) Feng-Li Lian © 2007
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x(t) = Ax(t)+bu(t)

y(t) = cx(t)

u(t) =

e Closed-loop system :

x(t) = Ax(t)+bu(t) =

y(t) = cx(t)
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Theorem 8.1

The pair (A — bk, b). for any | x n real constant vector K, is controllable if and only if (A, b) is
conirollable.

Proof:
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.12 0

y = [1 2} X
Controllability:

Observability: O =

controllable and observable

State feedback: u=r- [ } x

Feedback system:
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Example 8.1 — 2

. (1 2 0

x:-31 x+[1](r— }x)
1 2] 0
—_31-x—|— x—l—!llr
SRt

Controllability: Cy =

Observability: O =

e Observability may change after state feedback
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- [32]0[a]

Characteristic Polynomial:

State feedback:

Feedback system:

=[5 3=+ 5] (r - (1 w2
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Characteristic Polynomial:

1—ky 3—k
det(sl—l 1 2]):
3 1
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{A1.by,c1,d1} <= {Ag,bg,co,da}

X = Px4

x1 = Aix1+ bju Xo = Asxs + bou

o 4

y = c1x1+dju y = coxo+dou

A, = PA.]_P_I

b, = Pby
Co = C]_P_l
State Feedback in Controllable Canonical Form — 2 NTUEE-L S8 posigsioo-14
x = Ax+ bu If {A,b} controllable

y = cx-+du
A(s) = s* + a15° + ans® + azs + ag

C = [ b Ab A%b A3h } is invertible

P, =C! = [ b Ab A?b A3b }—1

A[bAbAQbA?’b}:[bAbA?bA?’b}

- [ Ab AAb AA%b AA3b ] - -
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State Feedback in Controllable Canonical Form — 3 NTUEE-L S8 DesiansSISo-18

0 00 —ag
-1 100—03 .
P1AP = 010 —ap = Al

O 01 —ap
b= b Ab A%b A3b
1
_ |0 _.
P, b = | 5| = b1
0

cP;! = c[ b Ab A%b A%b ] — [ cb cAb cA2%b cA®b ] —: ¢
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State Feedback in Controllable Canonical Form — 4 NTUEE-L S8 DesiansSISo-16

1l a1 ar as
O 1 a; a»

P2=10 0 1 a
O 0 0 1
1 a1 ap as —a1 —ap —as3z —a4 O 0 O —ag 1 a1 ap as
0 1 al ao 1 0 0 0 _ 1 0O —as 0O 1 al ao
0 0 1 a o 1 0 o0 |~ ]l010 -al||0o0 1 a
O 0 0 1 0 0 1 0 0 01 —ap 0O 0 0 1
[1 a1 ar a3 1 1 1
01 a ax||0| |0 Az = P2A1P;
O 0 1 ag o| |0
00 0 1]]o0 0 by = Psby
1 a1 ap a3
-1 _ 2 3 O 1 a1 as
ciPy = [ cb cAb cA“b cA“b J 00 1 ay
O 0 O 1

= [ (cb) (ajcb+cAb) --- ] = [ b1 bo b3 bg ] =: ¢o
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State Feedback in Controllable Canonical Form —5 NTUEE L S8 DesiansSISO-17

{A,b,c,d}
P, = [ b Ab A%b A3%b }—1

0 00 —ay 1
1 0 0 —a3 0 2 3
— 010_02,0,[CbcAbcAbcAb,d
001 —aq 0
1l a1 ar a3
O 1 ay an |-1 .
Po=10 0 1 0 P = P,P;
O 0 0 1
—a1 —ap —aiz —a4 1
1 0 0 0 0
— o 1 o o |'lol:lb1b2b3bal].d
0 0 1 0 0
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State Feedback in Controllable Canonical Form — 6 NTUEE | S8 DesianSISO-18

