
IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING, VOL. 57, NO. 7, JULY 2019 4407

Brightness Temperatures From Very Lossy Medium
With Near-Field Bistatic Transmission Coefficients

Zhi-Hong Lai and Jean-Fu Kiang

Abstract— The scattering fields from a very lossy medium
with a flat interface are computed by using a finite-difference
time-domain method. Near-field bistatic transmission coeffi-
cients (BTCs) are proposed, and the Planck’s law is extended
to nondispersive lossy medium to compute the brightness
temperatures from the lossy medium. The reciprocity relation on
BTCs is utilized to reduce the computational load. The efficacy
of the proposed method is verified by comparing the simulation
results with the literature.

Index Terms— Brightness temperature, finite-difference time-
domain (FDTD), lossy medium, near-field bistatic transmission
coefficient (BTC), Planck’s law.

I. INTRODUCTION

SPACEBORNE radiometers have been used in microwave
passive remote sensing to measure the brightness tem-

peratures, which are proportional to the specific intensity
emitted from the ground [1]. In Soil Moisture and Ocean
Salinity Mission, the brightness temperatures were measured
with an L-band interferometric radiometer to estimate the
soil moisture [2]. The Soil Moisture Active and Passive
Mission was conducted to collect globewise soil-moisture data,
with potential applications in hydrology, meteorology, and
agriculture [3].

In [4], a physical model of brightness temperatures, consid-
ering the temperature profile in the atmosphere, was proposed
to retrieve the ground emissivity. In microwave spectrum,
the Rayleigh–Jeans approximation is accurate enough to relate
the specific intensity to the physical temperature of the ground
and its surface emissivity [5]. In case the specific intensity is
emitted from various locations at different physical tempera-
tures, a more complicated formulation is needed [6], [7].

To characterize the emission from the ground to the
atmosphere over the surface, the bistatic transmission
coefficient (BTC) is conveniently defined as the ratio
between the transmitted specific intensity above the surface
to the incident-specific intensity just beneath it [7]–[9]. The
transmitted specific intensity is contributed by the incident-
specific intensities from all possible directions below the
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surface, weighted by direction-dependent BTCs. By power
conservation, the integration of BTCs over all directions plus
the integration of bistatic scattering coefficients (BSCs) over
all directions is equal to unity [10], [11]. However, the specific
intensities used to define BTCs and BSCs were conventionally
determined in the far-field region [1], which worked fine
in lossless media. In a lossy medium, the specific intensity
diffuses and decays exponentially in the far-field region due to
loss, leading to indeterminate BTCs and BSCs. In this paper,
near-field BTCs, which are defined in terms of the fields right
on the surface, are proposed to characterize the boundary
condition on the specific intensities. The resulting equation is
applicable to scenarios where a very lossy medium is involved.

Planck’s law was originally proposed under the circum-
stance of lossless medium [12], in which the specific intensity
is proportional to the energy density multiplied by the phase
velocity. In this paper, Planck’s law is extended to very lossy
media by reexamining the physical meaning of group velocity
and phase velocity. The brightness temperatures are then
computed in terms of the near-field BTCs and the extended
Planck’s law.

In this paper, the finite-difference time-domain (FDTD)
method [13]–[15] is used to compute the fields scattered
by a very lossy medium with a flat surface. In a typical
FDTD scheme, a perfectly matched layer (PML) is used
to truncate the computational domain. In [16], an FDTD
scheme with PML was applied to inhomogeneous, disper-
sive, and conductive media. In [17], a direct z-transform
with memory-minimized method was used to implement a
complex frequency-shifted (CFS) PML. Adopting higher order
PMLs [18] can usually absorb more artificially the reflected
waves near the border of the computational domain, at the cost
of more CPU time and memory. In [19], it was claimed that
regular PML works the best if only propagating waves are
present, and CFS-PML works the best if strong evanescent
waves are present and low-frequency propagating waves are
absent. In this paper, a stretched-coordinate PML [20] is
adopted.

This paper is organized as follows. The near-field BTCs are
defined in Section II; the boundary condition in terms of near-
field BTCs is presented in Section III; Planck’s law is extended
in Section IV; and the simulation results are discussed in
Section V. Finally, some conclusions are drawn in Section VI.

II. NEAR-FIELD BTCS

Fig. 1 shows a flat surface S between a lossy medium
(moistured soil) and air. The scattering of fields from region (1)
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Fig. 1. Scattering of fields at the flat surface S between the lossy medium
in region (1) and air in region (0).

to region (0) can be characterized in terms of near-field
BTCs as

ζ 01
pp′(k̂0u, k̂1u) = K0up(k̂0u)

K1up′(k̂1u)

where

K0up(k̂0u) = Re

{
|L0up′(k̂0u) + (−1)δp′ η0 N0up(k̂0u)|2

2η0

}

(in unit W-m2) is called the transmitted power strength at
p-polarization (p = h, v) in direction k̂0u , δh = 0, δv = 1,
N̄0u(k̂0u) (A-m/sr), and L̄0u(k̂0u) (V-m/sr) are the 2-D Fourier
transforms of the equivalent currents J̄e0u and M̄e0u , respec-
tively, on Huygens’ surface S+ slightly above surface S,
namely,

N̄0u(k̂0u) =
∫∫

S+
J̄e0u(r̄)e jk0 k̂0u ·r̄ ds

L̄0u(k̂0u) =
∫∫

S+
M̄e0u (r̄)e jk0k̂0u ·r̄ ds

where k0 is the wavenumber in free space. Note that the
geometrical information of Huygens’ surface is included in
N̄0u(k̂0u) and L̄0u(k̂0u). Similarly, the incident power strength
of a uniform plane wave (UPW) can be derived as

K1up′(k̂1u) = Re

{
|L1up(k̂1u) + (−1)δpη1 N1up′ (k̂1u)|2

2η1

}

= Re

{
2|E0|2

η1

}
|Rb(k̂1u)|2.

