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Technique for Enhancing
the Performance of

Discretized
Controllers

S

has been the topic of much controversy [1]. The problem is as

follows: given a process Gy(s), sensor H(s) and a presumably
well designed analog controller G(s) (Fig. 1a), find a digital controller
D(z) (Fig. 1b) which produces closed-loop behavior similar to the ana-
log system both in the time and frequency domains.

At relatively low sampling rates, having a discretized controller
without zero order hold (ZOH) compensation may lead to a degraded
performance of the closed-loop system (and may cause instability). An
appropriate design that compensates for the ZOH effects is desired.

D igital control design through discretizing an analog controller

The Proposed Method
Unquestionably, analog control design followed by control-
ler discretization is far more convenient than direct digital
control design for the main reason that the sampling pe-
riod value T affects the design process only at the final
phase and not up front [2]. Our goal in this article is to
share with the readers a simple and highly practical
ZOH compensation technique that we have success-
fully applied to many “benchmark” problems stud-
ied by us and other researchers, and to other design
problems. We have found is that adding this com-
pensation to a discretized controller, which maintains
closed-loop stability, results in noticeably improved

performance.

The method is based on adding a pole-zero pair in the Z-plane to the
digital controller obtained through some suitable discretization meth-
ods, such as Tustin (bilinear) transformation, with or without pre-
warping. The additional pole and zero partially compensate for
the low and mid-frequencies phase and gain frequency re-
sponse effects contributed by the ZOH.

As is well known, the contributions of the ZOH and Gp( s)to
the exact discrete time pulse transfer function are not separable.
Yet, generally speaking, regardless of the G,(s) effect, the ZOH
causes a delay of approximately 7/ as shown intuitively in Fig. 2.

It has been shown that digital controller based closed-loop systems
can be improved using a predictor algorithm [9]. The input signal to the
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Fig. 1. (a) The analog closed-loop control system, (b) The digital
closed-loop control system.

plant is a predicted one based on previous samples. However the
compensator for the delay is controller and sampling time de-
pendent.

A pole-zero compensation

C(Z) :i
z+1 (1)

shown in Fig. 3 provides a phase of ®T / 2 which exactly cancels
the frequency phase response of the ZOH as obtained from
(1-¢*")/s. The ZOH magnitude response is canceled at fre-
quencies for which

ol oT
tan — = —.
2 2

It is interesting to note that this cancellation (up to a scale fac-
tor of 1/ T) is the inverse of the Tustin transformation of the first
order Pade approximation to the so-called ZOH transfer function

[31:

1-e T
§ 1457
2 2
Then:
r Tzl
1+ 2z
2|22zt
T z+ (3)

Higher order Pade approximations of the ZOH are usually dis-
cussed in the literature. However, they correspond to more com-
plicated (i.e., of higher degree) digital controllers. The suggested
approximation (along with the bilinear transformation) compen-
sates exactly for the ZOH phase lag.

The method does not guarantee a stable closed-loop system
since it is independent of the discretization method and the sam-
pling rate. However one can investigate the effects of the sam-
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Fig. 2. A reconstructed signal using ZOH and its smoothed
approximation.

pling rate by applying the polynomial root locus [4]. For a given
stable analog closed-loop system, a necessary condition for the
proposed method to be used is that the characteristic polynomial
of the discretized system be such that

1+ (%)D‘(z)(l -7 )Z{M} =0,

Z s (4)
where D'(z), an arbitrary discretized version of G(s), has all the
polynomial roots inside the unit circle.

In cases where the proposed compensation (1) causes
closed-loop instability, a modified ZOH compensation of the fol-
lowing form is to be considered:

2(z—¢)

C' ()= >
@ z+1-2¢ 5)

where € is a small positive constant. For closed-loop stability, the
characteristic polynomial implied by:

1+ (—2(2 —¢€) )D‘(z)(l —z" )Z{LP(”} =0
z+1-2¢ s

()

must have all roots inside the unit circle. Note that this modified
compensation preserves the dc gain of the controller. Fig. 4 il-
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Fig. 3. The location of pole and zero of ZOH compensator in the
Z-domain.
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all sinusoidal inputs of frequency above 400
rad/s by at least 16, (c) steady-state error of (up
to) 1% for sinusoidal inputs with frequencies
less than 1 rad/s.