—a1 —ap —a3z —ay 1
. . 1 0 0 0 0
X, = Ax.+ bau = 0 1 0 0 X, + K
0 0 1 0 0
A(s) = s*+ a18> + ans® + a3s + ag
Ay(s) = s* 4+ d1s2 +dos® + dzs+da
—d1 —dop —d3z —da 1
. . 1 0 0 0 0
X = Agxc + bgu = 0 1 0 0 X. + 0 r
0 0 1 0 0
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State Feedback in Controllable Canonical Form —7 NTUEE-L S8 DesiansSISo-19

u =r—[ ki ko k3 ks ]xc

[ —a1 —a> —a3z —ag 1
) 1 0 0 0 0
X, = 0 1 0 0 Xc + 0 (r—[ k1 ko k3 ka ]xc)
0 0 1 0 0
( —a1 —ap» —a3z —a4 —k1 —kp —kz —kg 1
. 1 0 0 0 0 0 0 0 0
- o 1 o o |T| o o o o Xetl o |7
0 0 1 0 0 0 0 0 0
(—a1 — k1) (—az2—k2) (—az—k3) (—aq—kg) 1
_ 1 0 0 0 ol
- 0 1 0 0 ol
0 0 1 0 0
[ —dy —dp —d3 —dg 1
e —| 1 0o o o | o
c~ | 0o 1 o0 o0 ¢ o|"
0 0 1 0 0

State Feedback in Controllable Canonical Form — 8

A(s) = s*+a18°2 4 ars°+azs+aq

Ay(s) = s* 4+ d1s® +dps® + dzs+da

u =r—[ ks ko k3 kg ]xc

k; = (dz' —a;)

Feng-Li Lian © 2007
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State Feedback in Controllable Canonical Form — 9

x. = Px

Feng-Li Lian © 2007
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—a1 —ap —a3z —aq 1
1 0 0 0 0
{A,b,c,d} = 0 1 0 0 0| ¢cd
0 0 1 0 0
u = r—kx 1 a; a» asz
1 2 3 O 1 a1 ao
Pt = [ b Ab A%b A% 00 1 a
O 0 0 1
A(s) = s*+ a1+ a8+ azs+ as
—dy —dp —d3z —dg 1
1 0 0 0 0
= 0 1 0 0 o ,ce — dke, d
0 0 1 0 0
k = kP u = r— kX
Ay(s) = sP 4+ dys3 4+ dos® +dys+da
Feng-Li Lian © 2007
In Summary — 1 NTUEE-LSB-gDesignSISO-ZZ
x = Ax 4+ bu u = r—kx
1 a1 ap a3
—  x = Px Pt = | b Ab A% A®b 0 1 ar a
0O O 1 al
O 0 0 1
—a1 —ap —az —ag 1
. . 1 0 0 0 0
X, = Ax.+ bau = 0 1 0 0 X, + N
0 0 1 0 0
A(s) = s*+a183 4 a8+ azs+as
<~ u — T_kcxc
—dy —do —d3 —dg 1
. . 1 0 0 0 0
X, = Agx. + bju = 0 1 0 0 X + ol”
0 0 1 0 0

k.P

Ay(s) = s*+dys3 +dps® + dzs+da

r—kx. = r—kPx = r—kx
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n n
XER X, = Px X €R

Ax. + b.u

s% + a133 + a232 + azs+ay

l u = r— kX

P4 dys3+ dos® + dzs+ dy

s% + a133 + a232 + azs+ay

l u = r—kx

P4 dysP 4 dos? + dzs+dg
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Theorem 8.2
Consider the state equation (A,b,c) with n = 4 and the characteristic polynomial
A(s) = det (sT — A) = s* + 87 + a5 + 038 + a4

If (A,b) is controllable, then it can be transformed by the transformation X = Px with

l o o a3’
Q=P =1b Ab A“b A'b]
0 0 1 o
0O 0 0 1 _
into the controllable canonical form
—¥] —r —O3 —4 ™ 1
- - 1 0 0 0 0
Xx=AX+ bu = X
+bu o 1 0 0 o "

0 0 | 0 | ()

y=¢ex= [ B B3 flx

Furthermore, the transfer function of (A,b,c) with n = 4 equals

Bis® + B2s* + Bas + Ba
+ a5t + aas? 4 ass +ay

g(s) = =
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Proof:
If with the transformation Q, the state equation (A, b, c)

. . —_ = = N\ .
is transformed into (A, b, ¢), then g(s) is as shown.