Conventionally, the BTC from region (1) to region (0) is
defined as

ξ01
pp′(k̂0u, k̂1u) = 4πr2

0 I0up(k̂0u)

P1up′(k̂1u)
(1)

where I0up(k̂0u) = Re{Ē0up(r̄0)× H̄ ∗
0up′(r̄0)} · k̂0u/2 is the far-

field transmitted power density at r̄0 = k̂0ur0. As elaborated
in Appendix I, the incident power is related to K1up′(k̂1u) as

P1up′(k̂1u) = K1up′(k̂1u)Vb(k̂1u)

4|Rb(k̂1u)|2
(2)

and the transmitted power density I0up(k̂0u) in the far-field
region is related to K0up(k̂0u) as

I0up(k̂0u) = k2
0

16π2r2
0

K0up(k̂0u). (3)

By substituting (2) and (3) into (1), the conventional BTC is
related to the near-field BTC as

ξ01
pp′(k̂0u, k̂1u) = k2

0|Rb(k̂1u)|2
πVb(k̂1u)

ζ 01
pp′(k̂0u, k̂1u). (4)

In case S is a flat surface, (4) reduces to

ξ01
pp′(k̂0u, k̂1u) = k2

0 cos θ1u A2
g

π XbYb
ζ 01

pp′(k̂0u, k̂1u). (5)

III. BOUNDARY CONDITION IN TERMS

OF NEAR-FIELD BTCS

The specific intensity can be derived from a plane-wave
solution [21] if the divergence effect is neglected. Otherwise,
the specific intensity is derived from a spherical-wave solution,
of which the magnitude is inversely proportional to the square
of the distance and decays exponentially with distance due to
medium loss. The required radiative transfer equation and its
solutions are briefly reviewed in Appendix II.

In this paper, a correction factor is proposed to account for
the deviation due to divergence and to compensate for the
difference in brightness temperatures. The specific intensity in
the air can be represented in terms of a plane-wave solution as

I (0)
0up(k̂0u, r0) = A′

0C0e−κa0r0 + C0T0 (6)

where κa0 and T0 are the absorption coefficient and the
physical temperature, respectively, in the air; and C0 is a
proportional constant under Rayleigh–Jeans approximation.
In practice, κa0 can be approximated as zero, hence (6) is
reduced to

I (0)
0up(k̂0u, r0) = A′

0C0 + C0T0. (7)

On the other hand, the specific intensity in terms of a spherical-
wave solution reads

I0up(k̂0u, r0)= A0 C0 e−κa0r0

r2
0

+C0T0

(
1 − 2

κa0r0
+ 2

κ2
a0 r2

0

)
.

If κa0 is approximated as zero, I0up(k̂0u, r0) is reduced to

I0up(k̂0u, r0) = A0C0 + C0T0

r2
0

. (8)

The atmospheric contribution can be removed from the
satellite measurement data in estimating the microwave
emissivities from land surfaces [4]. For example,
the International Satellite Cloud Climatology Project
provides cloud-flag information and ancillary data to estimate
the atmospheric contribution [22].

Based on (7) and (8), a correction factor of specific intensity
is defined as

Fc = I0up(k̂0u, r0)

I (0)
0up(k̂0u, r0)

= A0 + T0

A′
0 + T0

r−2
0 .

Assume the surface area of S enclosed in the computational
domain of the FDTD scheme is Ag = Lx L y . The power
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strength K0up(k̂0u) is related to K1up(k̂1u) and K1up′(k̂1u) from
all possible directions k̂1u’s as

Ag cos θ0u

Fcr2
0

K0up(k̂0u)

=
∫∫

d	1u
Ag

XbYb

×[
ζ 01

pp(k̂0u, k̂1u)K1up(k̂1u) + ζ 01
pp′(k̂0u, k̂1u)K1up′(k̂1u)

]
(9)

where Xb and Yb are defined in (44) and (45), respectively. The
projected surface area observed at r̄0 is Ag cos θ0u , subtending
a solid angle of Ag cos θ0u/r2

0 .
The power of an incident plane wave can be derived as

P1up′(k̂1u) = Vb(k̂1u)I (0)
1up′(k̂1u).

Combining with (36) and (42), the incident power strength
K1up′(k̂1u) can be represented as

K1up′(k̂1u) = 4 cos2 θ1u A2
g I (0)

1up′(k̂1u). (10)

By substituting (3) and (10) into (9), we have

cos θ0u I (0)
0up(k̂0u, r0)

= |k0|2 A2
g

4π2

∫∫
d	1u

cos2 θ1u

XbYb[
ζ 01

pp(k̂0u, k̂1u, r0)I (0)
1up(k̂1u)+ζ 01

pp′(k̂0u, k̂1u)I (0)
1up′(k̂1u)

]
. (11)

By substituting (5) into (11), we obtain the conventional
boundary condition

cos θ0u I (0)
0up(k̂0u, r0)

= 1

4π

∫∫
d	1u cos θ1u[

ξ01
pp(k̂0u, k̂1u)I (0)

1up(k̂1u) + ξ01
pp′(k̂0u, k̂1u)I (0)

1up′(k̂1u)
]
. (12)

If region (1) is lossless, the reciprocity relation between
conventional BTCs reads

k2
1 cos θ1uξ

01
pp′(k̂0u, k̂1u) = k2

0 cos θ0uξ
10
p′ p(−k̂1u,−k̂0u) (13)

which is derived in a similar manner to that between BSCs [1],
namely,

cos θ ′
0uγ

00
pp′(k̂0u,−k̂ ′

0u) = cos θ0uγ
00
p′ p(k̂

′
0u,−k̂0u)

where γ 00
p′ p(k̂

′
0u,−k̂0u) is the BSC in region (0), with the

incident wave at polarization p in the −k̂0u direction and
the scattering wave at polarization p′ in the k̂ ′

