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PWE-Based Radar Equation to Predict
Backscattering of Millimeter-Wave
in a Sand and Dust Storm
Mu-Min Chiou and Jean-Fu Kiang
Abstract— A parabolic wave equation-based radar equation is
proposed to compute the backscattered power of millimeter-wave
in a sand and dust storm, in which the height profiles of particlesize distribution and total number density are accounted for. The
conventional radar equation is also improved by incorporating
the effects of earth curvature and beam divergence. The improvement of accuracy by using these two radar equations, especially
when the specific attenuation is a function of height, is verified
by simulations.
Index Terms— Backscattering, parabolic wave
(PWE), radar equation, sand and dust storm (SDS).

equation

I. I NTRODUCTION

S

AND and dust storm (SDS) may significantly affect radio
relays and satellite communications by absorbing and scattering wave signals, which has been a subject of continuous
interest to the Antennas and Propagation community [1]–[3].
In certain areas with frequent occurrence of SDSs, continuous
monitoring of emergence and movement of SDSs is necessary
to avoid possible hazards. For example, a dust storm was
reported on March 10–11, 2009 in the Arabian Peninsula,
which choked thousands of people in Riyadh and caused many
car accidents due to low visibility [4].
Typical dust storms move near ground, making them difficult to detect at early stage, hence high-frequency terrestrial
radars were proposed for early detection [5]. Relevant information like backscattering of millimeter-wave radar signals in
SDSs was reported [6], [7], and their turbulence effects were
also studied [8]. A ground-based monitoring system is more
suitable than space-borne systems to collect more detailed
information. Compared with the latter, fewer literatures were
available about ground-based techniques suitable for monitoring regional SDSs, including the effects of earth curvature and
particle-size distribution.
In the conventional radar equation, the height dependence of scatterers within a resolution volume was not
considered [9], [10]. In practice, the number density and
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particle-size distribution in an SDS vary with height due
to gravity, aggregation, melting, evaporation, and other factors [11]. As a radar beam diverges along its path, the height
profile of scatterers can no longer be ignored beyond certain
distance. For example, the vertical profile of reflectivity was
reported as the major source of error in measurements [9].
In this paper, a parabolic wave equation (PWE)-based radar
equation is proposed, which accounts for the effects of earth
curvature and height profile of SDS on radar backscattering.
Mie scattering is assumed to compute the backscattering radar
cross section, which can provide more accurate results for
practical regional monitoring of SDSs. The PWE method
itself incorporates the diffraction effect and earth curvature on
the forward wave traversing an SDS with height-dependent
scatterers, and the Mie scattering is applied to calculate the
absorption and backscattering effects exerted on the returned
signals. The number density and size distribution of dust
particles are included in this model, providing more accurate
prediction than the existing methods.
This paper is organized as follows. The models of SDS
and their impact on backscattering are presented in Section II.
A PWE-based radar equation and an improved radar equation
are proposed in Sections III and IV, respectively. Simulation
results are discussed in Section V, and some conclusions are
drawn in Section VI.
II. SDS M ODELS AND T HEIR I MPACT ON
BACKSCATTERING
The total number density of dust particles is a function of
height, which can be empirically represented as [12]
Nt = Nt s z − p

(1)

where z is the height above ground, Nt s (1/m3 ) is the total
number density at a reference height of 1 m above ground,
 p is a coefficient related to the sedimentation and frictional
velocities of particles, and  p = 0.29 [12] will be adopted in
the simulations.
The average particle radius r0 is also a function of height,
which can be represented as [5]
r0 = r0s z −γm

(2)

where r0s is the average particle radius at 1 m above ground,
and γm = 0.15 is derived by fitting the data listed in
Table I [5].
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TABLE I
PARAMETERS OF D UST PARTICLES AT D IFFERENT H EIGHTS [5]

The distribution of dust-particle radius r p in an SDS was
fit with a log-normal distribution as [1], [5]
 
2
2
1
e−(ln r p −μ ) / 2σ
P(r p ) = √
(3)
2πr p σ
where μ and σ are the mean and standard deviation, respectively, of ln r p , which are related to the mean (r p0 ) and
standard deviation (σ p ) of the particle radius as
r p0
μ = ln 
1 + (σ p /r p0 )2


σ = 2 ln 1 + (σ p /r p0 )2 .

Fig. 1. Schematic to compute backscattered power from dust particles at
time tc after a pulse is emitted at t = 0.