Let Q, = [b Ab A’ A%],
1 o a,
0 1 o «
2 = 1y 0 1 a, |
0O 0 0 1

00 0 -a,] 1]

) 100 - - 0
Then A = Q'AQ, = %, b - 0'b = ||,
010 -a 0

00 1 -q 0]

C = cQ, = [cb cAb cA’h cA%]

Feng-Li Lian © 2007

Theorem 8.2 -3 NTUEE-LS8-DesignSISO-26
0 0 0 -a]
_ ~ 1l o « 0
And A=A = o
Q: Q: 0 1 o O
00 1 0|

Q,b =b =[100 07

= b = [1000], C€=¢Q, =18 B B Bl
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Theorem 8.3

If the r2-dimensional state equation (A,D,C) is controllable, then by state feedback u = r — KX, where
kisal x n real constant vector, the eigenvalues of A — bk can arbitrarily be assigned provided that

complex conjugate eigenvalues are assigned in pairs.

Proof:
P x

X = AX+bu < e X = Ax+bu

Hl
Il

u = r kx =
A —-bk =
Feng-Li Lian © 2007
Theorem 8.3 -2 NTUEE-LS8-DesignSISO-28

Choose P such that

—¥] —0r —3 —l¥y 1
o R 0
e i
B AR o 1 o o |*T]ol®
O 0 1 0 0

Use the state feedback gain

k=[a —oa ay—, ay @3 — a3 Qs — oty)

Can obtain any desired characteristic polynomial
after state feedback

ﬂxf(.’i:l = S4 + &|SH + C_Eg&'l -+ {1_8'33 + oy
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Theorem 8.3 -3

And get —&, —a&; —a3 —@s 1
R EDR b — 1 0 0 0 = 0 ’
X=@=blox+br=/| "o 1 o o 0

0 0 1 0 0

Thus k=kP=kC(C™'

Double check:
As(s) = det (s1 — A + bk) = det ((sT — A)[I+ (sI — A)"'bk])

— det (sI — A)det [1+ (s1 — A)'bk]

= A()[1 + k(s — A)~'b)

As(s) — Als) = AKGT— A) b= A(K(T — A)~'b = kis” +kas® + kas + kg

v

JE].'i'3 =+ Eg.‘n‘z + £3S + 54
AlS)
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Theorem 8.3 -4
e Zeros are not affected by state feedback

—) —Ur —3 —¥y
. : o e | 0 0 0 - ]

e Before state feedback: x=Ax+bu= o 1 o o I¥tol®
] 0 1 0 O

y=cx= [ £ B3 BulX

gls) =c(sI—A) b= — Bi5* + Bas® + Bas + Ba
s* 4 oya? + oas? + o +ay

—0 —ap; —03 —Q4 1

e ee o2 1 o o o |_ |o

o After state feedback:x = (A — bk)x + br = 0 | 0 o 1%,
0 0 1 0 0

yv=I[8 B2 B3 Palx

3 2 g
() —esT— A +bk) b= 1 PSPt By
: st @8+ aas? + @35 + dg

e Observability may change with possible new pole-zero relation
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01 0 0 0
. 0 0 —1 0 I |
X = {) “ D _I K"‘ {:} 13 &(S) =S2(52—5) :,f‘1+[)'L5'3 _5-\'l+{)'.\'+ﬂ
0O 0 5 0 -2
y=[100 0]x
0 I 0 2771 0 =5 0 0 1 0 -3
= I ( 2 0 0 1 0 -5 -3
P IZCC_I — - ) _ | 0 0
2 0 <w0lloo 1 o 0 -2 0 0
2 0 -10 olloo o 1 200 0 0