0u direction. By
substituting (13) into (12), we have

I (0)
0up(k̂0u, r0) = k2

0

4πk2
1

∫∫
d	1u

[
ξ10

pp(−k̂1u,−k̂0u)I (0)
1up(k̂1u)

+ ξ10
p′ p(−k̂1u,−k̂0u)I (0)

1up′(k̂1u)
]
. (14)

In [1, p. 284], the transmissivity tp(−k̂0u) is related to the
reflectivity rp(−k̂0u) by

tp(k̂0u) = 1 − rp(−k̂0u) (15)

where

rp(−k̂0u) = 1

4π

∫∫
d	′

0u

[
γ 00

pp(k̂
′
0u,−k̂0u) + γ 00

p′ p(k̂
′
0u,−k̂0u)

]
.

In this paper, the transmissivity is expressed in terms of
BTCs as

t ′p(−k̂0u)

= 1

4π

∫∫
d	1u

[
ξ10

pp(−k̂1u,−k̂0u) + ξ10
p′ p(−k̂1u,−k̂0u)

]
.

The principle of power conservation implies t ′p(−k̂0u) +
rp(−k̂0u) = 1, which is briefly reviewed in Appendix III.
By comparing with (15), we have t ′p(−k̂0u) = tp(−k̂0u).

If the surface S between two regions is flat, the cross-
polarized BTCs will be zero, hence (14) is reduced to

I (0)
0up(k̂0u, r0)= k2

0

4πk2
1

∫∫
d	1uξ

10
pp(−k̂1u,−k̂0u)I (0)

1up(k̂1u). (16)

If the flat surface extends to infinity, the copolarized BSCs
reduce to [1, p. 151]

γ 00
pp

(
k̂ ′

0u,−k̂0u
) = 4πrp(−k̂0u)δ

(
cos θ ′

0u − cos θ0u
)

×δ
(
φ′

0u − (φ0u − π)
)
.

Similarly, the BTCs reduce to

ξ10
pp(−k̂1u,−k̂0u)

= 4π tp(−k̂0u)δ
(

cos θ1u − cos θ s
1u

)
δ(φ1u − φ0u) (17)

where θ s
1u is determined by applying Snell’s law, with the

incident angle θ0u . By substituting (17) into (16) and impos-
ing (15), we have

I (0)
0up(k̂0u, r0) = k2

0

k2
1
[1 − rp(−k̂0u)]I (0)

1up(k̂1u)

which is the boundary condition derived in [1].
If region (1) is a very lossy medium, the conventional

BTCs adopted in (14) become zero as the specific intensity
vanishes exponentially with propagation distance in the far-
field region. On the other hand, (12) incorporates the near-field
BTCs proposed in this paper and is still applicable.

IV. PLANCK’S LAW IN NONDISPERSIVE LOSSY MEDIUM

The blackbody radiation (specific) intensity Iν (in unit of
watt/m2/Hz/sr) at frequency ν, which was originally derived in
a lossless medium [12], is proportional to the energy density
multiplied by the phase velocity in the medium. In this section,
the original formula is revisited for a possible extension to a
(very) lossy medium.

Assume the unpolarized energy radiated from a blackbody
propagates in a nondispersive lossy medium with permeabil-
ity μ0 and complex permittivity εm = εrmε0, with εrm =
ε′

rm − jε′′
rm . The phase velocity v p and the group velocity vg

in this medium can be represented as (see Appendix IV)

v p = ω

k ′ = c

Re{√εrm} = vg
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where k ′ = Re{(εrm)1/2}k0 and k ′′ = −Im{(εrm)1/2}k0.
The radiation energy density of a blackbody is related to its
physical temperature T (in unit of K) as [12]

uν = 8πhν3

v3
p

1

ehν/(κT ) − 1

where κ = 1.38 × 10−23 J/K is Boltzmann’s constant and
h = 6.626 × 10−34 J/Hz is Planck’s constant. Define the
specific intensity as the energy density multiplied by the group
velocity as

Iν = uνvg

4π
= 2hν3

v3
p

vg

ehν/(κT ) − 1
. (18)

At microwave frequencies, hν � κT , Rayleigh–Jeans approx-
imation applies and (18) is reduced to

Iν = 2ν2vgκT

v3
p

= 2Cm T (19)

with

Cm = κ

4π2k2
0

k ′3(k ′2 + k ′′2)
ε′

rm k ′ + ε′′
rm k ′′ .

If the medium is lossless, (19) reduces to

Iν = κT

2π2 ε′
rm k2

0 = 2κT

λ2
m

with λm = λ0/(ε
′
rm )1/2. For polarized radiation, Iνp = Iν/2 =

Cm T , with p = h, v.
The brightness temperatures Tbp0(k̂0u) and T s

bp(k̂1u) are
related to the specific intensities as

Tbp0(k̂0u) = I (0)
0up(k̂0u)

C0
, T s

bp(k̂1u) = I (0)
1up(k̂1u)

C1
(20)

where C0 = (κ/λ2
0) and C1 = (κ/4π2 k2

0)(k ′3
1 (k ′2

1 + k ′′2
1 )/

ε′
r1k ′

1 + ε′′
r1k ′′

1 ). By substituting (20) into (11), we have

Tbp0(k̂0u)

T1
= A2

g|k0|2C1

4π2 cos θ0uC0

∫∫
d	1u

cos2 θ1u

XbYb

× [
ζ 01

pp(k̂0u, k̂1u) + ζ 01
pp′(k̂0u, k̂1u)

]
. (21)

If region (1) is lossless and S is flat, by substituting (20)
into (14), with C1 = κ/λ1, we have

Tbp0(k̂0u)

T1
= 1

4π

∫∫
d	1u

× [
ξ10

pp(−k̂1u,−k̂0u) + ξ10
p′ p(−k̂1u,−k̂0u)

]
which is the conventional formula of brightness temperatures
contributed by region (1).