In this paper, the standard deviation of dust-particle radius is
assumed to follow the same height dependence as the mean
dust-particle radius, namely:
σ p = σ ps z −γσ

(4)

where γσ = 0.125 is obtained by fitting the data listed in
Table I.
The propagation constant of a plane wave in an atmosphere
filled with dust particles can be represented as [13], [14]
 r p max
2π
Nt (r̄ )
P(r̄ , r p ) f i (r p )dr p
(5)
kds (r̄ ) = k0 +
k0
0
where k0 is the wavenumber in free space, P(r̄ , r p )
is the probability density function of r p , and fi (r p ) is the
forward scattering amplitude of a dust particle with radius r p .
The radius of most dust particles is smaller than 100 μm [5],
and a maximum value of r pmax = 150 μm [15] is assumed in
this paper.
To model wave propagation in an SDS, an effective refractive index n ds and a specific attenuation constant αds are
defined in terms of the propagation constant kds as [14], [16]
(1/μm/m3 )

n ds (r̄ ) = kds(r̄ )/k0
αds = 8686 × Im{kds } (dB/km).

(6)
(7)

Fig. 1 shows the schematic to compute the backscattered
power from dust particles. The transmitting antenna is located
at (0, 0, z t ), and a rectangular pulse of duration τ is emitted at
t = 0. The backscattered power received at time tc is attributed
to particles floating in the range [x c − x/2, x c + x/2], where
x = cτ/2 and c is the speed of light.
The ratio between the expectation value of the received
power Pr (in watt) and the transmitting power Pt (in watt) can
be estimated by using the conventional radar equation as [10]
E{Pr /Pt } = η

x
G 2a λ2 θ φcτ
−2 0 c dαds /10
×
10
210 (ln 2)π 2 x c2

(8)

Fig. 2.
Height profiles of reflectivity η (———) and specific attenuation constant αds (− − −), particle size follows log-normal distribution,
Nts = 107 /m3 ,  p = 0.29, γm = 0.15, and γσ = 0.125.

where G a is the antenna gain, x c (m) is the distance between
the radar and the center of the resolution volume, and θ and
φ (in radians) are the vertical and horizontal beamwidths,
respectively, of the antenna radiation pattern.
Assuming the antenna points horizontally, the attenuation
along either the forward or the backscattering path can be
derived by using the value of αds derived at the height of
antenna. The reflectivity η is defined as
π5
|K |2 Z
(9)
λ4
where K = (d − 1)/(d + 2), under Rayleigh scattering
approximation, d is the permittivity of dust material, λ is
the wavelength, and
 r p max
Z = Nt
P(r p )(2r p )6 dr p
(10)
η=

0

is the reflectivity factor.
Fig. 2 shows the height profiles of reflectivity η and specific
attenuation constant αds , assuming that the particle size follows
a log-normal distribution. It is observed that both η and αds
decrease significantly with height.
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Fig. 3. Schematic to compute backscattered wave from a dust particle at
r̄ = (x, y, z).

If the earth curvature is taken into account, the center of the
radiation beam will be elevated to h c = (z t +re )/ cos(x/re ) −
re above ground at a distance x from the antenna site, where
re is the earth radius. Taking z t = 10 m for example, the
height of the beam center will be elevated to h c = 12 m at
x = 5 km, which is 2 m higher than z t .
As shown in Fig. 2, the reflectivities at heights
of 10 and 12 m are 1.056 × 10−6 and 0.956 × 10−6 ,
respectively, differing by (0.956 − 1.056)/0.956  −10% or
−0.46 dB. Similarly, the specific attenuation constants at
heights of 10 and 12 m are 2.659 and 2.419 dB/km, respectively, differing by 0.24 dB/km. Such differences at x = 5 km
are attributed to the earth curvature when the conventional
radar equation in (8) is used. In the next two sections,
two alternative radar equations are proposed to improve the
accuracy in predicting the backscattered power.
III. PWE-BASED R ADAR E QUATION
Fig. 3 shows a schematic to compute the backscattered wave from a dust particle at r̄ = (x, y, z), where
χ = sin−1 [(y 2 + (h c − z)2 ))1/2 /x] is the angle between the
backscattered wave and the line-of-sight direction from the
particle to the antenna. If the particle is approximated as a
sphere of radius r p , the backscattered field attributed to a dust
particle at r̄ can be computed as [16]
  rs
1