If the desired eigenvalues are —1.5+0.5] and —14j, then

Aps) = (s +15-05)( + 15405 s+ 1= s+ 1+ )
— st 5t 10557 + 15+ 5

K=[5—0 10545 11—-05-0]=[5 155 11 3]

LD — 5 1w 13
k"k’—|_§ 3 12 _1]

. . . Feng-Li Lian © 2007
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e Guidelines for selecting “desired eigenvalues”

e More negative real parts of eigenvalues
» [Faster response y(t),
Larger system bandwidth (noise problem), and

Larger input u(t) (actuator saturation problem)

e Clustered eigenvalues
®» Response y(t) sensitive to parameter change, and

Larger input u(t)




Design Guidelines — 2

e Suggested methods:

(1) Let the eigenvalues uniformly spread N

over the crescent region

Feng-Li Lian © 2007
NTUEE-LS8-DesignSISO-33

Re s

(2) Find k to minimize the “performance index” J
— Optimal Control

J= f "X (Qx() + v (HRu()] df
1]

weighting matrices

Design Guidelines — 3

Figure 3.20

Time functions associated
with points in the s -plane
(LHP, left half-plane; RHP
right half-plane)

LHP

STABLE

o

A

Feng-Li Lian © 2007
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4 Im(s)

UNSTABLE

o
]W( i RHP

Re(-:)

B [ S —Y

Feedback Control of Dynamic Systems, 4th Ed.,
By Franklin, Powell, Emami-Naeini, 2002




State Feedback of Discrete-Time Systems (SISO Systems) (8.2)

x[k+1] = A x[K] + b u[k]
ulk] = (k] — k x[K]

» x[k+1] = (A-bk) x[k] + b r[k]
Thus everything is the same,

except that the desired eigenvalues -
are different from the C.T. case. !

For example,
the hatched area in the figure
IS suggested.

Eigenvalue Assignment by Solving the Lyapunov Equation (8.2.1)

e A different method of computing state feedback gain
for eigenvalue assignment

e Restriction: Different sets of eigenvalues wrt eig(A)

Procedure 8.1

Consider controllable (A, b), where Aisn x nandbis# x 1. Find a 1 x n real K such that (A — bk)
has any set of desired eigenvalues that contains no eigenvalues of A.

1. Selectann x n matrix F that has the set of desired eigenvalues. The form of F can be chosen arbitrarily
and will be discussed later.

2. Select an arbitrary | x n vector k such that (F, K) is observable.

3. Solve the unique T in the Lyapunov equation AT — TF = bk,

4. Compute the feedback gain k = KT .




Eigenvalue Assignment by Solving the Lyapunov Equation — 2. . &% 502 0

Note that:

In the procedure if a solution T exists and is nonsingular,

Then from steps 3 and 4, we have

(A—bk)T=TF or A —bk=TFT !

Thus A-bk and F have the same (assigned) eigenvalues.
A sufficient condition for T to exist is that
A and F have no common eigenvalues

(i.e., every eigenvalue must move).

Feng-Li Lian © 2007
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Theorem 8.4

If A and F have no eigenvalues in common, then the unigue solution T of AT —TF = bk is nonsingular
if and only if (A, b) is controllable and (F, K) is observable.
Proof: (for n = 4 only)

Let the characteristic polynomial of A be

Als) = st 4 L‘C].‘!-'j + I.l"g.‘iz + s + gy

Then A =AY + 0 A2+ AT+ oA +ayl =0
And A(4) #0 for all eigenvalues i of F

Thus A(F) :=F + o \F + a:F* 4+ a3F 4 a4l

has nonzero eigenvalues and is nonsingular
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Also, observe the recursive relation