V. SIMULATIONS AND DISCUSSIONS

In the FDTD simulations, a tapered plane wave (TPW) is
formed by multiplying an incident UPW by a tapering function

G1u(r̄) = e−d2
θ (r̄,k̂1u )/(2r2

1θ )e−d2
φ(r̄,k̂1u )/(2r2

1φ)

where

r1θ = Lx cos θu1√−8 ln a
, r1φ = L y√−8 ln a

dθ (r̄ , k̂1u) = |r̄ · θ̂1u|, dφ(r̄ , k̂1u) = |r̄ · φ̂1u|.

Fig. 2. Brightness temperatures from a lossy medium (εr1 = 17 − j2) with
a flat interface, T1 = 300 K. (a) ———: Lx = L y = 8λ; —◦—: Lx = L y =
4λ; —�—: Lx = L y = 12λ; −−−: [11]; gray solid curve: coherent method
in [1]. (b) Brightness temperatures contributed by cross-polarized near-field
BTCs. ———: Tbhx , Lx = L y = 8λ; − − −: Tbvx , Lx = L y = 8λ;
—◦—: Tbhx , Lx = L y = 4λ; − − ◦ − −: Tbvx , Lx = L y = 4λ;
—�—: Tbhx , Lx = L y = 12λ; gray solid curve: Tbvx , Lx = L y = 12λ.

The incident power strength of the TPW is computed by
using (38) in Appendix I.

By applying the FDTD method to obtain ζ 01
pp and ζ 01

pp′
in (21), the computational load can be significantly reduced by
utilizing the reciprocity relation between the near-field BTCs,
under an incident TPW, as

|η1|4
Re{η1}2

Wa(−k̂0u)|k1|2 cos2 θ0u

Ag
ζ 10

p′ p(−k̂1u,−k̂0u)

= Wb(k̂1u)|k0η0|2 cos2 θ1u

XbYb
ζ 01

pp′(k̂0u, k̂1u) (22)

where Wb(k̂1u) is given in (43) and

Wa(k̂0u) =
∫∫

S
G2

0u(r̄)dxdy.

By substituting (22) into (21), the brightness temperatures are
computed as

Tbp0(k̂0u)

T1
= Ag|k1|2(|η1|4/Re{η1}2) cos θ0u Wa(k̂0u)C1

4π2|η0|2C0

×
∫∫

d	1u

[
ζ 10

pp(−k̂1u,−k̂0u)+ζ 10
p′ p(−k̂1u,−k̂0u)

]
Wb(k̂1u)

.

Fig. 2(a) shows the brightness temperatures from a lossy
medium (εr1 = 17 − j2) with a flat interface of sizes
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Fig. 3. Near-field BTCs (ζ 01
hh and ζ 01

hv ) at normal observation angle (θ0 = 0◦),
Lx = L y = 8λ. (a) ζ 01

hh over 0 ≤ θ1 ≤ 5◦ and 0 ≤ φ1 ≤ 360◦ . (b) ζ 01
hv over

0 ≤ θ1 ≤ 5◦ and 0 ≤ φ1 ≤ 360◦. (c) ζ 01
hh at φ1 = 0◦ (− − −) and ζ 01

hv at
φ1 = 90◦ (———), over 0 ≤ θ1 ≤ 5◦.

Lx = L y = 4λ, 8λ, and 12λ, respectively. The frequency
of the incident field is fc = 1.4 GHz (λ = 21.43 cm). The
effective conductivity of the medium is σ1 = 0.1558 S/m and
the skin depth is δ1 = 0.159λ = 0.0341 m. The wavelength
in the medium is estimated as λ1 = λ/Re{(εr1)

1/2} = 0.242λ.
The spatial interval in the FDTD scheme is chosen to be
�x = 0.05λ1 = 0.0121λ = 0.00259 m.

It is observed that the brightness temperatures with
Lx = L y = 12λ differ from those with Lx = L y = 8λ
by less than 1 K over θ0 < 40◦. The brightness temperatures
with Lx = L y = 4λ differ from those with Lx = L y = 8λ
by less than 3 K over θ0 < 20◦. To validate the proposed
method, we also show the data in [11], which were obtained
by assuming an incident UPW upon an infinite flat surface.
We also show the data in [1], which was based on the
fluctuation–dissipation theorem [23], which is briefly reviewed
in Appendix V. The results with Lx = L y = 8λ match
well with those in [11]. It appears that the surface size of

Fig. 4. Schematic of an h-polarized radiometer receiving, at normal
observation angle, a cross-polarized (v) wave and a copolarized (h) wave
from the lower medium.

Fig. 5. BTCs (ζ 01
hh and ξ01

hh ) versus incident angle θ1. (a) Near-field
BTC (ζ 01

hh ). (b) Conventional BTC (ξ01
hh ). θ0 = 10◦, φ1 = π ; –◦–: Lx =

L y = 4λ, ———: Lx = L y = 8λ, gray solid curve: Lx = L y = 12λ.

Lx = L y = 4λ is not large enough to model an incident UPW
upon an infinitely large surface.