ū s = û f u f f b (r p ) exp − j
kds d
(11)
rs
0
where r̄s = r̄  − r̄ , r̄  = (0, 0, z t ); r̂s , and x̂ are the unit
vectors in the backscattering and incident directions, respectively; u f is the amplitude of the forward-propagating wave,
with polarization vector û f ; and fb (r p ) is the backscattering
amplitude. Equation (5) is used to compute kds , with the SDS
parameters characterized by (1)–(4).
The radiation pattern of the antenna is approximated with
2
2
a Gaussian distribution in χ as e−χ /(θ0 / ln 4) , where θ0 is the
3 dB beamwidth. The backscattered field at the antenna site
can be computed as
  rs
1
2
2
kdsd e−χ /(θ0 / ln 4) . (12)
.
ū b = û f u f f b (r p ) exp − j
rs
0
A. Rayleigh Scattering Versus Mie Scattering
The Rayleigh scattering amplitude can be represented
as [16]
d − 1 3
r cos θ
(13)
fr (r p , θ ) = k02
d + 2 p

Fig. 4. Normalized Rayleigh and Mie scattering patterns, r p = 150 μm.
(a) f = 10 GHz. (b) f = 100 GHz. (c) f = 200 GHz. (d) f = 300 GHz.
———: Rayleigh scattering pattern | fr (r p , θ )|. − − −: Mie scattering
pattern | f m (r p , θ )|.

where θ is the angle between the incident and the scattering
directions. Similarly, the Mie scattering amplitude can be
represented as [16]
f m (r p , θ ) =

S(cos θ )
j k0

(14)

with
∞

S(cos θ ) =
=1

2 + 1
(a τ + b π )
( + 1)

where π and τ are θ -dependent functions, following the
recurrence relations [17]:
2 − 1

cos θ π−1 −
π−2
−1
−1
τ =  cos θ π − ( + 1)π−1

π =

(15)
(16)

with π0 = 0, π1 = 1, τ0 = 0, and τ1 = cos θ . The Mie
coefficients a and b can be expressed as [18]
a =
b =

n 2d j(n d ζ )[ζ j(ζ )] − j(ζ )[n d ζ j(n d ζ )]
(1)

(1)

n 2d j (n d ζ )[ζ h n (ζ )] − h  (ζ )[n d ζ jn (n d ζ )]
j(n d ζ )[ζ j(ζ )] − j(ζ )[n d ζ j(n d ζ )]
(1)

(1)

j(n d ζ )[ζ h  (ζ )] − h  (ζ )[n d ζ j(n d ζ )]
√
where n d = d is the refractive index of dust material,
ζ = k0r p , and j (β) and h (1)
 (β) are the spherical Bessel
function and Hankel function, respectively, of order .
Fig. 4 shows the normalized Rayleigh and Mie scattering
patterns, respectively, at different frequencies, of a spherical
dust particle with radius 150 μm. The relative permittivity
of dust material at 100 GHz is d = 3.5 − j 1.64 [15].
The difference between Rayleigh and Mie scattering patterns
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Fig. 5. Mie scattering amplitude pattern, r p = 50μm, f = 100 GHz.
− − −: | f m0 (r p , θ )| without charge. ———–: | f me (r p , θ )| with charge
density σe = 0.05 C/m2 . − · −: | f me (r p , θ )| with charge density
σe = 0.1 C/m2 .

becomes more obvious at higher frequencies. At 10 GHz,
both radiation patterns look almost identical. At 100 GHz,
the forward scattering amplitudes are f ir = 7.7 × 10−6 and
f im = 8.01 × 10−6, respectively, differing by 4.56%. The Mie
scattering approximation will be used in our model.
When a dust particle bears charge, the coefficients a and b
can be expressed as [19]

g D (m d χ)

a =
1+
+
χ j(χ)
χ
md
χ
g D (m d χ)
χ j−1(χ)
− 1+
md


g D (m d χ)
χh (1)
+
×
1+
 (χ)
χ
md
χ
−1
g D (m d χ)
(1)
χh −1 (χ)
md
[m d D (m d χ)+(/χ)(1−gχ/)] χ j(χ) − χ j−1(χ)

− 1+
b =

(1)
[m d D (m d χ)+(/χ)(1 − gχ/)] χh (1)
 (χ) − χh −1 (χ)

where

j−1(m d χ)
−
j (m d χ)
md χ
χ
γs 
ωs2
g=
−1
−
j
2 2ω2 + γs2
ω

Dn =

where ωs2 = 2e/(m er 2p ) is the surface plasma frequency,
e = 1.602 × 10−19 C, m e = 9.109 × 10−31 kg,
 = Q/(4π0 d r p ) is the electrostatic potential on the surface
of the charged sphere, σe is the surface charge density, Q =
4πr 2p σe is the total charge on the particle surface, γs = κ T /h̄,
T (K) is the particle temperature, κ = 1.38 × 10−23 (J/K) is
the Boltzmann’s constant, and h̄ = 1.0546 × 10−34 (J · s) is
the Plank’s constant divided by 2π.
Fig. 5 shows the Mie scattering amplitude pattern f me , with
charge density of σe = 0.05 and 0.1 C/m2 , respectively. The
pattern without charge, fm0 , is also shown for comparison. The
particle radius is assumed to be r p = 50 μm. The magnitude