IT-TI = 0 X
AT - TF = bk N
AT - TF b k
AT - TF = bk
A(AT) — (TF)F = A°T — TF? = v
A(A®’T) — (TFAHF = A3T — TF3® = x
A(A3T) — (TF3F = A*T — TF* = (+
3 o oy k
, I 0 kF
AA)T — TA(F) = (b Ab A% A%b] | 2 @ "
@, 1 0 0]|KkF
1 0 0 odLkF
T is
Gain Selection (8.2.1) e
Given a set of desired eigenvalues, how to set F and k?
(1) Using the observable canonical form, —a; 1 0 0
- 0 1 0
tF to th ion f 90
set F to the companion form o B BB

with the desired eigenvalues, and let k =[10 --- O];

Ay 0 0 0 0

. 0 B0 0

(2) Using the modal form, 6 -6 a O G
set F to the diagonal form 00 0 e A

0 0 0 —f a
with the desired eigenvalues, and

Let k have at least one nonzero element

associated with each diagonal block of F,
suchask = [11010], [11001], [11111].
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(the same as Example 8.3)

01 0 0 0
e |00 ol L
“lo o 1| *T] o ¥

00 5 0 )
y=[10 0 0]x

The desired eigenvalues are —1.5+0.5] and —14j, thus set

-1 1 0 0
F_ -1 =1 0 0
0 0 =15 05

0 0 —-05 -—15

No matterkissetto [1010] or [1111],
the resulting k is the same as the one obtained in Example 8.3
(different k, different T, but the same kTY).

Feng-Li Lian © 2007
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For single-input systems,
the state feedback gain k corresponding to
a set of pre-assigned eigenvalues is unique.

by

X = Ax+ b3 u s* + a3 + aps? + azs + a4

- = >‘17 )‘27 >‘3> >‘4;
y = [cl co c3 04}){

u = ?"—[kl kg kg ’C4JX

by 5% & dy 55 + dps® + das + dd
| k1 ko k3 kg |

A —
T, A5, A3, A,




State Feedback and State Estimation (MIMO) (8.6 & 8.7) FengLiLian © 2007
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s4+a133—|—a232+a3s+a4| ALs A2, A3, Ag, I b]_
. : bo
x = Ax+ bu x = Ax+ b u
| bg |
y = ¢&x yZ[cl Co C3 C4]X
X = (A-le)x+bu—+1ly Iy
- - l
s4+cls3+0232+033+05‘| 1, A2, NS, AZ, A — é [Cl c2 €3 (34}
lg
b1
A—|21ky ko ks K
u = r—kx b3 1 R2 R3 R4
bg
(A — bk)
[* - b15% + bys? + bas + by NS, NS, AS,

Feng-Li Lian © 2007
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_b ”: I:h Tx : {)'c(t) = Ax(t) + bu(t)

y(t) = cx(t)

Regulation and Tracking (8.3)

Regulation:

y(t) to follow r(t) =0, Vt>0

Tracking:

y(t) to follow r(t) = a, a constant, Vt>0

Servomechanism problem:

y(t) to follow r(t), a non-constant reference signal, Vt >0




Regulation and Tracking — 2

Feng-Li Lian © 2007
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To solve the regulation problem is { x(t) = Ax(t)+ bu(t)
to find a state feedback gain k y(t) = cx(t)
such that A - bk is a stable matrix,
r(t) = 0
u(t) = —kx(t)
y(t) = ceA PR x(0)
"

To solve the tracking problem, = _'Ci u
k

we need an extra feedforward gain p:

r(t)
u(t)

y(t)

= a
= pr(t) — kx(t)

L
— ¢ (e(A—bk)t x(0) + /Oe(A—bk) ) b p (r) dT)

Regulation and Tracking — 3

With the feedforward gain and state feedback,

the transfer function is

x ¥(s) P15 + Pos® + Bas + B
gf("}} - - == I} 4 —_ 3 — 2 - _
Fis) ST+ o sT a8 +as + oy

Thus for y(t) to follow r(t) = a, a constant,
choose k such that A - bk is stable, and p such that
o

p B4
| = B =p— or = —
gr () ;m p 5

Which requires g, = 0, i.e., the plant has no zeros at s =

Feng-Li Lian © 2007
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0




Feng-Li Lian © 2007
NTUEE-LS8-DesignSISO-47

Robust Tracking and Disturbance Rejection (8.3.1)
In practical applications, there will be disturbance,
l.e., exogenous input affecting the system, and
there will be uncertainty regarding the exact values

of A, b, and c.

