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ABSTRACT Nitrogen-vacancy (NV) ensembles are viable magnetometers to be implemented on nanosatel-
lites for monitoring geomagnetic fluctuations, which are credible precursors for predicting earthquakes at
short notice. In this work, a Haar wavelet-based quantum sensing method is proposed to reconstruct the
time-varying waveform of geomagnetic fluctuations in the very low frequency band. To collect different
frequency components of fluctuations waveform at once, we propose a schematic to employ multiple NV
ensembles (NVEs), with each controlled by an independent microwave source. Berry sequences are applied
on one set of NVEs to extract the scaling coefficients from accumulated geometric phases to reconstruct
near-dc components of a waveform. Spin-echo sequences are applied to another set of NVEs to extract
the Haar wavelet coefficients from the dynamic phases to reconstruct high-frequency components. The
efficacy of the proposed sensing protocol implemented on multiple NVEs is validated by reconstructing
a waveform of geomagnetic fluctuations from a DEMETER satellite dataset through simulations. Each
NVE is assumed to contain N = 108 uncorrelated NV centers. The application of a Berry sequence to each
NVE can achieve the maximum detectable magnetic field of over 460 μT, resolving the issues of phase
ambiguity and hyperfine-induced detuning if conventional Ramsey sequence were applied. The feasibility
of the proposed simulation scenario considering spin-bath noise within an NVE is justified by simulations.
The effects of wavelet scales, Rabi frequency in Berry sequence, and number of NV centers in each NVE are
analyzed. The proposed NVE quantum sensors operated with the proposed sensing protocol can be installed
on nanosatellites to monitor global geomagnetic fluctuations, with sub-μs temporal resolution in the near
future.

INDEX TERMS Berry phase, geomagnetic fluctuations, Haar wavelet, nitrogen-vacancy ensemble (NVE),
quantum sensing, spin-bath noise, spin echo sequence, waveform reconstruction.

I. INTRODUCTION
Negatively charged nitrogen-vacancy (NV) centers in dia-
mond have been engineered for sensingmagnetic and electric
fields, mechanical strain, and temperature with high temporal
resolution and high sensitivity [1]. Ensemble of NV centers
can be used in wide-field microscopic imaging for in-situ
studies of electronic, chemical, and biological devices [2],
[3]. NV centers were also explored for novel applications in
navigation [4], biological electromagnetism at the cellular
level [5], and condensed matter physics, such as probing
superconducting vortices and noise currents [6].

Besides their versatile applications, NV centers can toler-
ate harsh environments with temperatures from cryogenic to
600 K and pressure over 13 GPa [5]. These merits make NV
centers and NV ensembles (NVEs) viable as satellite-borne
sensors for space explorations.
However, satellite-borne quantum sensors for geomag-

netic field measurements were rarely discussed. In [7],
the low-frequency geomagnetic-field intensity was detected
by using a hybrid technique based on NV optically de-
tected magnetic resonance and magnetic flux concentrator.
However, the idea of using quantum sensors for detecting
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geomagnetic fluctuations at kHz frequency and sub-nT level
was not found in the literature.
The convection currents in the Earth’s outer core induce a

geomagnetic field of about tens of μT in the ionosphere [8].
Seismic or solar activities may induce geomagnetic fluctua-
tions in the ionosphere and the magnetosphere [9], [10], with
a magnitude of sub-nT during a geomagnetically quiet pe-
riod, and thousands of nT at severe storms [8]. Global distri-
bution of geomagnetic fluctuations in real-time can provide
valuable information for studies in seismology, geophysical,
and solar activities [11].

Geomagnetic fluctuations are credible earthquake precur-
sors and have been recorded with conventional magnetome-
ters in many events [12]. However, many earthquakes may be
missed due to limited coverage of ground-based or airborne
magnetometers. On the other hand, satellite-borne sensors
can be installed onboard low-Earth orbit (LEO) satellites,
with an altitude of 160–2000 km, to cover the whole Earth’s
surface and predict earthquakes by monitoring geomagnetic
anomalies [13].

A. REVIEW ON CONVENTIONAL MAGNETOMETERS FOR
EARTH OBSERVATION
In the 21st century, various conventional magnetometers
have been deployed on terrestrial satellites for geoscience
and remote sensing studies, including geomagnetic field
observations [14], [15].
Advanced fluxgate magnetometers (FGMs) have been

widely adopted in space missions, partly for their rel-
atively low size, weight, and power (SWaP). They can
achieve sensitivity below 10 pT/

√
Hz and dynamic range

over 60 000 nT [16]. However, FGMs require frequent cali-
bration because their scale factors and voltage offsets change
with time and temperature [17].

Helium magnetometers have a fine magnetic field reso-
lution of 5 pT but a narrow operation bandwidth, which
can be used as an auxiliary magnetometer for calibrating an
FGM [14]. A search-coil magnetometer is inherently sensi-
tive to kHz magnetic fields [12]. Hence, a wideband magne-
tometer can be realized by integrating an FGM, for its good
near-dc sensitivity, and a search-coil magnetometer [18].
Both proton-precession magnetometers based on nuclear

magnetic resonance and optically pumped magnetometers
based on electron-spin are endowed with a superior dynamic
range of ∼ 100 μT, while maintaining sensitivity of ∼ 50
pT/

√
Hz. However, both are bulky in size, consume more

than 10W of power, and weigh several kilograms, constrain-
ing their application onboard satellite [17].