of fme is generally larger than that of fm0 . For example, the
forward scattering magnitude without charge is 2.87 × 10−7 ,
and those with surface charge densities of σe = 0.05 and
0.1 C/m2 are 3.063 × 10−7 and 3.244 × 10−7 , respectively.
The electrification generated by wind-blown sands was
measured in a wind tunnel [20]. The electric charge was found
to depend mainly on the diameter of sand particles and height.
The average charge-to-mass ratio of sand particles with small
diameter is larger than that with large diameter. The average
charge-to-mass ratio increases with height measured from the
sand bed.
For example, the charge-to-mass ratio of mixed sand with
various diameters is −1120.7 μC/kg at the height of 0.5 m
and wind speed of 10 m/s. A sand particle with a radius of
50μm will carry a charge of 1.431×10−6 μC, where the mass
density of dust particles is 2440 kg/m3 [1]. The corresponding
surface charge density is 4.56 × 10−5 C/m2 .
By observing dust particles in a plasma, the number of
charges on a dust particle was on the order of 106 [21], [22].
For a particle with radius of 50 μm, this amounts to
a surface charge density of 5.1 × 10−6 C/m2 . The surface charge density of fine sediments was reported to be
0.53–1.64 C/m2 [23], [24].
B. Forward Wave Computed With PWE Method
The PWE method [25], [26] is applied to compute the
forward wave. To accelerate the computation, the 3-D forward wave u f (x, y, z) is approximated by multiplying a
2-D forward wave u f (x, z) with an offset factor C(x, y)
as u f (x, y, z) = C(x, y)e− j k0 x u f (x, z). Ideal 3-D and
2-D Gaussian waves can be represented as [16]
u0


u f (x, y, z) =
1 − j λx(ln 4)/ π W02


y 2 + (z − z t )2
× exp − 2
(17)
W0 / ln 4 − j λx/π
√
u 0 W0 / ln 4 −(z−zt )2 /(4a)
(18)
u f (x, z) =
√
e
2 a
where a = W02 /(8 ln 2) − j x/(2k0) and u 0 is an arbitrary
constant. The offset factor is determined as the ratio between
the ideal Gaussian waves in (17) and (18) as

W02
jx
2
−
8 ln 2 2k0

.
(19)
C(x, y) = 
j λx ln 4
W0
1−
√
π W02
ln 4
The 2-D forward wave u f (x, z) is then computed, by
applying the PWE method, as [25]
u f (x +

x, z) = e− j k0 m

x/2

× F −1 {F {u f (x, z)}e j p

2 /(2k )
0

x

}

(20)

where F and F −1 represent the Fourier transform and the
inverse Fourier transform, respectively; p = k sin θ is the
wavenumber in the z-direction, θ is the propagation angle
measured from the horizon; and m = n 2ds − 1 + 2z/re is the
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modified refractive index, in which the 2z/re term accounts
for the earth curvature [25].
Ground reflection can be accounted for by applying a mixed
Fourier transform [27], and an absorbing layer is placed at
the top boundary of the computational domain to reduce
artificial reflection. In this paper, vertically polarized waves
are considered, with E z = u f (x, z).
Without loss of generality, the antenna is pointed in the
horizontal direction, and the initial field is approximated as


1
(z − z t )2
u f (0, z) =
√
exp − 2
W0 / ln 4
W0 / π ln 4
where W0 = ln 4/[k0 sin(θ0 /2)] is the 3 dB beamwidth on the
aperture at x = 0 [16].
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Fig. 6. Effects of earth curvature and beam divergence on attenuation of wave
in an SDS: A f is forward attenuation without considering earth curvature,
A f w is forward attenuation when earth curvature and beam divergence are
considered, Ab is backward attenuation without considering earth curvature,
Abw is backward attenuation when earth curvature and beam divergence are
considered, and A is obtained by integrating specific attenuation constant
along the path from (xr , z) to (0, z t ); Ab = A f , Abw = A f w .