Robust Tracking:
Tracking with parameter uncertainty
(8, and ¢, not known exactly)

Disturbance Rejection:

Elimination of the effect by disturbance

Robust Tracking and Disturbance Rejection — 2 NTUEE-I_FSQ?I;:sli_;igl(Zé?Sg
X = AX + bu + b «—8—  stant

Plant nominal equation: _
disturbance

An internal model control configuration with state feedback

Xg=r—v=r—¢ex X — A+bk bk, [ix]+|:ni|r+|:hj|w
i Xq —C 0 Xa 1 ]

v = [k kﬂl[;] » y:[cﬂj[;]

a
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Theorem 8.5

If (A. b) is controllable and if g(s) = ¢(sI — A)~'b has no zero at § = 0, then all eigenvalues of the
closed-loop systemcan be assigned arbitrarily by selecting a feedback gain [k &.].

Proof:

Feng-Li Lian © 2007
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Theorem 85 -3
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Theorem 85 -4

Block diagram manipulation:

Feng-Li Lian © 2007
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\]_ -
T
rd

ka

§{ 5)

NG es1— A —bk)~'b
D(s)

D(s) = det (sI — A — bk)
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Taking determinants of the identity

| 0][51—A—bk —-hkﬂ]
—c(sI— A —bk)™' 1 ¢ s

. sI— A —bk —bk, }
N 0 s +e(s1 — A — bk) 'bk,
~ N(s) ) _ _
B 1-As(s) = D(s) (-'5‘ + :’FJ—(':‘JRH) l.e., As(s) = sD(s) + k,N(s)
N(s) _
. D) _  sNGs) _sNG)
» g}-‘u;(f,] = - kai\'"r(«i'} - S‘ﬁ(‘l) _}_kﬂﬂ}’{g} ﬁf{.ﬂ)
.ffj(s)
Theorem 85 _ 6 Feng-Li Lian © 2007
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For constant (step-type) disturbance — w(s) = w/s

sN(s) E wN(5)

Ap(s) s As(s)

,';’w (s) =

. Even with (small) parameter uncertainty,

Iimt—)oo yw(t) - O,
as long as roots of A«(s) all have negative real parts

=» Robust constant-disturbance rejection
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Also, ka N(s) ) i
. s D(s) ko N (5) koN(s)
3}!#‘(5':' = = = —= = =
|+ E’i N(s) sD(s) + ko N(s) A (s)
s D(s)

Thus even with parameter uncertainty

Ca)

k,N(O k,N(O

T 0-DO)+kNO)  kN©O)

®» robust tracking for constant reference

Stabilization (8.3.2) NTUEE-L S8 posignsio0-56
{)'c(t) — Ax(t) + bu(t)
y(t) = cx(t)

e Stable systems

e Stabilizable systems
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e Without loss of generality, consider

HE N

. Uncontrollable systems are stabilizable by state feedback
if and only if the uncontrollable part of the system is stable

State Estimator (Observer) for SISO Systems (8.4) Feng-LiLian 2007
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{)'c(t) = Ax(t) + bu(t)
y(t) = cx()

Given A, b, c,
Can we estimate x(t)

by measuring y(t) and u(z) for t € [0, t] ?