Both proton-precession magnetometer and FGM were in-
stalled onboard Ørsted (launched in 1999) and CHAMP
(launched in 2000) satellites [15], [19]. Search-coil mag-
netometer was utilized in DEMETER satellite (launched in
2004) for sensing ac magnetic field [20]. Vector FGMs were
installed on satellites of Cryosat-2 (launched in 2010) and
Swarm (launched in 2013) [15], [21].

The DEMETER is a microsatellite launched by
Centre National d’Etudes Spatiales (CNES) for seismo-
electromagnetic studies, which was concluded in December
2010 [20]. The electromagnetic signals recorded by the
DEMETER satellites have been used to study the ionospheric
response to anthropogenic activities and natural phenomena
like earthquakes, tsunamis, and volcano eruptions [11].
Waveforms and magnetic-field spectra in 3 Hz–3 kHz
[extremely low frequency (ELF)] and 3–30 kHz [very low
frequency (VLF)] were recorded [22] to explore seismo-
magnetic phenomena [23], [24] and geomagnetic storms
induced by solar winds [25], [26].
A Swarm constellation of LEO satellites was deployed by

the European Space Agency and is currently operational at an
altitude of 450 km for observing the geomagnetic field [21].
The onboard vector field magnetometer has a wide dynamic
range from sub-nT to 65 000 nT, at a sensitivity of a few
nT/

√
Hz [21]. However, it has a low sampling rate of 50 Hz,

and its operating temperature is limited between −20 and
40 ◦C [21].
Energy-efficient nanoscale quantum sensors are promising

candidates for magnetometers onboard micro and nanosatel-
lites to measure geomagnetic fields. Examples of these sen-
sors include NV centers, atomic vapor cells, microelectrome-
chanical systems, and optomechanical magnetometers. Their
sensitivity can be further improved by reducing noise and
decoherence, possibly via exploiting quantum features like
light squeezing and entanglement.
Quantum sensors based on superconducting quantum in-

terference devices (SQUIDs) can achieve sensitivity of sub-
fT/

√
Hz and a wide operational bandwidth from dc to

GHz [27]. A ground-based mobile SQUID magnetometer
has been applied for measuring atmospheric noise at ELF
and VLF bands [28]. However, SQUIDs can only be oper-
ated in helium-based cryogenic systems, which are bulky and
energy-consuming to go onboard micro/nanosatellites.

B. ADVANTAGES AND POTENTIALS OF NVE
MAGNETOMETERS ONBOARD SATELLITES
NVEmagnetometers based on bulk diamond have the merits
of operating at room temperature [29], under high pressure
and ambient magnetic fields, without resorting to strong bias
fields. It is also possible to extend NVE magnetometers for
measuring components of a vector magnetic field by lever-
aging the four crystallographic orientations of NV centers
within the diamond lattice [30].

The sensitivity and the signal-to-noise ratio (SNR) of an
NVE magnetometer can be improved by a factor of

√
NNV if

the number of spins in an NVE is increased by NNV folds,
assuming the readout signals from individual NV centers
are uncorrelated. In [31], an NVE magnetometer embedding
∼ 1011 NV centers achieved sensitivity of 9 pT/

√
Hz, by us-

ing a 400 mW laser to perform optical initialization and read
out. Its sensitivity can be further improved to 400 fT/

√
Hz by

applying the dynamical decoupling (DD) technique.
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In [32], the magnetic field within an NVE magnetometer
was enhanced by utilizing a magnetic flux concentrator made
of structured magnetic materials to achieve a sensitivity of
0.9 pT/

√
Hz in the 10-1000 Hz range, supported with laser

power of 200 mW and microwave power of 20 mW. The
current sensitivity of NVE magnetometers is close to that of
conventional FGMs, and can be further improved. However,
the number of photons and hence the required laser power
for optical initialization also scale up with the number of
NV centers [33]. Considerable power is also consumed for
readout and microwave spin control of NVE sensors.
However, high stability and strong environmental re-

silience of NVE sensors make them viable as next-generation
quantum sensors to onboard satellites formeasuring geomag-
netic fields, space weather, and atmospheric dynamics [34].
A quantum sensing network [35], [36] based on a LEO
nanosatellite constellation is envisioned to observe geomag-
netic fluctuations globe-wise, achieving time resolution of
microseconds and sensitivity of pT/

√
Hz [31].

Integrated and portable NVE magnetometers have the
merits of economic SWaP design [29], making them promis-
ing to be installed on nanosatellites. In 2021, a prototype
of portable NVE magnetometers with a sensitivity of 344
pT/

√
Hz and a total operational power of∼ 5Wwas demon-

strated by integrating a single-mode fiber, photodiodes, a
23.5 mW laser module with a size of 35 × 110 × 115 mm3,
a microwave source, and a Helmholtz coil for compensating
geomagnetic field [29]. A portable NVE quantum sensor for
magnetometry and thermometry of batteries in electric vehi-
cles was proposed in 2021 [37]. It had the size of 35 × 30 ×
30 mm3 and achieved a sensitivity of 3.5 nT/

√
Hz, supported

with a 100mW laser. In 2022, a portable NVEmagnetometer
with a size of 4 × 4 × 3 cm3 was integrated with a 10 mW
diode laser and achieved a sensitiviy of 1.43 nT/

√
Hz [38].

In short, NVE sensors can be miniaturized to several cm3 in
size, conducive to Earth observation applications based on
nanosatellites.