C. Expectation Value of Received Power
The expectation value of the received power is computed as
E{Ppr } = |ū b |2 Ae

(21)

where u stands for the ensemble average of u, Ae is the
effective area of the receiving antenna, and the ensemble
average |ū b |2  is computed as
N0

|ū b |2  =
n=1

where N0 is the total number of particles illuminated by the
forward wave, and |ū bn | is the backscattering amplitude from
the nth dust particle, which is computed as



 rsn
  2


2
2 1 


|ū bn | = u f | f b | 2 exp −2 j
kds d 
r
0
 sn 
−2χn2 / θ02 / ln 4
.
×e
In numerical simulations, a resolution volume is divided
into Q layers in parallel to the ground, and |ū b |2  is
computed as
Q

Nq

|ū bn |2 

where Nq is the number of dust particles in the qth layer.
By considering the height profiles of SDS parameters, |ū b |2 
is reduced to




|u f (x, z q )|2 exp −2 j

rsq
z x
|ū b |  =
x2
0
q=1
 r p max
P(z, r p )| f b (r p )|2 dr p
× Nt q
 ∞0


2
2
×
e−2χq / θ0 / ln 4 |C(x, y)|2 d y.
2

−∞

An alternative method, based on the conventional radar
equation, is also proposed to account for the effect of earth
curvature. Fig. 6 shows the definitions of several forward and
backward attenuations, which will be used to account for the
effects of earth curvature and beam divergence, where h c is
the height of beam center above ground due to earth curvature.
Fig. 7 shows the cross section of a beam at range x from
the antenna. The attenuation along a path from r̄ to r̄  , at a
given height of z, is computed as
 r̄ 
αds d.
A(z) =
r̄

By weighting A(z) over the beam cross section, a forward attenuation A f w and a backward attenuation Abw are
derived as
Abw = A f w = 10
 zu

q=1 n=1

Q

Beam cross section at range x.

IV. I MPROVED R ADAR E QUATION

|ū bn |2 

|ū b |2  =

Fig. 7.



kds d 

× log10

z


10−A(z)/10 (xθ0 /2)2 − (h c − z)2 dz
 zu 
(xθ0 /2)2 − (h c − z)2 dz
z

(22)
where z  = h c − xθ0 /2 and z u = h c + xθ0 /2 are the upper
and lower bounds, respectively, of the beam cross section.
A modified reflectivity is defined as
 rmax
P(r p )σb (r p )dr p
(23)
η(z) = Nt
0
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Fig. 8. Schematic to compute ηw , including the effects of earth curvature
and beam divergence.
TABLE II
S IMULATION S CENARIOS AND PARAMETERS
Fig. 9. Power ratios attributed to resolution volumes at different ranges.
In case 1, Nt = 107 /m3 , η = 5.682 × 10−6 /m, and αds = 1.578 dB/km are
values at height of 30 m. ———: Ppr /Pr . − − −: Pr /Pt .

at heights of 1 and 30 m are roughly 6 and 280 m, respectively.
The visibility was empirically modeled as [29]
TABLE III

Vb = (9.43 × 10−9 /v f )1.07 (km)

R ADAR PARAMETERS IN S IMULATIONS [28]

where

 rmax
4π
Nt
P(r p )r 3p dr p
3
0
is the fractional volume of dusts, which is a function of total
number density Nt and particle-size distribution P(r p ).
In the first case, assume the particle-size distribution and
the total number density are independent of height, with
Nt = 107 /m3 . The antenna is located at z t = 30 m.
The specific attenuation constant is αds = 1.578 dB/km in
both forward and backward directions, by using (7); and the
reflectivity is η = 5.682 × 10−6 /m, by using (23).
Fig. 9 shows the power ratios Ppr /Pr and Pr /Pt , respectively, as functions of range. It is observed that as the range
is farther than 3 km, the received powers predicted with
both the conventional and the PWE-based radar equations are
close to each other, with the difference less than 0.05 dB.
The conventional radar equation is based on the far-field
approximation [10], [30]. The received power predicted with
the PWE-based radar equation is lower than that with the
conventional radar equation if the range is less than the farfield boundary, 2 − D 2 /λ = 2.667 km, where D is the antenna
aperture size. The radiation pattern, exp{−χ 2 /(θ02 / ln 4)}, used
in the PWE-based radar equation tends to reduce the weighting
of backscattering power contributed by resolution volumes in
the near-field region.
In the second case, the height profile of specific attenuation
constant in the forward direction (α f ) is considered. The
specific attenuation constant in the backward direction is fixed
as a constant, αb = 2.797 dB/km, and the reflectivity is chosen
to be η = 1.041 × 10−5 /m; both are derived at the height
of 10 m.
Fig. 10 shows the power ratio Ppr /Pr and Ppr /Pur ,
respectively, as functions of range. It is observed that the
received power predicted with the PWE-based radar equation
is 0.165 dB higher than that with the conventional radar
equation. Because the former considers the effect of earth
curvature, the beam center is elevated by 2 m as the wave
propagates to x = 5 km, hence the attenuation becomes lower.
vf =

which is a function of z, where
2
∞

λ2 

σb (r p ) =
 (−1) (2 + 1)(a − b )