State Estimator (Observer) for SISO Systems — 2 NTUEE-L S8 posigsi50-50

e Open-Loop Estimator:
{ x(t) = Ax(t) + bu(t)

y(t) = cx(t) and use y(r) and u(r) fort [0, ]
A = AR + bu() to compute x(0) = x(0)

u | x. |1 X L ‘ ¥

b : A€
‘ — System Disadvantage 1:
AR (model) Any inaccuracy in the
= mm e : determination of x(0) will
K make lim,_,_|[x@) — x(t)]| = oo

for unstable A

estimator  pjsadvantage 2:
Very sensitive to parameter
uncertainty in A and b

State Estimator (Observer) for SISO Systems — 3 NTUEE-L S8 posigsIo0-60

Closed-Loop Estimator:
{)'c(t) = Ax(t) + bu(t)
y(t) = cx(1)

2(t) = Ax(t) 4 bu(?)

s = s o o e — — m — —— — —
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e Estimator Error:

e(t) = x(t) — x(t)

» o) = %x(t) - %(t)

Theorem 8.03 (8.4) Feng-LiLian ® 2007
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Theorem 8.03

Consider the pair (A, c¢}. All eigenvalues of (A — l¢) can be assigned arbitrarily by selecting a real
constant vector | if and only if (A, €) is observable.

Proof:
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e A different method for designing state estimators:
Procedure 8.01
1. Select an arbitrary n X # stable matrix F that has no eigenvalues in common with those of A.

2. Select an arbitrary n x 1 vector | such that (F, 1) is controllable.

3. Solve the unique T in the Lyapunov equation TA — FT = lc. This T is nonsingular following the
dual of Theorem 8.4.

4. Then the state equation
=Fz+ Thu + 1y

z
i=T'2

generates an estimate of X.

e=z—-Tx mwp e=z—-Tx
= Fz + Thu + lcx — TAx — Thu
= Fz + lex — (FT + le)x
= F(z — Tx)
= Fe

Feng-Li Lian © 2007

Reduced-Dimensional State Estimator (8.4.1) NTUEE L S8 DesianSISo. 64

The equation y(t) = c x(t) already has
one-dimensional information about x(t),
so only an (n—1)-dimensional state estimator is needed

to estimate the remaining information about x(t)

Procedure 8.R1

1. Select an arbitrary (7 — 1) X (n — 1) stable matrix F that has no eigenvalues in common with those

of A.
2. Select an arbitrary (n — 1) x | vector I such that (F, ) is controllable.
3. Solve the unique T in the Lyapunov equation TA — FT = le. Note that T is an (n — 1) x 1 matrix.

4. Then the (n — 1)-dimensional state equation

z=Fz+Thu+1y

=[] [

is an estimate of X.
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Theorem 8.5

If A and F have no common eigenvalues, then the square matrix

[

where T is the unique solution of TA — FT = le, is nonsingular if and only if (A, ¢€) is observable and
(F, 1) is controllable.

Feng-Li Lian © 2007
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Proof: (necessity for general n)
If (F, 1) not controllable

If (A, c) not observable
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Proof: (sufficiency for n = 4)
As in Theorem 8.4,

A(s) =det (s — A) = s* + 57 + aas® + w38 + ay

Let
Then
Ty oy o 11 e T
_Aa®T=pREEy| 2 0 Do
o 1 0 0 cA-
L1 0 0 0JLeA’
L T=-A'F)GAO
P—F]—[ c [ 0 C
TLT] | -AT'®GAo]| [0 -A®) || A0
Theorem 8.6 — 4 NTUEE-LFgg-gI;:in_;gI(ZCZ)?gg

If there is a nonzero vector r, suchthat pPr=o0, i.e.,

¢ J._[ e ]_0
GAO| | GAOr |

Then consider

el oy G O | cr

a> oy O 1 0 CAr
a=AOr=1 15 e 1 0 of|eAn| |

a, 1 0 0 0JLeA’r cr

GAOr=CGCa=Ca=10 » a=10

(F, ) controllable (A, c) observable
and A nonsingular

[FFIF g ey
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In the reduced-dimensional state estimator

z=Fz 4 Tbu +1y
(3] [
Define the error signal €=z —Tx | then
e =2z— Tx =Fz+ Thu + lex — TAx — Tbu = Fe

