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= Analysis of Discrete-Time Control Systems

» By Transform methods (by transfer function)
— Poles, Zeros
— Stability
— Transient Response, Steady-State Response
— Impulse/step response
— Root locus, Bode plot

» By State-Variable methods (by state-space model)
- CT->DT
— Linear, Nonlinear
— Stability analysis, Sensitivity Analysis
— Controllability, Observability

* The z-transform

 Relationship between s and z

Dynamic Analysis of Discrete Systems
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= Analysis of discrete systems by the z-transform:
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= The z-transform inversion:

* Long division

Y(z) _ 1
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U(z) 1 —az!

e For a unit pulse input:
= U(z) =1

= Y(z2) =

ul0] =1, & ulk] =0,k #0

= 1 + az" 1 + a2z 2 + a3z3 + -

= y[0] + y[1]lz"! + y[2]272 + y[3]z72 + - -

Franklin et al. 2002
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TABLE 10.2  SOME COMMON z-TRANSFORM PAIRS

= The z-transform

Signal Transform ROC
inversion: 1. 8lnl 1 Allz
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Oppenheim et al. 1997

Dynamic , Laplace Transforms and z-Transforms of Simple Discrete Time Functions
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F(s) is the Laplace transform of £(t), and F(z) is the z-transform of f(kT). Note: f(1)=0

fort = 0.
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= Properties of the z-transform: = Properties of the z-transform:

1. Definition: 5 Initial-value theorem: Section Property Signal z-Transform ROC
oo ‘.["] .ﬁ[:l f;
F(z) =Y flklz"F flo] = Jim F(2) o X &
, k=0 6 Final-value theorem: 058 -« Lty o e X+ DY) At lens he merscction of R, and By
2. Inversion: If (1— 2~ 1 )F(z) does not have 105.2 Time shifting *[n — no) 2 K2 x.::]::..:ﬁsn“:::x[ :I:: 5;:,:1& addition or
f[,(] — 1 : f f(z)zk_ldz any pOleS on or outside 1053 Scaling in the z-domain ;‘\I:J[n] ;clg:_:“ Z) f}x
2mi the unit circle: aaln] Xa 'z Scaled version of R (ic., |alkt = the
3. Linearity: _ : | set of points {laf) for 2 in B)
lim f[rl»] — lim (1 o z_l)F(z) 1054 Time: reversal x[~n] Xz Ln;r::‘.:x?;h::m;:rk;n of
Z{”'f + bg} = ”‘z{f} + bZ{g} C lk—>0c- St 1055 Time expansion xein] = ;[ﬂ' L ’: for some integer r X(2') R"™ (ic., the set of points 2", where
7 Convolution: SR zisinR)
4. Time shift: 1056  Conjugation 1) X R
1057 Cenvolution Jy[n] # x2[n] Xy(zWalz) At least the intersection of R, and R,
Z{q nf} — g Z{f*xg} = (Zf)(Z9) 1057 First difference n) = xin — 1] (1= X A:lglei?uume intersection of R and
k 1057 Accumulation s alk) 1—1_,- X(z) ml Ji-,;m the intersection of R and
3 - =1
Z{q"f} ="(F - Fy) frg="73 flnlglk —n] e e )
. n=0 10.5.8 DJF[c:cnl:a[wu ) nxln] —:d—:' I
where Fi(2) =025 fil=72 T deadmin B
1059 Initial Value Theorem
If x[n] = Ofor n <0, then
(0] = !IIEEX(Z}
Astrom & Wittenmark 1997 ' Oppenheim et al. 1997
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» Relationship between s and z: » Relationship between s and z:
—at — 1 4 Im(s)
ft) = e t>0 = F(s) =
s+a STABLE UNSTABLE
= Pole: s= —a ?
X %
flkr] = e T, keN = F(z) = Z {e—a”} LHP RHP
z k o
- 5 — e—aT .
T Re(s)
= Pole: z=¢ \ /
= z=¢T
Franklin et al. 2002 Franklin et al. 2002
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» Relationship between s and z:

W ™

Re(z)

Figure 8.5 Time sequences associated with points in the z-plane

Franklin et al. 2002
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= Relationship between s and z:

Im(s)
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Rels) Re(s) R

(e} (dy

Franklin et al. 2002
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» Relationship between s and z:
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Figure 8.4 Natural frequency (solid color) and damping loci (light color) in the z-plane; the portion below the Re(z)-axis
(not shown) is the mirror image of the upper half shown.
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Description of corresponding lines in s-plane and z-plane

s-plane

{

s=jw
Real frequency axis
s=c62>0

5=0<0

s=—{w, %jwn\_"l —&
=-a+jb

Constant damping ratio

if ¢ is fixed and a,

varies

s=2f(r/T) +0,

Symbol z-plane
X X % lzl =1
Unit circle
0oo z=r=z=1
[0]0}0)] z=r0<r<1
AAA z=ref wherer  =exp(—¢w,T)
-aT
=e
b=o,TJ1-2 =bT

Logarithmic spiral
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= Relationship between s and z:

jw ) s plane Im

z plane
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Jw,
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Ogata 1995
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= Final Value Theorem:

lim z(t)
t—00

lim =k
k_mi[]

Lss

lim s X (s
.ﬂ;—»Os (S)
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If all the poles of s X(s) are in LHP

lim (1 - 2 1) X(2)

If all the poles of (1 —2"1) X(2)

are inside the unit circle

Franklin et al. 2002