4π
=1

is the backscattering cross section of a particle with radius r p ,
under Mie scattering approximation.
Fig. 8 shows a schematic to compute ηw . Due to the earth
curvature, the beam center is shifted to z = h c , and η(z) is
weighted over the beam cross section to obtain ηw as
 zu

η(z) (xθ0 /2)2 − (h c − z)2 dz
z
.
(24)
ηw =  zu 
(xθ0 /2)2 − (h c − z)2 dz
z

Finally, the expectation value of the backscattered power at
the receiver is computed as
E{Pur /Pt } = ηw

G 2a λ2 θ φcτ −A f w /10 −Abw /10
10
10
(25)
210 (ln 2)π 2 x c2

which is called the improved radar equation.
V. S IMULATIONS AND D ISCUSSION
In order to study how the height profile of SDS properties
affects the received power of millimeter-waves, five scenarios,
as listed in Table II, are conceived and simulated by using
the two proposed radar equations. The major mechanisms of
interest include forward propagation, backward propagation,
and backscattering. The radar parameters are summarized in
Table III [28].
The total number density at 1 m above ground is chosen as
Nt s = 107 /m3 to model a severe SDS, in which the visibilities

CHIOU AND KIANG: PWE-BASED RADAR EQUATION TO PREDICT BACKSCATTERING

Fig. 10. Power ratios attributed to resolution volumes at different ranges.
In case 2, η = 1.041 × 10−5 /m and αb = 2.797 dB/km are derived at height
of 10 m; height profile of α f is considered, Nts = 107 /m3 . − − −: Ppr /Pr .
———: Ppr /Pur .
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Fig. 12. Power ratios attributed to resolution volumes at different ranges.
In case 3, η = 1.041 × 10−5 /m and α f = 2.797 dB/km are derived at
the height of 10 m; height profile of αb is considered, Nts = 107 /m3 .
− − −: Ppr /Pr . ———:Ppr /Pur .

Fig. 13. Power ratios attributed to resolution volumes at different ranges.
In case 4, αds = 2.797 dB/km is derived at the height of 10 m, height profile
of η is considered, Nts = 107 /m3 . − − −: Ppr /Pr . ———: Ppr /Pur .
Fig. 11.
Height profile of PF at x = 5 km. ———: PFds in SDS.
− − −: PF0 in free space.

In this case, Abw is reduced to Ab and ηw is reduced to η
in (25). Fig. 10 also shows that the received power, from the
resolution volume at x = 5 km, predicted with the PWE-based
radar equation is 0.25 dB lower than that predicted with the
improved radar equation.
Before analyzing the difference between Ppr and Pur at
x = 5 km, a propagation factor (PF) is defined as [31]
PF = 20 log10 |u| + 10 log10 x + 10 log10 λ (dB)

(26)

which is the relative field strength with respect to that in free
space. Fig. 11 shows the height profile of PFs in an SDS (PFds )
and in free space (PF0 ), respectively. The beam center in free
space is elevated to 12 m at x = 5 km due to the earth
curvature, while that in an SDS is elevated to 12.6 m, with
an additional 0.6 m attributed to the diffraction effects due to
the height profile of Nt . The elevation of beam center results
in a larger backscattering angle χ, leading to a lower received
2
2
power due to the radiation pattern e−χ /(θ0 / ln 4) .
Fig. 11 shows that the 3 dB beamwidths at x = 5 km are
8.45 and 8.75 m in an SDS and in free space, respectively.
The cross section of wave beam in the SDS is smaller than
that in free space, further reducing the backscattered power
from dust particles.

In the third case, the height profile of specific attenuation
constant in the backward direction (αb ) is considered. The
specific attenuation constant in the forward direction is set
to α f = 2.797 dB/km, and the reflectivity is set to η =
1.041 × 10−5 /m; both are derived at the height of 10 m.
Fig. 12 shows the power ratios Ppr /Pr and Ppr /Pur ,
respectively, with respect to range. In this case, A f w is reduced
to A f and ηw is reduced to η in (25). It is observed that
the prediction with the PWE-based radar equation is 0.41 dB
higher than that with the conventional radar equation at
x = 5 km because the earth curvature is considered in the
former. Similar to the second case, the beam center is elevated
by 2 m at x = 5 km, implying less attenuation.
The ratio Ppr /Pur is smaller than 0.1 dB when
x > 2.7 km and is −0.02 dB at x = 5 km. The improved
radar equation includes the beam-divergence effect via a 3 dB
beamwidth, while the PWE-based radar equation computes the
height distribution of forward wave, hence is expected to be
more accurate in predicting the backscattering power from a
resolution volume.
In the fourth case, the height profile of reflectivity (η) is
considered, while the specific attenuation constants are set to
α f = αb = 2.797 dB/km, which are derived at the height
of 10 m. Fig. 13 shows the power ratios Ppr /Pr and Ppr /Pur ,
respectively, with respect to range. In this case, A f w is reduced
to A f and Abw is reduced to Ab in (25). It is observed