Thus lim_,_e(t)=0 if F is chosen to be stable, and

. N C_ly(t)_c_lcx(t)_c_lc ~
e[} 20 - oo

Feng-Li Lian © 2007

Feedback from Estimated States (8.5) NTUEE | S8 DesianSISO-70
r u y
o) . .
U > Plant >
+ -
K Estimator

Yy = ¢X

{5{ = Ax-+ bu

X = (A-I)x+bu+tly

u = r—Kkx




Feng-Li Lian © 2007

Feedback from Estimated States — 2 NTUEE L S8 DesianSISO-71.

x = Ax—bkx+4 br

x = (A —=1c)% + b(r —kx) + lex

Consider the equivalence transformation

BEESRIIN

P=p*

Feng-Li Lian © 2007

Feedback from Estimated States — 3 NTUEE | S8 DesianSISO.72

We see

x = (A — bk)x + br

y = ¢X




State Feedback and State Estimation (MIMO) (8.6 & 8.7) —
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{)'c = Ax -+ bu

y = cX s + ays° + aps® + ass + ad
r y
Plant >
Estimator [«
u = r—kx x = (A-le)X+bu+tly
[s* 5153 + brs? + bas + by 4 ¥ 015° + crs2 + cas + ca
X A — bk bk B b
| = |
e 0 A —lc KS 0

State Feedback and State Estimation (MIMO) (8.6 & 8.7)

Feng-Li Lian © 2007
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54—|-a-133—|—a232-|—a3s+a4| AL A2, A3, Ag, I b]_
. : bo
x = Ax+ bu X = Ax+ bs U
| b4
y = & yZ[cl Co C3 C4]X
Xx = (A-lc)x+butly Iy
= = l
s4+cls3+c232+033+04| 1, A2, NS, AZ, A — é [Cl c2 €3 (34}
| l4
by
A—| 2k ko k3 K
u = r—kx b3 L2 3 4
| b4
(A — bk)

Is* 4 b15> + bos2 + bas + ba $, A5, A5, A%,




State Feedback and State Estimation (MIMO) (8.6 & 8.7)

54 4 a-133 + a232 + azs + aql A1, A2, A3, Ag,

x = Ax+4 Bu

y = Cx

¥ = (A—LC)X+Bu+Ly

s4+cls3+c232+033+04| 9, A%, g, Ag,
u =r—Kx
(A — BK)
Is* 4 b15> + bos2 + bas + ba $, A5, A5, A%,

-2
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|

ui
un
u3

State Feedback and State Estimation (MIMO) (8.6 & 8.7) — 3
54—|-a-133—|—a232-|—a3s+a4| A1, A2, A3, Mg, I b]_l 612 b13
: bo1 boo bo3
S x = Ax+
X Ax+ Bu b31 b3 b33
| Da1 ba2 Da3
y = Cx vi | _ |1 c2 a3 ca |
Y2 €21 €22 (€23 (€24
X = (A-LO)Xx+Bu+Ly
s4+cls§+c23§+03s+caj 1, A3, A%, \g,
[ [ 111 112
A_ | le1 b2 |1 c12 13 ci4
I31 l32 || c21 €22 c23 c24
\ | la1 g2
b b b
([ 02 8 Ty ko ks kg
1 = r—K=x A= | bai bay bag || K21 K22 k23 3324
\ bai ban bas k31 k3o k33 k3a
(A — BK) )

Is* 4 b15> + bos2 + bas + ba $, A5, A5, A%,




State Feedback and State Estimation (MIMO) (8.6 & 8.7) — 3
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{ x = Ax+ Bu
y = Cx s4+a133—|—a235+a3s+a4
y
Plant
Estimator
u = r—-Kx ¥ = (A—LC)X+Bu+Ly
ls* + 5135 + 5235 + b3s 4 ba s + c155 + 0235 + c35 4 cq
X A — BK BK X B
— + r
e 0 A - LC e 0