C. PROTOCOLS FOR SENSING MAGNETIC WAVEFORM
Direct Ramsey sensing method is the most straightforward
waveform reconstruction method [39], by probing a brief
interval of the waveform at a time. The waveform can be
directly reconstructed without postprocessing. However, this
method has limited time resolution and poor sensitivity due
to short sensing time.
In [39], a quantum sensing protocol, based on a single

NV center, was proposed to restore an arbitrary waveform
without postprocessing. It achieved a time resolution of 20 ns
and a sensitivity of about 4 μT/

√
Hz. The sensitivity can

be further improved to 400 pT/
√
Hz by using an NVE con-

taining 108 NV centers. However, this approach required the
target waveform to repeat at least twice, making it unsuit-
able for sensing nonrepeatable waveforms of geomagnetic
fluctuations.
High temporal resolution is crucial to capture the kHz

features in geomagnetic fluctuations. A plausible method

is to apply orthogonal bases, such as wavelet functions or
Walsh functions, to represent a waveform in terms of a few
basis coefficients, which are acquired with multiple quantum
sensors in one shot.
Walsh-based method has been used in quantum sensing

of time-varying magnetic fields [40]. By utilizing Ramsey
sequence and DD sequences, like spin-echo and Carr–
Purcell–Meiboom–Gill sequences, different frequency com-
ponents of a waveform can be encoded inWalsh coefficients.
An inverse Walsh transform is then performed to reconstruct
the waveform in terms of these Walsh coefficients. Simi-
larly, the Haar wavelet-based method can be implemented
by applying Ramsey sequences and spin-echo sequences to
derive the coefficients of scaling functions and Haar wavelet
functions, respectively.
More details of wavelet transform can be found in the

paper by Daubechies [41] about theories and mathemati-
cal derivations. A comprehensive review on wavelet trans-
form and its applications can be found in the textbook by
Mallat [42].
However, the intrinsic detuning attributed to hyperfine in-

teractions results in phase ambiguity if Ramsey sequences
are applied on NVEs, hence the accumulated dynamic phase
from readout cannot be mapped to the true magnetic field.
In this work, Ramsey sequences are replaced with Berry
sequences, to extract the geometric phase and reconstruct
near-dc components.
Simulation results of reconstructing magnetic waveform

using either Haar or Walsh functions manifest pulse-like
artifacts attributed to the pulse-shaped basis functions.
Such artifacts can be alleviated by adopting Daubechies
wavelets with higher smoothness [43]. The wavelet-based
approach proposed in this work can be extended to acquire a
more faithful reconstruction of magnetic waveform without
inducing pulse-like artifacts.

D. NOVELTIES AND ORGANIZATION OF THIS WORK
Haar wavelet-based quantum sensing was first proposed for
detecting nerve impulses [44], and a proof-of-concept exper-
iment was conducted on rescaled signals with magnitudes
of a few hundred nT. However, the method in [44] requires
signals to have zero dc bias, and the issues of decoherence
and dephasingwere not elaborated. Inspired by [44], we ame-
liorate and extend the Haar wavelet method to reconstruct
waveforms of geomagnetic fluctuations with magnitude be-
low 0.1 nT in the VLF band while considering the effect of
spin-bath noise in an NVE.
In this work, a comprehensive analysis of applying Haar

wavelets for quantum sensing magnetic waveform is pre-
sented. Theories are derived to explicate the hyperfine-
induced detuning and phase ambiguity when applying a
Ramsey sequence on an NVE. Berry sequences are proposed
in place of Ramsey sequences for extracting the geometric
phase, with which to faithfully reconstruct near-dc compo-
nents of geomagnetic waveforms. A Berry sequence can be
realized by adding a continuous, sinusoidal microwave drive
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between two adjacent pulses in a spin-echo sequence, which
compensates for the hyperfine-induced detuning.
The application of NVE quantum sensors for monitoring

geomagnetic fluctuations is proposed for the first time, which
can benefit researchers in quantum engineering and geo-
science research. The efficacy of the proposed approach and
deployment scenario are validated by simulations. Several
technical challenges are analyzed and overcome.
To extract different frequency components in a waveform

of geomagnetic fluctuations in one shot, we propose a novel
implementation schemewithmultiple NVEs, with each NVE
controlled by an independent microwave drive to yield spe-
cific wavelet and scaling coefficients for reconstruction. The
time-multiplexing concept is adopted to reuse NVEs when-
ever possible to reduce the SWaP requirements. Berry se-
quences are applied on a specific set of NVEs to extract the
scaling coefficients for reconstructing near-dc components.
Haar wavelet coefficients are extracted by applying spin-
echo sequences on another set of NVEs for reconstructing
high-frequency components. The efficacy of the proposed
sensing protocol is validated by reconstructing a geomag-
netic waveform in the VLF band with multiple NVEs. The
Lorentzian spin-bath noise model is adopted to simulate
spin dephasing. Helmholtz coils are proposed to partially
compensate for ambient geomagnetic field, overcoming the
dynamic range and sensitivity limitations when applying
microwave control sequences on NVEs.
The rest of this article is organized as follows. The simula-

tion framework and scenario are elaborated in Section II, the
formulation of waveform reconstruction with NVE sensors
is presented in Section III, and the waveform of geomagnetic
fluctuations is reconstructed by simulations and analyzed in
Section IV. Finally, Section V concludes this article.

II. SIMULATION FRAMEWORK AND SCENARIO
A. WAVEFORM REPRESENTATION WITH HAAR WAVELETS
AND SCALING FUNCTIONS
The near-dc and high-frequency components of an arbitrary
waveform can be represented with the scaling functions and
wavelet functions of various scales [45], respectively. The
mother Haar wavelet function is defined as [42]

ψ (t̃ ) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1, 0 ≤ t̃ < 1/2

−1, 1/2 ≤ t̃ < 1

0, otherwise

and the corresponding scaling function is defined as [42]

φ (t̃ ) =
⎧⎨
⎩
1, 0 ≤ t̃ < 1

0, otherwise.