Table 1 is a summary of the discretization re-
sults for three different sampling rates. The
discretized controller D'(z), using Tustin trans-
formation, is listed in the second column. The
third column is the ZOH compensation and the
fourth column is the complete controller D(z)
using the proposed ZOH compensation. Note
that in the third row, with or without the ZOH
compensator, the closed-loop system is unsta-
ble. The problem is overcome by using the modi-
fied compensator shown in the fourth row.

Table 1
D’(z) Multiplier | D(z)
T=001s | 0.0130z-0.0120 2z 0.0260z* — 0.0240z
z—0.9990 z+1 22 +0.00102—0.9990
T=005s | 0.0150z—0.0100 2z 0.0299z” - 0.02002
7—0.9950 z+1 Z* + 0.0050z — 0.9950
T=01s Unstable 2z Unstable
0.0174z-0.0075 | 7+1 0.03487* - 0.01507
z-0.9900 Z* +0.0100z - 0.9900
T=0.1s | Unstable 2(z=02) | 0.03487% -0.0219z + 0.0030
0.0174z-0.0075 (z+0.6) 22 —0.3900z — 0.5940
z-0.9900

Fig. 5adepicts the closed-loop step responses

lustrates the effect of the new pole-zero pair of the ZOH com-
pensation.

The paper by Hori, et al. [10], targets matched pole-zero mod-
els for ZOH compensation. Based on the frequency domain in
the paper, it does not seem to improve the phase of the system
(compared to other methods shown).

Summary of the Design Procedure

1. Select a suitable S to Z transformation, e.g., Tustin (bi-
linear) transformation, and sampling time 7 to discretize the ex-
isting analog controller G.(s) to obtain D'(z).

2. Multiply the result of step (1) by C(z) = 2z/(z +1) to ob-
tain: D(z) = C(2) D'(z2).

2a. Match the open-loop dc gain of the digital control system
to the analog system.

3. Check the closed-loop stability in Z-domain using equation
(4). If stable, observe the closed-loop system performance.

4. If in step (3) the closed-loop system becomes unstable,
then:

4a. Try C'(z) = 2(z — €) / (z +1 - 2¢) for small £>0 to obtain
D(z) = C'(z) D'(2); use € as small as possible to guarantee better
performance at higher frequencies.

4b. Match the open-loop dc gain of the analog and discretized
systems.

4c. Check the closed-loop stability in Z domain using (6). If
stable, observe the closed-loop system performance.

5. If the closed-loop system in step (4¢) is still unstable, use
other methods.

Note that this method is applicable for cases where (4) and (6)
produce stable poles).

Examples

a. Lag Compensator [5]
Given the process

4%10°

G (5)=—10 . pioy=1,
A9 = T 200 7 200) )

The analog controller G (s) =& <(:++<f1) s was designed using a
Bode diagram to satisfy the following design specifications: (a)

velocity error constant, K, at least 1000 s, (b) attenuation of
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of the analog system and the digital control sys-
tem using Tustin with and without ZOH com-
pensation for 7=0.01 s. The ZOH compensation design method
performance matches the analog system’s performance very
well, while without the compensation, the system has slightly
greater overshoot. When reducing the sampling rate to 7=0.05 s,
the system with no compensation has very poor performance in
the time domain as shown in Fig. 5b. However, with the ZOH

Zero-Pole Pair - =~
from ZOH 7 ~
Compensation Y \
/

\
\

RE

~— —_—

<
The New Location \\ /
of Zero-Pole Pair "\ s

(b)

Fig. 4. (a) Unmodified ZOH compensator, (b) Modified ZOH
compensator.
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Fig. 5. Lag Compensation Example. (a) Closed-loop step response
with T= 0.01 s; (b) Closed-loop step response of with T=0.05 s; (c)
Closed-loop step response with T=0.1 s.
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compensation, the system performance is close to that of the ana-
log system.