Fig. 2(b) shows that the brightness temperatures Tbhx and
Tbvx , weighted by cross-polarized near-field BTCs, are less
than 10% of Tbh and Tbv , respectively, except at θ0 < 10◦. It is
observed that Tbhx is very close to Tbvx , leading to Tbvx/Tbv <
Tbhx/Tbh , which means Tbvx accounts for smaller proportion
in Tbv than Tbhx in Tbh . As the surface area increases from
4λ × 4λ to 12λ × 12λ, Tbhx and Tbvx decrease toward zero
except at θ0 = 0◦ where both Tbhx and Tbvx approach
Tbh/2 = Tbv/2 since both polarizations are physically the
same at normal incidence.

Fig. 3 shows the copolarized and cross-polarized near-field
BTCs, ζ 01

hh and ζ 01
hv , respectively, over a range of incident
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angle (θ1, φ1) and at normal observation angle θ0 = 0◦.
Fig. 3(c) shows that ζ 01

hh at φ1 = 0◦ and ζ 01
hv at φ1 = 90◦

are the same over 0 ≤ θ1 ≤ 5◦, which means the contribution
to the brightness temperature Tbh(θ0 = 0◦) via ζ 01

hv at φ1 = 90◦
is the same as that via ζ 01

hh at φ1 = 0◦.
Fig. 4 shows the schematic of using an h-polarized

radiometer to receive, at normal observation angle, a cross-
polarized (v) wave, and a copolarized (h) wave, respectively,
from the lower medium. The brightness temperature Tbh is
contributed by the received cross-polarized (v) and copolar-
ized (h) waves in all directions from the lower medium.
At normal observation angle (θ0 = 0◦), an incident v wave
at φ1 = 90◦, v̂(φ1 = 90◦), is the same as an incident h wave
at φ1 = 0◦, ĥ(φ1 = 0◦). Both polarizations contribute the
same amount to the h-polarized radiometer. If the observation
angle is oblique, an incident v wave at φ1 = 90◦ does not
make the same contribution to Tbh as an incident h wave
at φ1 = 0◦.

Fig. 5 shows the near-field BTC (ζ 01
hh ) and the conventional

BTC (ξ01
hh ), which are related by (5). The peak amplitudes

appear at θ1 = 2.41◦, which is related to the transmitting angle
θ0 = 10◦ by Snell’s law. It is observed that as the surface
area increases, both the copolarized near-field BTC and the
conventional BTC increase in peak amplitude and decrease in
beamwidth, centered at θ1 = 2.41◦.

VI. CONCLUSION

A rigorous approach is proposed to predict the brightness
temperatures from a very lossy half space, by defining near-
field BTCs and extending Planck’s law. Simulation results by
using the FDTD method verify the efficacy of this approach.

APPENDIX I
INCIDENT POWER STRENGTH IN FDTD SCHEME

In FDTD simulations, the incident UPW is multiplied
by a tapering function to form a TPW. The electric field
Ē1up′(r̄) of an incident TPW, at p′ polarization in medium 1,
is represented as

Ē1up′(r̄) = p̂′E0G1u(r̄)e− j k̄1u ·r̄ (23)

where E0 is the amplitude at the origin, k̄1u = x̂k1 sin θ1u

cos φ1u + ŷk1 sin θ1u sin φ1u + ẑk1 cos θ1u , with k1 = k ′
1 − jk ′′

1 ,
and

G1u(r̄) = e−d2
θ (r̄,k̂1u )/(2r2

1θ )e−d2
φ(r̄,k̂1u )/(2r2

1φ)

is the tapering function, with

r1θ = Lx cos θ1√−8 ln a
, r1φ = L y√−8 ln a

dθ (r̄ , k̂1u) = |r̄ · θ̂1u|, dφ(r̄ , k̂1u) = |r̄ · φ̂1u|
where a is a tapering parameter, with 0 < a < 1.

The incident power of the TPW upon surface S is

P1up′(k̂1u) = Re

{ |E0|2
2η∗

1

}
Ub(k̂1u) (24)

where

Ub(k̂1u) =
∫∫

S
e−2k′′

1 k̂1u ·r̄ G2
1u(r̄)k̂1u · n̂ds.

The corresponding incident power strength is

K1up′(k̂1u) = C f Re

{
|L1up(k̂1u)+(−1)δpη1 N1up′ (k̂1u)|2

2η1

}

(25)

where the correction factor C f approaches unity when the
TPW reduces to UPW as a → 1.

The equivalent surface currents on S are

J̄e1u(r̄) = n̂ × H̄1up(r̄), M̄e1u(r̄) = Ē1up′(r̄) × n̂ (26)

which are Fourier transformed to have

L̄1u(k̂1u) =
∫∫

S
M̄e1ue jk1k̂1u ·r̄ ds (27)

N̄1u(k̂1i) =
∫∫

S
J̄e1ue jk1k̂1u ·r̄ ds. (28)

The p̂ component of M̄e1u(r̄) and the p̂′ component of J̄e1u(r̄)
are derived as

M̄e1u(r̄) · p̂ = (−1)δp′+1 E1up′(r̄)k̂1u · n̂ (29)

J̄e1u(r̄) · p̂′ = E1ip′(r̄)

η1
k̂1u · n̂ (30)

where δφ = 0, δθ = 1, and H1up(r̄) = (−1)δp′+1 E1up′(r̄)/η1.
By substituting (29), (30), and (23) into (27) and (28),
we obtain

L1up(k̂1u) = (−1)δp′+1 E0 Qb(k̂1u) (31)

N1up′(k̂1u) = E0

η1
Qb(k̂1u) (32)

where

Qb(k̂1u) =
∫∫

S
G1u(r̄)k̂1u · n̂ds.