A time-stretching transform t = Tst̃ is applied to map the
mother wavelet in t̃ ∈ [0, 1] to t ∈ [0,Ts], which is then di-
lated and translated to form an orthonormal basis {hnm(t )},

where [42], [45]

hnm(t ) =
√
2mψ

(
2m

Ts
t − n

)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

2m/2,
nTs
2m

≤ t <
(n+ 1/2)Ts

2m

−2m/2,
(n+ 1/2)Ts

2m
≤ t <

(n+ 1)Ts
2m

0, otherwise

(1)

is the nth wavelet function in scale m, with m =
0, 1, . . . ,M − 1 and n = 0, 1, . . . , 2m − 1. Similarly, the
scaling function is time-stretched, dilated, and translated to
form another basis {φnm(t )}.
An arbitrary magnetic waveform Bz(t ) with t ∈ [0,Ts] can

be represented in terms of the Haar wavelet and scaling bases
functions as [42]

Bz(t ) ≈
2J−1∑
�=0

d�Jφ
�
J (t ) +

M∑
m=J

2m−1∑
n=0

cnmh
n
m(t )

where J and M are the minimum and maximum wavelet
scales, respectively, with J ≤ M

cnm = 1

Ts
〈Bz, hnm〉 = 1

Ts

∫ Ts

0
Bz(t )h

n
m(t )dt

is the nth Haar wavelet coefficient of the mth scale, and

d�J = 1

Ts
〈Bz, φ�J 〉 = 1

Ts

∫ Ts

0
Bz(t )φ

�
J (t )dt

is the �th scaling coefficient of the Jth scale.
The mathematical form of Haar wavelet functions sug-

gests that spin-echo sequences are applied on a set of NVEs
to acquire the Haar wavelet coefficients cnm, which will be
elaborated in Section III-A. Similarly, Berry sequences are
applied on another set of NVEs to extract geometric phases,
which is related to the scaling coefficients d�J . The details will
be elaborated in Section III-B.
In addition, the choice of J andM is crucial for reconstruct-

ing a waveform. By choosing largerM, more high-frequency
components can be acquired to reconstruct a more faithful
waveform, at the cost of using more NVEs. The effect of
wavelet scales will be analyzed in Section IV-A.
The top inset of Fig. 1 shows a sample waveform of geo-

magnetic fluctuations used in our simulations, which is ex-
tracted from the CNES-CDPP database [22] in theVLF band,
recorded by the DEMETER satellite, dated 10:51:41.150
UTC on July 1, 2008. The altitude of the DEMETER satellite
was 668.6 km, and the ambient geomagnetic field was B̄0 =
(B0x,B0y,B0z) = (0.3072, 0.1209, 0.2128) Gauss. The NV
axis is assumed parallel to the z-axis, without loss of gen-
erality. The VLF geomagnetic waveform was recorded at a
sampling rate of 40 kHz [20], which is interpolated to reach
a time resolution of 0.25 μs for simulations. The waveform
is segmented into four uniform intervals of Ts = 128 μs
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FIGURE. 1. Top inset shows a sample waveform of geomagnetic
fluctuations with duration 512 μs, which is segmented into four uniform
intervals of length Ts = 128 μs each. The waveform in each interval is
reconstructed with the proposed quantum sensing protocol. Waveform in
interval #2 is reconstructed by applying Berry sequences of J = 2 (B�

with � = 0, 1, 2, 3) to extract scaling coefficients and spin-echo
sequences (Hn

m with m = J, . . . , M and n = 0, 1, . . . , 2m − 1) to extract
Haar wavelet coefficients. Spin-echo sequences with m = 2, 3 are
illustrated. The envelopes of x and y-polarized microwave drives in Berry
sequences are marked purple and blue, respectively. In our simulation
scenario, assume that a 532-nm green laser is used for initialization and
readout [46], followed by red fluorescence detection [31]. Optical
excitation pulses for initialization and readout are marked green.

each, with Ts < T2, where T2 is the spin-echo decay time.
The waveform in each interval is reconstructed with the pro-
posed method, and then concatenated together to restore the
waveform over a longer time span.

B. SAMPLES OF NVE AND WORKING PRINCIPLES
An NVE is composed of multiple NV centers, which are
solid-state defects within a bulk diamond sample. Among
the three possible charge states of NV centers, the negatively
charged NV− is most suitable for quantum sensing applica-
tions [33]. In the subsequent discussions, “NV center” refers
specifically to the NV− state.

TABLE 1. Default Parameters Used in Simulations

The electron spin of an NV center inherits a long co-
herence time and its energy levels are sensitive to external
magnetic field [33], with an energy shift proportional to
the product of gyromagnetic ratio and the magnetic field.
This property can be exploited to measure geomagnetic field
variation. An NV electron spin manifests a ground triplet
state, |ms = 0〉 and a degenerate state |ms = ±1〉. A zero-
field splitting between |ms = 0〉 and |ms = ±1〉 appears due
to the electron spin–spin interaction. When a dc magnetic
field is introduced along the NV axis, the Zeeman effect
breaks the degeneracy of |ms = ±1〉, forging an effective
pseudospin-1/2 system of |ms = 0〉 ↔ |ms = −1〉, or an NV
qubit, for sensing applications. By exploiting the multitude
of NV qubits in anNVE for quantum sensing, stronger output
signal strength can be acquired to enhance sensitivity.
Table 1 lists the default parameters used in the simulations.