792

IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 65, NO. 2, FEBRUARY 2017

Fig. 14. Power ratios attributed to resolution volumes at different ranges.
In case 5, height profiles of αds and η are considered, Nts = 107 /m3 .
− − −: Ppr /Pr . ———:Ppr /Pur .

Fig. 15.

Height profile of attenuation at x = 5 km.
TABLE IV
Ppr /Pr AND Ppr /Pur AT x = 5 km

Fig. 16.
Height profiles of Nt . ———:  p = 0.29, Nts = 107 /m3 .
− − −:  p = 0.6, Nts = 2.042 × 107 /m3 . − ◦ −:  p = 0.15,
Nts = 7.244 × 106 /m3 .

Fig. 17.
Power ratio Ppr /Pur under different height profiles of Nt .
———:  p = 0.29, Nts = 107 /m3 . − − −:  p = 0.6,
Nts = 2.042 × 107 /m3 . − ◦ −:  p = 0.15, Nts = 7.244 × 106 /m3 .

Fig. 15 shows the height profile of attenuation at x = 5 km,
defined as
 r̄
αds d
A(z) =
r̄ 

that the prediction with the PWE-based radar equation is
0.33 dB lower than that with the conventional radar equation
because the earth curvature is accounted for in the former.
At x = 5 km, the beam center is elevated to 12 m, hence the
reflectivity incurred to the forward wave is smaller than that at
z = 10 m, as shown in Fig. 2. Thus, the backscattered power
is lower than that obtained under a constant reflectivity. The
PWE-based radar equation and the improved radar equation
predict similar received power. The ratio Ppr /Pur is smaller
than 0.05 dB at x > 2.7 km and is 0.04 dB at x = 5 km.
Fig. 14 shows the power ratios Ppr /Pr and Ppr /Pur with
respect to range, with all three mechanisms taken into account.
The prediction with the PWE-based radar equation is 0.68 dB
higher than that with the conventional radar equation. The
beam center is elevated by 2 m due to the earth curvature, and
both the reflectivity and specific attenuation constant decrease
with height. As in case 4, the received power tends to decrease
due to smaller reflectivity. As in cases 2 and 3, the received
power tends to increase due to smaller attenuation. In this case,
the combined effects of attenuation and reflectivity result in
a higher received power predicted with the PWE-based radar
equation than with the conventional radar equation.