Equations (31) and (32) imply that

L1up(k̂1u) + (−1)δpη1 N1up′(k̂1u) = (−1)δp 2E0 Qb(k̂1u). (33)

By substituting (33) into (25), we have

K1up′(k̂1u) = Re

{
2|E0|2

η1

}
|Qb(k̂1u)|2C f . (34)

Dividing (34) by (24), we obtain

K1up′(k̂1u)

P1up′(k̂1u)
= 4

|Qb(k̂1u)|2C f

Ub(k̂1u)
. (35)

If the TPW is reduced to UPW, we have C f = 1 and
G1u(r̄) = 1, then (35) is reduced to

K1up′(k̂1u)

P1up′(k̂1u)
= 4

|Rb(k̂1u)|2
Vb(k̂1u)

. (36)

By imposing a constraint that the ratio of the incident power
strength to the incident power remains the same whether the
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incident field is a TPW as in (35) or a UPW as in (36),
the correction factor is derived as

C f = Ub(k̂1u)

Vb(k̂1u)

|Rb(k̂1u)|2
|Qb(k̂1u)|2

. (37)

By substituting (37) into (34), the incident power strength of
a TPW has the explicit form of

K1up′(k̂1u) = Re

{
2|E0|2

η1

}
Ub(k̂1u)

|Rb(k̂1u)|2
Vb(k̂1u)

. (38)

The conventional BTC is defined as

ξ01
pp′(k̂0u, k̂1u) = lim

r0→∞
4πr2

0 I0up(k̂0u)

P1up′(k̂1u)
. (39)

The transmitted power density I0up(k̂0u) in the far-field region
can be represented in terms of K0up(k̂0u) as

I0up(k̂0u) = k2
0

16π2r2
0

K0up(k̂0u). (40)

By substituting (36) and (40) into (39), the conventional BTC
is related to the near-field BTC as

ξ01
pp′(k̂0u, k̂1u) = k2

0 |Rb(k̂1u)|2
πVb(k̂1u)

ζ 01
pp′(k̂1u). (41)

If S is a flat surface, Ub(k̂1u), Vb(k̂1u), Qb(k̂1u), and Rb(k̂1u)
are reduced to

Ub(k̂1u) = cos θ1uWb(k̂1u), Vb(k̂1u) = cos θ1u XbYb,

Qb(k̂1u) = cos θ1u Zb(k̂1u), Rb(k̂1u) = cos θ1u Ag (42)

where Ag = Lx L y

Wb(k̂1u) =
∫∫

S
e−2k′′

1 k̂1u ·r̄ G2
1u(r̄)dxdy (43)

Zb(k̂1u) =
∫∫

S
G1u(r̄)dxdy

Xb = sinh
(
k ′′

1 sin θ1u cos φ1u Lx
)

k ′′
1 sin θ1u cos φ1u

(44)

Yb = sinh
(
k ′′

1 sin θ1u sin φ1u L y
)

k ′′
1 sin θ1u sin φ1u

(45)

and (41) is reduced to

ξ01
pp′(k̂0u, k̂1u) = k2

0 cos θ1u A2
g

π XbYb
ζ 01

pp′(k̂0u, k̂1u).

If region (1) is lossless (k ′′
1 = 0), then XbYb = Ag . The

correction factor C f in (37) is reduced to

C f = Wb(k̂1u)A2
g

|Zb(k̂1u)|2 XbYb
. (46)

Fig. 6. Specific intensity through a differential volume dV .

Fig. 7. Three mechanisms that contribute to the total power in dV .

APPENDIX II
RADIATIVE TRANSFER EQUATION INCLUDING

DIVERGENCE EFFECT

Fig. 6 shows the specific intensity through a differential
volume dV in a random medium, which has a differential
length ds along the ŝ direction. The specific intensities enter-
ing and leaving dV are Iin(ŝ, r̄in) and Iout(ŝ, r̄out), respectively.
The specific intensity I (ŝ, r̄) spreads over a differential solid
angle d	 around direction ŝ. The differential cross sections
at r̄in and r̄out are related to the propagation distance s
as d A1 = s2 d	 and d A2 = (s + ds)2 d	, respec-
tively. Thus, the differential volume can be represented as
dV = d	(3s2 ds + 3sds2 + ds3)/3.

The net power d P emitted by specific intensities from dV is

d P = −Iin(ŝ, r̄in)d A1 + Iout(ŝ, r̄out)d A2

= −I (ŝ, r̄ )d A1 + I (ŝ, r̄ + ŝds)d A2

= d	

{
s2 d I

ds
ds + I (ŝ, r̄ + ŝds)(2sds + ds2)

}
(47)

where

d I

ds
= lim

ds→0

I (ŝ, r̄ + ŝds) − I (ŝ, r̄)

ds

is the spatial rate of I (r̄ , ŝ) in direction ŝ.
Fig. 7 shows three mechanisms that contribute to the total

power in dV . The power due to extinction in dV is

d Pex = −κe I (ŝ, r̄ )dV (48)

where κe is the extinction cross section per unit volume. The
emission power from particles in dV is

d Pem = Pem(ŝ, r̄)dV (49)

where Pem(r̄, ŝ) (watt/m3/sr/Hz) is the emission power per
unit volume, per unit solid angle, and per unit frequency.
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The power scattered from all directions into volume dV can
be represented as

d Pbs =
∫∫

4π
ζ(ŝ, ŝ′)I (ŝ′, r̄)dV d	′ (50)

where ζ(ŝ, ŝ′) (m2/m3/sr) is the bistatic scattering cross section
per unit volume and per unit solid angle. The total power in
dV is obtained by adding (48)–(50) to have

d P = d Pex + d Pem + d Pbs = dV[
−κe I (ŝ, r̄) + Pem(ŝ, r̄) +

∫∫
4π

ζ(ŝ, ŝ′)I (ŝ′, r̄)d	′
]
.