In [46], the properties of three NVE diamond samples at
room temperature were analyzed. NVEs with longer spin
coherence time are desirable to achieve higher sensitivity by
applying proper DD sequences or preparing an isotopically
pure 12C sample [47]. Hence, it is assumed that each NVE
sample in the simulations is isotopically enriched in 12C and
contains 108 NV centers [48], derived from NV concentra-
tion of 1014 cm −3 [46] and volume of 10−3 mm3. For an
12 C NVE sample with a nitrogen concentration of 1 ppm,
the spin-echo coherence time is T2 = 240 μs [46].

A typical measurement process on an NVE sample in-
cludes optical initialization, sensing with microwave control,
and optical readout. In [48], a measurement on an NVE with
N ∼ 108 took an overhead time of to = 900 ns, including
optical initialization pulse duration ti = 600 ns and readout
time tr = 300 ns. A delay of td = 6 μs was required between
two consecutive measurements on an NVE to independently
acquire the fluorescence signal [48]. These parameters are
crucial for designing a time-multiplexing scheme onmultiple
NVEs.
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FIGURE. 2. Schematic of NVEs for implementing wavelet-based
waveform reconstruction of geomagnetic fluctuations. A photonic
integrated circuit is used to initialize and read out each NVE, with
fluorescence signals of each NVE collected by a photodiode. Berry
sequences are applied to NVEs in group A (enclosed by green curve) to
extract scaling coefficients, and spin-echo sequences are applied to NVEs
in group B (enclosed by yellow curve) to extract wavelet coefficients. Two
Helmholtz coils carrying adaptive dc currents are used to enclose groups
A and B, respectively, to partially compensate ambient geomagnetic field.

C. RATIONALES OF USING MULTIPLE NVES AND
TIME-MULTIPLEXING SCHEME
The bottom inset of Fig. 1 demonstrates the proposed Haar
wavelet-based protocol for waveform reconstruction. To re-
construct a nonrepeatable waveform over a finite interval Ts,
all the informationmust be acquired within the same interval.
Fig. 1 shows that some of the Berry and spin-echo se-

quences overlap in operation time windows, implying that
some of the wavelet and scaling coefficients cannot be
recorded in one shot if only one single NVE is utilized. This
issue can be resolved by adopting multiple NVEs which are
operated independently to acquire separate coefficients con-
currently. To achieve an economic SWaP design, the num-
ber of NVEs can be reduced by applying nonoverlapping
sequences on each of the NVEs via a time-multiplexing
scheme that considers overhead time and delay (buffer) time
td = 6 μs between subsequent measurements on each NVE.

Based on the proposed sensing protocol, Fig. 2 shows a
schematic of an NVE array for reconstructing waveform of
geomagnetic fluctuations. A total of Ne NVEs are placed in
a 2-D array and separated into two groups. Each group is
enclosed by a Helmholtz coil to partially compensate for am-
bient magnetic field to comply with the limits of sensitivity
and maximum detectable magnetic field range.
All the NVEs are driven independently with either a Berry

sequence or a spin-echo sequence delivered via a coplanar
waveguide [37]. The output fluorescence from all the 108

NV centers in each NVE is collectively read out with a pho-
todiode [37] and mapped to a specific scaling coefficient or
Haar wavelet coefficient for reconstructing the geomagnetic
waveform. The scaling coefficients are extracted by apply-
ing Berry sequences to designated NVEs in group A, and
the wavelet coefficients are extracted by applying spin-echo
sequences to designated NVEs in group B.
Consider an example of J = 3 and M = 7. We need to

implement 8 Berry sequences B0,B1, · · · ,B7, each with
sensing time T ′

s = 16 μs, to extract the scaling coefficients
of d03 , d

1
3 , . . . , d

7
3 , respectively. Note that a single NVE

magnetometer requires a total rest time of tr = to + td =
6.9 μs between consecutive measurements.

To capture the waveform information seamlessly, the first
π/2-pulse of sequence B�+1 is preferred to coincide with the
second π/2-pulse of sequence B�. This implies that at least
two NVEs are needed and operated alternately to implement
two consecutive Berry sequences.
More specifically, NVE #1in group A shown in Fig. 2 is

activated to extract the scaling coefficients based on Berry
sequences B0, B2, B4, and B6. Meanwhile, NVE #2 in group
A is activated to extract the other four scaling coefficients
based on sequences B1, B3, B5, and B7.

To implement the Haar wavelet of scale m = 3, it takes
eight spin-echo sequences, each with a sensing time of τ3 =
16μs, to extract the correspondingHaar wavelet coefficients.
Following the same reasoning on Berry sequences with Ts =
16 μs, two additional NVEs are needed to execute the spin-
echo sequences. By activating these two NVEs alternately,
we can implement two spin-echo sequences seamlessly, en-
abling the extraction of all eight wavelet coefficients. Note
that these additional NVEs are indispensable because the
eight spin-echo sequences overlap with the eight Berry se-
quences, as illustrated in Fig. 1. Such an arrangement ensures
simultaneous implementation of both Berry and spin-echo
sequences.
The same reasoning applies to extract 16 wavelet coeffi-

cients of the Haar wavelet of scalem = 4. Each Haar wavelet
sequence takes a sensing time of τ4 = 8 μs. Given τ4 > tr,
it suffices to use two NVEs to maintain uninterrupted data
acquisition. These NVEs are activated alternately to extract
all 16 wavelet coefficients. This approach ensures captur-
ing of higher-frequency signal components represented by
the m = 4 scale wavelets without compromising concurrent
measurements at other scales.
At the scale m = 5, τ5 = 4 μs becomes smaller than the

total rest time tr. Hence, a single cycle of τ5 is insufficient
to complete the reset process of a single NVE. To handle
this nuance, two consecutive cycles of τ5 are allocated to
acquire sufficient rest and reset time for an NVEmagnetome-
ter. Therefore, three NVEs rather than two are needed in the
scenario of m = 5.