which is the path integral of αds from the antenna to the scattering particle, as depicted in Fig. 3. The value of A(z) decreases
from 13.9 to 12.25 dB as z is changed from 11 to 17 m.
When the beam center is elevated, as shown in Fig. 11, the
wave propagating above the beam center is stronger than that
below it because the attenuation A(z) decreases with height.
The backscattered wave predicted with the PWE-based
radar equation is stronger above z = 12 m than below it,
and the wave propagating at higher altitudes will suffer less
attenuation, hence contributing stronger received power. As a
result, the PWE-based radar equation predicts a received power
0.18 dB higher than the improved radar equation does, as
shown in Fig. 14. The power ratios Ppr /Pr and Ppr /Pur at
x = 5 km in cases 2 to 5 are summarized in Table IV. The
PWE-based radar equation accounts for both the diffraction
effect and beam elevation due to the earth curvature, and is
expected to be capable of provide more accurate prediction
than the improved radar equation.
Fig. 16 shows three different height profiles of total number
density associated with different  p s but having the same
value of Nt at z t = 10 m. Larger  p makes Nt decrease
faster with height, according to (1).
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Fig. 17 shows the power ratio Ppr /Pur under the three Nt
profiles shown in Fig. 16, respectively. The values of Ppr /Pur
at x = 5 km are 0.12, 0.18, and 0.28 dB with  p = 0.15,
0.29, and 0.6, respectively. The ratio Ppr /Pur increases as the
Nt profile decreases more rapidly with height.
Note that the power ratio Pr /Pt is proportional to η,
which in turns is proportional to the total number density Nt ,
according to (9), (10), and (23). Hence, errors of 0.28 and 0.18
dB in Pr at x = 5 km will lead to errors of Nt estimation about
6.6% and 4.2%, respectively.
VI. C ONCLUSION
A PWE-based radar equation is proposed to predict the
backscattering power from a resolution volume in an SDS. The
PWE method is used to compute the forward propagating wave
in an SDS, including the effects of diffraction, earth curvature
and the height profiles of SDS parameters. The backscattering
power is computed under Mie scattering approximation. The
conventional radar equation is also improved by including the
effects of earth curvature and beam divergence. Five scenarios
are conceived to investigate the effects of height profiles
of forward and backward specific attenuation constants and
reflectivity, respectively, on the backscattering power from
resolution volumes at different ranges. The simulation results
with three different radar equations are compared and the
differences are explained by using the height profiles of total
number density and particle-size distribution of SDSs. The
results suggest that the PWE-based radar equation and the
improved radar equation can be used to retrieve more accurate
height profiles of SDS parameters.
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[19] J. Klačka and M. Kocifaj, “Scattering of electromagnetic waves by
charged spheres and some physical consequences,” J. Quant. Spectrosc.
Radiat. Transf., vol. 106, no. 1, pp. 170–183, 2007.
[20] X. J. Zheng, N. Huang, and Y. H. Zhou, “Laboratory measurement of
electrification of wind-blown sands and simulation of its effect on sand
saltation movement,” J. Geophys. Res., vol. 108, no. D10, p. 4322, 2003.
[21] L. C. J. Heijmans and S. Jijdam, “Dust on a surface in a plasma:
A charge simulation,” Phys. Plasmas, vol. 23, no. 4, p. 043703, 2016.
[22] X. Wang, J. Colwell, M. Horanyi, and S. Robertson, “Charge of dust
on surfaces in plasma,” IEEE Trans. Plasma Sci., vol. 35, no. 2,
pp. 271–279, Apr. 2007.
[23] Y. J. Wang, “Charge characteristics of suspended sediment in Yangtze
River Estuary,” (in Chinese), Donghai Marine Sci., vol. 1, no. 4, pp.
23–29, 1983.
[24] L. Borgnino, M. Avena, and C. de Pauli, “Surface properties of
sediments from two Argentinean reservoirs and the rate of phosphate
release,” Water Res., vol. 40, no. 14, pp. 2659–2666, 2006.
[25] J. R. Kuttler and G. D. Dockery, “Theoretical description of the parabolic
approximation/Fourier split-step method of representing electromagnetic
propagation in the troposphere,” Radio Sci., vol. 26, no. 2, pp. 381–393,
1991.
[26] Y.-H. Chou and J.-F. Kiang, “Ducting and turbulence effects on radiowave propagation in an atmospheric boundary layer,” Prog. Electromag.
Res. B, vol. 60, pp. 301–315, 2014.
[27] D. Dockery and J. R. Kuttler, “An improved impedance-boundary
algorithm for Fourier split-step solutions of the parabolic wave equation,” IEEE Trans. Antennas Propag., vol. 44, no. 12, pp. 1592–1599,
Dec. 1996.
[28] K. Iwanami, R. Misumi, M. Maki, T. Wakayama, K. Hata, and
S. Watanabe, “Development of a multiparameter radar system on mobile
platform,” in Proc. Conf. Radar Meteorol., 2001, pp. 104–106.
[29] S. I. Ghobrial and S. Sharief, “Microwave attenuation and cross polarization in dust storms,” IEEE Trans. Antennas Propag., vol. 35, no. 4,
pp. 418–425, Apr. 1987.
[30] J. R. Probert-Jones, “The radar equation in meteorology,” Quart. J. Roy.
Meteorol. Soc., vol. 88, no. 378, pp. 485–495, 1962.
[31] M. Levy, Parabolic Equation Methods for Electromagnetic Wave Propagation. Piscataway, NJ, USA: IEEE Press, 2000.
Mu-Min Chiou was born in Pintung, Taiwan, in
1986. He received the B.S. and Ph.D. degrees in
electrical engineering from National Taiwan University, Taipei, Taiwan, in 2009 and 2016, respectively.
He has been with Media Tek, Hsinchu, Taiwan,
since 2015.

Jean-Fu Kiang received the Ph.D. degree in electrical engineering from the Massachusetts Institute of
Technology, Cambridge, MA, USA, in 1989.
He has been a Professor with the Department of
Electrical Engineering, Graduate Institute of Communication Engineering, National Taiwan University, Taipei, Taiwan, since 1999. He has applied
different ideas, theories, and methods to explore various electromagnetic phenomena and possible applications, including antennas, phased arrays, wave
propagation, inverse imaging, signal processing.