(51)

By equating the expressions in (47) and (51), which indicate
the same d P , we have

s2 d I (ŝ, r̄)

ds
+ I (ŝ, r̄ + ŝds)(2s + ds)

= 1

3
(3s2 + 3sds + ds2)[
−κe I (ŝ, r̄ ) + Pem(ŝ, r̄) +

∫∫
4π

ζ(ŝ, ŝ′)I (ŝ′, r̄)d	′
]
.

(52)

By taking the limit of ds → 0, (52) is reduced to

d I (ŝ, r̄)

ds
=

(
−κe − 2

s

)
I (ŝ, r̄) + Pem(ŝ, r̄)

+
∫∫

4π
ζ(ŝ, ŝ′)I (ŝ′, r̄)d	′ (53)

which is the radiative transfer equation, including the diver-
gence effect of specific intensity.

Under Rayleigh–Jeans approximation, the emission power
takes the form

Pem(r̄) = κa(r̄)Ibp = κa
κT

λ2
m

where Ibp = κT/λ2
m (watt/m2/Hz/sr) is the specific intensity

at polarization p, κa = κe − κs is the absorption coefficient,
with κs the scattering coefficient, κ = 1.38 × 10−23 J/K is
Boltzmann’s constant, and λm is the wavelength in medium
m. Thus, (53) is reduced to

d I (ŝ, r̄)

ds
=

(
−κe − 2

s

)
I (ŝ, r̄) + κa

κT

λ2
m

+
∫∫

4π
ζ(ŝ, ŝ′)I (ŝ′, r̄)d	′. (54)

In a homogenous medium without volume scattering, κs = 0
and ζ(ŝ, ŝ′) = 0, (54) is further reduced to

d I (ŝ, r̄)

ds
=

(
−κa − 2

s

)
I (ŝ, r̄ ) + κa

κT

λ2
m

(55)

of which the solution is

I (ŝ, r̄) = AC
e−κas

s2 + CT

(
1 − 2

κas
+ 2

κ2s2

)

where A is a constant to be determined and C = κ/λ2
m .

If the divergence effect is neglected, which implies
2/s � κa in (55), hence (55) is reduced to

d I (0)(ŝ, r̄)

ds
= −κa I (0)(ŝ, r̄) + κa

κT

λ2
m

of which the solution is

I (0)(ŝ, r̄) = A′Ce−κas + CT

where A′ is a constant to be determined. If the medium is
lossless (κa = 0), then the solution of (55) becomes

I (ŝ, r̄) = AC + CT

s2 .

APPENDIX III
POWER CONSERVATION IN TERMS OF

CONVENTIONAL BTCS AND BSCS

In case the media in Fig. 1 are lossless, the conventional
BTC from region (0) to region (1) is defined as

ξ10
pp′(k̂1d, k̂0d ) = 4πr2

1 |Ē1dp(r̄1)|2/(2η1)

P0dp′(k̂0d)

where r̄1 = k̂1dr1 is in the far-field region

P0dp′(k̂0d) =
∫∫

S
ds

|Ē0dp′(r̄)|2
2η0

(−k̂0d) · n̂

is the incident power, and n̂ is the surface normal pointing
upward. The conventional BSC in region (0) can be defined
as

γ 00
pp′(k̂0u, k̂0d) = 4πr2

0 |Ē0up(r̄0)|2/(2η0)

P0dp′(k̂0d)
(56)

where r̄0 = k̂0ur0 is in the far-field region. The incident power
on a surface of area Ag , at an incident angle θ0, reads

P0dp′(k̂0d) = |Ē0dp′ |2
2η0

Ag cos θ0

then (56) is reduced to

γ 00
pp′(k̂0u, k̂0d) = lim

r0→∞
4πr2

0 |Ē0up(r̄0)|2
|Ē0dp′ |2 Ag cos θ0

which is the same as in [1, p. 68].
The principle of power conservation indicates that the

incident power is equal to the sum of the scattered power
P0u(k̂0u) and the transmitted power P1d (k̂1d), namely,

P0dp′(k̂0d) = P0u(k̂0u) + P1d(k̂1d) (57)

where P0u(k̂0u) and P1d(k̂1d) can be represented in terms of
BSCs and BTCs as

P0u(k̂0u) = 1

4π

∫∫
2π

d	0u

×[
γ 00

pp′(k̂0u, k̂0d)+γ 00
p′ p′(k̂0u, k̂0d)

]
P0dp′(k̂0d) (58)

P1d(k̂1d) = 1

4π

∫∫
2π

d	1d

×[
ξ10

pp′(k̂1d, k̂0d )+ξ10
p′ p′(k̂1d, k̂0d)

]
P0dp′(k̂0d). (59)
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By substituting (58) and (59) into (57), we have

rp′ + tp′ = 1

where

rp′(k̂0d) = 1

4π

∫∫
2π

d	0u
[
γ 00

pp′(k̂0u, k̂0d) + γ 00
p′ p′(k̂0u, k̂0d )

]
is the reflectivity [1], and

tp′(k̂0d) = 1

4π

∫∫
2π

d	1d
[
ξ10

pp′(k̂1d, k̂0d ) + ξ10
p′ p′(k̂1d , k̂0d)

]
is the transmissivity.