Similarly, five and eight NVEs are needed to extract the
wavelet coefficients of scales m = 6 and 7, respectively. As
a result, the total number of NVEs is Ne = 2 + (2 + 2 + 3 +
5 + 8) = 22 to implement the simulation scenario presented
in this work.

D. GENERATION OF SPIN-BATH NOISE WAVEFORM
Several practical factors are considered in the simulations,
including the decoherence induced by spin-bath noise and
hyperfine interactions between an NV electron spin and
neighboring 14N nuclear spins.

The coupling between NV spins and nitrogen spin-bath is
characterized by a Lorentzian noise spectrum [46]

S(ω) = �2τc

π

1

1 + (ωτc)2
(2)
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where � = 30 kHz is the coupling strength, and τc = 10 μs
is the correlation time of the spin-bath in a 12C sample.
Among the three samples discussed in [46], the 12C sample
has the weakest coupling strength between an NV-spin and
nitrogen spin-bath due to low 13C nuclear spin impurity and
low nitrogen concentration, resulting in a longer coherence
of an NVE.
The spin-bath noise is modeled as classical stochastic

magnetic field bz(t ) following an Ornstein–Uhlenbeck (O-U)
process, with the correlation function [51], [52]

C(t, t ′) = γ 2
e 〈bz(t )bz(t ′)〉

where γe is the gyromagnetic ratio of electron spin. Then, the
noise spectrum of magnetic field bz(t ) is derived as [53]

S(ω) =
∫ ∞

−∞
C(t ′ + t, t ′)eiωtdt (rad2/s)

leading to the Lorentzian spectrum in (2), with the power
spectral density defined as

P(ω) = S(ω)

γ 2
e

(T2/Hz).

In the simulations, a Python PyCBC toolbox [54] is used to
generate bz(t ), a stationary Gaussian noise colored by the
Lorentzian noise spectrum in (2), based on the O-U pro-
cess [55]. An independent noise time series bz(t ) is simulated
for each of the 108 NV centers in an NVE.

III. WAVEFORM RECONSTRUCTION WITH NVE SENSORS
The extraction of Haar wavelet coefficients and scaling co-
efficients of an arbitrary magnetic waveform is presented in
Sections III-A and III-B, respectively. The omission of the
transverse magnetic field is justified in Section III-C, and the
assumptions behind the proposed method are reverberated in
Section III-D.

A. EXTRACTION OF HAAR WAVELET COEFFICIENTS WITH
SPIN-ECHO SEQUENCES
Without loss of generality, assume the magnetic field Bf (t ) is
polarized along the NV axis (z-axis), and the magnetic field
of spin-bath noise is bz(t ), then the Hamiltonian of an NV
qubit in the lab frame is given by

H(t ) = 1

2
�ω0σz + 1

2
�γeBz(t )σz

where

Bz(t ) = Bf (t ) + bz(t ) + 0.001B0z (3)

is the effective magnetic waveform sensed by the NV qubit,
ω0 = Dgs − γeBs is the Larmor frequency under the dc bias
magnetic field Bs for separating | ± 1〉 states,Dgs is the zero-
field splitting of the NV center. We also assume that 99.9%
of the ambient geomagnetic field can be compensated for by
enclosing the NVEs of group B, as shown in Fig. 2, with a
Helmholtz coil, yielding the 0.001B0z term.

TheHamiltonian of theNVqubit in the rotating framewith
Larmor frequency ω0 is given by

Hr(t ) = 1

2
�γeBz(t )σz.

Thus, an NV qubit evolves under the operator

USE(t0, t ) = exp

{
− i

�

∫ t

t0

Hr(t
′)dt ′

}
.

Next, by applying a spin-echo sequence on an NV qubit to
modulate the magnetic waveform Bz(t ) with the functional
form of hnm(t ) in (1), the accumulated phase is acquired as

ϕnm = γe

[∫ (n+1/2)τm

nτm
Bz(t )dt −

∫ (n+1)τm

(n+1/2)τm
Bz(t )dt

]

which is related to the Haar wavelet coefficient as

cnm = 1

Ts

∫ Ts

0
Bz(t )h

n
m(t )dt = 1

2m/2γeTs
ϕnm.

The method of retrieving the phase ϕnm in the simulations is
presented in Appendix A.

B. EXTRACTION OF SCALING COEFFICIENTS FROM
GEOMETRIC PHASE WITH BERRY SEQUENCES
An NV electron spin couples with its neighboring nuclear
spins of nitrogen isotopes 14N via hyperfine interactions [56].
Typically, the Ramsey sequence is utilized to capture the
near-dc components of a waveform. However, the detun-
ing attributed to hyperfine coupling cannot be refocused
with a Ramsey sequence, which does not contain a π -pulse
like the spin-echo sequence does [50]. Therefore, we pro-
pose to resolve this issue by applying Berry sequences to
extract geometric phases instead. Appendix B explicates
why the Ramsey sequence is ineffective if hyperfine-induced
detuning is present.
If Ramsey sequences are applied, the hyperfine and

quadrupole interaction (in MHz) terms are comparable to an
external magnetic field of several hundreds of μT, arousing
significant phase ambiguity issue. Thus, a geometric phase
magnetometry method [57], [58] is adopted to increase the
dynamic range without a significant tradeoff in sensitivity.
Compared to the quantum phase estimation algorithm com-
monly adopted to resolve phase ambiguity [59], this method
requires less overhead time [57].
When a quantum state evolves adiabatically and returns to