Reducing the sampling rates even further to T=0.1 sresults in
an unstable closed-loop system with and without compensation
as shownin Table 1. Using the modified ZOH compensation with
€ = 0.2, the closed-loop system becomes stable. The step re-
sponse shown in Fig. 5S¢ demonstrates relatively good perfor-
mance, while the Tustin transformation has made the closed-
loop system unstable.

b. Lead-Lag Compensation [5]
Given

1000

s(1+i)(1+ L)
10\ " 250

the analog controller
()3
G(s)= s 45 10
(1 + i) (1 + -S—)
01 110

has been designed using a Bode diagram to meet several specifi-
cations: (a) phase margin of at least 50°, (b) velocity error con-
stant, K, at least 1000 5’1, (c) attenuation of the input noise at 60
Hz and above by a factor of 100, and (d) steady state error for fre-
quencies less than 1 rad/s less than 1%. Using Tustin transforma-
tion applied to G(s) provided with T = 0.01 s, the following
digital controller is obtained:

G, (s)= s H(s)=1,

0.65977* —1.2897z+ 0.6300

D = .
()= 002 ~1.28932+ 0.2900

. . 2 -
With the ZOH compensation of —i, the digital controller
becomes 2+l

D(2) = 1.31947° - 2.57937% +1.262
Z —0.28932% - 0.9993z + 0.2900

Fig. 6 depicts the closed-loop step response of the analog sys-
tem and the digital control system using the Tustin transforma-
tion with and without ZOH compensation. The effect of the ZOH
compensation is evident.

c. Katz’s example [6}

Given
G.(s) = 86S32.3
the analog controller
G.(5) = 2940 ((;‘—:—229%%

has been designed to meet the following closed-loop system
specifications: (a) the maximum phase lag at f=3 Hz should not
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Fig. 6. Closed-loop step response of Example (b). T = 0.01 s.

be more than 13°, (b) at any given frequency the closed-loop gain
should not exceed 5 dB beyond the closed-loop dc gain, and
(c) maximum tracking error due to an input disturbance moment
of 0.028 Nm should be 0.01 rad. Taking the Tustin transforma-
tion with pre-warping at the sampling time T = 0.03 s of G.(s),
the following digital controller is obtained by [6]:

189587 +11685z —0.7273

D(z2)=—=
z" +11653z+ 0.3395
(Note that Katz’s pre-warping, which warps the frequency of
both pole and zero [6], differs from the “regular” pre-warping,
which warps at a single frequency.)

This was the only discretization method that resulted in a sta-
ble closed-loop system at such low sampling rate [3]. The same
controller with the additional proposed ZOH compensation is:

Do) = 3.79162° + 2.3369z% —1.45462
2 +2165322 +1.5047z+ 0.3395

Adding this ZOH compensation to the D(z), the system out-
put at the sampling instants is significantly closer to the original
analog step response, shown in Fig. 7. The proposed method sig-
nificantly improves the response compared to Tustin transforma-
tion with pre-warping. Even though the suggested compensator
does not perform better than those obtained by Evans-Kennedy
[7] and Keller-Anderson[2] methods, the simplicity of the pro-
posed method is quite attractive. The methods in [2] and [7] are
sophisticated and difficult to use.

d. Rattan’s Example {8]

Given
10
G =
o) s(s+1)
G.(5)= 1+ 0.4163,
1+0.319s
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Fig. 7. Closed-loop step response of Example (c). T = 0.03 s.
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Fig. 8. Closed-loop step response of Example (d). T = 0.15 s.

a digital controller proposed by Rattan (no design specifications
are available in his example) is:

3.436z-2191

D - :
Raan(2) = 207390

Using Tustin transformation to discretize the analog controller,
the digital controller becomes:

2.2947-1.5935
Di(z)= 2220870720
z—0.2991

Applying the modified ZOH compensation with € = 0.1 to
D'(2):

458887 —3.6459z+ 0.3187

b 722 +0.5009z - 0.2393

In Rattan’s example, the closed-loop frequency matching in
the W-domain has shown better performance than Tustin and
pre-warping methods at 7=0.15 s [8]. Fig. 8 shows that the step
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response of the closed-loop system using the modified ZOH
compensation has slightly lower overshoot than Rattan’s
method and by far better than Tustin transformation without
compensation.

Conclusion
This paper has introduced a method to partially compensate
for the ZOH effects of a closed-loop digital control system. By
multiplying a given discretized controller in the Z-domain by a
pole-zero pair, significant closed-loop performance improve-
ment has been achieved in many design examples. We hope that
practicing engineers find this method useful.
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