APPENDIX IV
GROUP VELOCITY IN A NONDISPERSIVE

LOSSY MEDIUM

The wavenumber in a nondispersive lossy medium is
k = k ′− jk ′′ = k0(εrm)1/2, which implies k ′ = Re{(εrm)1/2}k0
and k ′′ = −Im{(εrm)1/2}k0, where εrm = ε′

rm − jε′′
rm is

the relative dielectric constant of the medium, and k0 is the
wavenumber in free space. The group velocity in the lossy
medium is defined as vg = dω/dk ′. The real part and
imaginary part of the dispersion relation, k2 = ω2μ0ε0εrm ,
are

k ′2 − k ′′2 = ω2μ0ε0ε
′
rm (60)

2k ′k ′′ = ω2μ0ε0ε
′′
rm . (61)

By taking the total differential of (60) and (61), we have

k ′dk ′ − k ′′dk ′′ = ωdωμ0ε0ε
′
rm (62)

k ′dk ′′ + k ′′dk ′ = ωdωμ0ε0ε
′′
rm . (63)

Divide (62) and (63), respectively, by dk ′ to have

k ′ − k ′′ dk ′′

dk ′ = ωμ0ε0
dω

dk ′ ε
′
rm (64)

k ′ dk ′′

dk ′ + k ′′ = ωμ0ε0
dω

dk ′ ε
′′
rm . (65)

Multiply (64) by k ′, multiply (65) by k ′′, then sum up the
results to have

k ′2 + k ′′2 = ωμ0ε0
dω

dk ′
(
k ′ε′

rm + k ′′ε′′
rm

)
leading to

dω

dk ′ = k ′2 + k ′′2

ωμ0ε0
(
k ′ε′

rm + k ′′ε′′
rm

)
= c

(Re{√εrm})2 + (Im{√εrm})2

ε′
rmRe{√εrm} − ε′′

rm Im{√εrm } (66)

where c is the speed of light in free space. The dielectric
constant in the lossy medium and its square root can be
represented as

εrm = ε′
rm − jε′′

rm = re jθ = r(cos θ + j sin θ)√
εrm = √

re jθ/2 = √
r [cos(θ/2) + j sin(θ/2)]

which imply

ε′
rm = r cos θ, ε′′

rm = −r sin θ (67)

Re{√εrm} = √
r cos(θ/2), Im{√εrm} = √

r sin(θ/2). (68)

By using the trigonometrical identities, cos θ = cos2(θ2) −
sin2(θ/2) and sin θ = 2 sin(θ/2) cos(θ/2), (67) and (68) are
transformed to

ε′
rm = Re{√εrm}2 − Im{√εrm}2 (69)

ε′′
rm = −2Re{√εrm }Im{√εrm}. (70)

By substituting (69) and (70) into (66), we have

vg = c

Re{√εrm} = ck0

k ′ = ω

k ′ = v p

where the phase velocity in the lossy medium defined as
v p = ω/k ′.

APPENDIX V
BRIGHTNESS TEMPERATURES VIA FLUCTUATION

DISSIPATION THEOREM

The fluctuation–dissipation theorem was proposed to
describe the fluctuating electromagnetic fields in a dissipative
body emitted by spontaneous local electric and magnetic
moments arising from thermally induced random motions of
its constituent charges [23]. It is assumed that the fluctuating
electric dipole moments P̄ between the neighboring volume
elements are uncorrelated, namely,

〈
P̄(r̄s , ω)P̄†(r̄ ′

s , ω
′)〉 = jκT

2πω
(ε − ε∗)δ(ω − ω′)δ

(
r̄s − r̄ ′

s

) ¯̄I

where P̄† stands for the Hermitian of P̄ and ¯̄I is the identity
matrix. The equivalent current source accounting for the ther-
mal radiation is J̄(r̄s , ω) = jω P̄(r̄s, ω), with the expectation
value of 〈 J̄ (r̄s , ω)〉 = 0 and the correlation of

〈
J̄ (r̄s, ω) J̄ †(r̄ ′

s , ω
′)〉= 4

π
ωε′′(r̄s)κT (r̄s)δ(ω − ω′)δ(r̄s − r̄ ′

s)
¯̄I

where ω > 0 and ε = ε′− jε′′. The electric field in the thermal
emission can be represented in terms of the dyadic Green’s
function as Ē(r̄ , ω) = − jωμ

∫∫∫
dr̄s

¯̄G(r̄, r̄s ) · J̄(r̄s , ω). The
power density in the (lossless) far-field region can then be
represented as

lim
r→∞

〈Ē(r̄ , ω)Ē†(r̄ ′, ω′)〉r2

2η0

= lim
r→∞

2ω3μ2r2

πη0
δ(ω − ω′)

×
∫∫∫

V1

dr̄sε
′′(r̄s)κT (r̄s)

¯̄G01(r̄ , r̄s) · ¯̄G†
01(r̄ , r̄s)

where ¯̄G01 is the dyadic Green’s function with source in the
lower half space and the field point in the upper (lossless)
half space. The thermal emission power within an infinites-
imal solid angle d	 about direction r̂ over an infinitesimal



4416 IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING, VOL. 57, NO. 7, JULY 2019

frequency band �ω about ω is computed as [1]

Pαβ(r̄ , t)

= lim
r→∞ r2d	

∫
�ω

dω

∫
�ω

dω′e j (ω−ω′)t

× α̂ · 〈Ē(r̄ , ω)Ē†(r̄ ′, ω′)〉 · β̂
2η0

= lim
r→∞ 16π2η0r2 κ�ω

2πλ2 d	

×
∫∫∫

V1

dr̄sωε′′(r̄s)T (r̄s)α̂ · ¯̄G01(r̄ , r̄s) · ¯̄G†
01(r̄ , r̄s) · β̂.

The brightness temperatures are determined in terms of Pαβ

as[
Tbv (	i )
Tbh(	i )

]
=

[
Pvv

Phh

]
λ2

κ�ν A0 cos θid	

= lim
r→∞

16π2ηr2

A0 cos θi

∫∫ ∫
V1

dr̄sωε′′
2 (r̄s)T (r̄s)

×
[

v̂(	i ) · ¯̄G01(r̄ , r̄s) · ¯̄G†
01(r̄ , r̄s) · v̂(	i )

ĥ(	i ) · ¯̄G01(r̄ , r̄s) · ¯̄G†
01(r̄ , r̄s) · ĥ(	i )

]
.
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