its initial state, it picks up a geometric phase (Berry’s phase)
in addition to the dynamic phase [58]. Such geometric phase
is independent of time and can be captured by applying a
Berry sequence [57].
The Berry sequence is formed by inserting an off-resonant

and time-varying continuous microwave sequence between
two adjacent pulses of a spin-echo sequence. The spin-echo
properties of a Berry sequence make it resilient against the
interference of hyperfine and quadrupole couplings, pro-
longing the coherence time. Meanwhile, the spin-echo prop-
erties cancel most of the acquired dynamic phase in a
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FIGURE. 3. Geometric phase accumulation in an NV spin under a Berry
sequence. The Bloch vector s̄(t ) precesses about a tilted Larmor vector
R̄(t), which holds a polar angle θ about NV-axis (z-axis) when a
microwave drive with Rabi frequency �g is applied on the NV qubit. The
geometric phase is accumulated as the trajectory of the Larmor vector tip
forms a closed path C.

time-varying magnetic field if the magnitude of fluctua-
tions is much smaller than that of dc component within the
Berry sensing time T ′

s , enabling the extraction of scaling
coefficients.
Note that even if a Ramsey sequence with deliberately

shortened sensing time is applied to measure near-dc com-
ponents, the detuning attributed to hyperfine and nuclear
quadrupole interactions between anNV spin and neighboring
nuclear spins still inevitably leads to dynamic phase ambigu-
ity. A geometric phase-based approach is proposed to resolve
this issue.
Fig. 3 shows a schematic to illustrate the working principle

of Berry sequences. During the sensing period of a Berry
sequence B�, a microwave drive with time-dependent polar-
ization along the transverse direction is applied, as shown
in Fig. 1. The Bloch vector s̄(t ) precesses about the Larmor
vector R̄(t ), under the microwave drive and the external mag-
netic field Bz(t ). The polar angle between the Larmor vector
and the z-axis is θ . Meanwhile, the Larmor vector precesses
about the z-axis over a complete cycle, with its vector tip
moving along the contourC, accumulating a geometric phase
in the NV spin. Appendix C presents a detailed derivation of
geometric phase when a Berry sequence is applied.
Although the geometric phase-based method is not af-

fected by hyperfine interactions and increases the maximum
detectable magnetic field range, the sensitivity inevitably de-
teriorates and the power consumption is increased. Hence,
we adopt the geometric phase-based approach only to extract
the scaling coefficients. The dynamic phase-based approach
is kept to extract the wavelet coefficients based on the spin-
echo sequences, since the phase ambiguity can be effectively
avoided if the ambient geomagnetic field is compensated for
with the Helmholtz coil.
By exerting a Berry sequence B�, as demonstrated in

Fig. 1, the accumulated geometric phase ϕg
�
in the NV qubit

is extracted to determine the scaling coefficient as

d�J = g

γe

⎡
⎣
(
1 − ϕ

g
�

4π

)−2

− 1

⎤
⎦

−1/2

. (4)

The implementation details are presented in Appendix D.
Finally, we elaborate the reason to keep a fraction of

ambient geomagnetic field B0z to comply with the Berry
sensitivity limit. If the external magnetic field Bz remains
constant within the sensing time T ′

s , its dynamic phase can
be fully compensated for with a Berry sequence bearing the
spin-echo nature. However, since Bz(t ) is time varying, the
associated dynamic phase cannot be entirely eliminated, and
the residual dynamic phase increases with the magnitude
of Bz(t ). If the entire ambient magnetic field B0z is kept in
Bz(t ), undesirable distortion will occur in the reconstructed
waveform due to the residual dynamic phase. On the other
hand, if B0z is entirely compensated for with a Helmholtz
coil, the resulting Bz(t ) will fall below the Berry sensitivity
level, resulting in erroneous reconstruction.
Hence, we propose a Helmholtz coil to enclose the NVEs

of group A, as shown in Fig. 2, to compensate for 95% of the
ambient geomagnetic field, reducing the effective magnetic
waveform in (12) to

Bz(t ) = Bf (t ) + bz(t ) + 0.05B0z. (5)

The residual 5% of ambient magnetic field guarantees that
Bz(t ) is at least on the order of ∼ 1 μT, falling within the dy-
namic range and well above the sensitivity limit. Meanwhile,
the waveform will not be distorted because the accumulated
dynamic phase is mostly canceled.

C. EFFECTS OF TRANSVERSE MAGNETIC FIELD
In this section, we will prove that the magnetic field trans-
verse to the NV spin can be neglected. Consider a system
composed of anNV center and a 14N nuclear spin, in the pres-
ence of a vector geomagnetic field B̄(t ) = x̂Bx(t ) + ŷBy(t ) +
ẑBz(t ), the Hamiltonian in the rotating frame is

Htot,r = �Dgs
(
S2z + Sz

)
+ �PgsI

2
z

+ �A‖SzIz + �γeBz(t )Sz

+ �A⊥ cos (ω0t )
(
SxIx + SyIy

)
− �A⊥ sin (ω0t )

(
SxIy − SyIx

)
+ �γe

[
Bx(t ) cos (ω0t ) − By(t ) sin (ω0t )

]
Sx

+ �γe
[
Bx(t ) sin (ω0t ) + By(t ) cos (ω0t )

]
Sy. (6)

Next, apply a second-order perturbation theory to evaluate
the impact of a transverse magnetic field on the energy levels.
The first term on the right-hand side of (6) falls in the range
of GHz, while the other terms fall in the range of MHz or
lower. Thus, the Hamiltonian in (6) can be approximated as

Htot,r = H0r + εH1r
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with the dominant term of H0r = �Dgs(S2z + Sz) and the per-
turbation term of εH1r. By applying the perturbation the-
ory, the energy difference between |ms = 0〉 and |ms = −1〉
states is derived to the second-order as

�ω̃− ≈ Pgs + A‖ − γeBz(t ) +
γ 2
e

[
B2x (t ) + B2y (t )

]
Pgs + A‖ − γeBz(t )

(7)

where the sinusoidal terms are neglected since ω0 � A⊥.
Given the ambient geomagnetic field B̄0 mentioned in

Section II-A, the second-order term in (7) is estimated as
0.1105 MHz, which is ∼ 70 times smaller than the other
terms combined. Hence, it is reasonable to neglect the effect
of the transverse magnetic field in our simulations.
In summary, the magnetic field component aligned with

the NV axis can be reconstructed without being perturbed by
the transverse magnetic field components. This implies that a
vector geomagnetic waveform can be reconstructed by using
NVEs with NV centers aligned in different crystallographic
axes of diamond lattice, and these NV centers are not affected
by the transverse field components with respect to their own
NV spin axes.

D. RECONSTRUCTION OF GEOMAGNETIC WAVEFORM
Ideally, a single NV qubit can be used to reconstruct the
geomagnetic waveform in the absence of noise. In practice, it
is very challenging to extract wavelet and scaling coefficients
by exciting and reading out a single NV qubit in an NVE
sample of diamond, especially when the spin-bath noise is
much stronger than the weak geomagnetic fluctuations.
The schematic in Fig. 2 containsNe NVEs, with each NVE

embedding NNV NV qubits. We assume that each NV qubit
senses the same geomagnetic fluctuations under spin-bath
noise independent from the other NV qubits.
As illustrated in Section II, an NVE is operated with a spe-

cific Berry or spin-echo sequence to extract the correspond-
ing scaling or wavelet coefficient. If NVE #1 of group A is
driven by a Berry sequence B 0 of sensing time T ′

s = 16 μs
to extract a scaling coefficient d03 , the ensemble average of
transition probability is estimated as

〈Pg0,0→0〉 = 1

NNV

NNV∑
p=1

P0p,0→0

which can be generalized to Pg
�p,0→0 for the pth NV qubit

under the �th Berry sequence, with definition similar to (14)
in Appendix D.
Similarly, if NVE #1 of group B is driven by a spin-echo

sequence H 0
3 of sensing time τ3 = 16 μ s to extract a Haar

wavelet coefficient c03, the ensemble average of transition
probability is estimated as

〈P03,0→0〉 = 1

NNV

NNV∑
p=1

P03p,0→0

which can be generalized to Pnmp,0→0 for the pth NV qubit
under the nth spin-echo sequence of the mth scale, with
definition similar to (8) in Appendix A.
From the ensemble average of transition probabilities, the

Haar wavelet and scaling coefficients contributed by the
geomagnetic fluctuations are estimated as

c̃nm = 1

2m/2γeTs
sin−1(2〈Pnm,0→0〉 − 1)

d̃�J = g

γe
×

⎡
⎣
(
1 − sin−1(1 − 2〈Pg

�,0→0〉) + 2Nπ

4π

)−2

− 1

⎤
⎦

−1/2

which are substituted into the inverse wavelet transform to
yield the reconstructed geomagnetic waveform as

B̃z(t ) =
2J−1∑
�=0

d̃�Jφ
�
J (t ) +

M∑
m=J

2m−1∑
n=0

c̃nmh
n
m(t )

≈ B̃ f (t ) + 0.05B0z

where the noise effects are mitigated by taking the ensemble
average over NNV = 108 NV qubits in each NVE, revealing
the information pertinent to geomagnetic fluctuations, and
the 0.05B0z term is the 5% of ambient geomagnetic field
in (5). By subtracting 0.05B0z from B̃z(t ), the waveform of
geomagnetic fluctuations, B̃ f (t ), is reconstructed. Note that
a residual ambient field of 0.001B0z is considered in Sec-
tion III-A, but the wavelet functions tend to filter out near-dc
components in the extraction of wavelet coefficients.

IV. SIMULATIONS AND DISCUSSIONS
A. EFFECTS OF WAVELET SCALES
Given a minimum scale J, the choice of maximum scale M
involves a tradeoff between the required resources and the
reconstruction error. If M is too small, the high-frequency
components cannot be fully restored. On the other hand,
reconstruction error is reduced with larger M, at the cost of
using more NVEs.
The optimal value of wavelet scales can be determined by

comparing the reconstruction fidelity of geomagnetic fluctu-
ation waveform under various combinations of J and M. To
evaluate the deviation between the true waveform Bf (t ) and
the reconstructed waveform B̃ f (t ), a normalized root-mean-
square error (NRMSE) is defined as

NRMSE
(
Bf , B̃ f

) =

√√√√√√√√
∫ Ts

0

∣∣B̃ f (t ) − Bf (t )
∣∣2 dt∫ Ts

0

∣∣Bf (t )
∣∣2 dt .

Fig. 4 shows the proof-of-concept simulation on reconstruct-
ing the waveform in Fig. 1, assuming the NVEs are placed
in a noiseless environment. Table 2 indicates that if J is
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FIGURE. 4. Reconstruction of geomagnetic fluctuations waveform with
wavelet scales (J, M) in a noiseless environment, NNV = 1, :
waveform in Fig. 1, : reconstructed waveform. (a) J = 3,
M = 4, 7, 10 from bottom to top. (b) M = 7, J = 0, 2, 3, 4 from bottom to
top. The curves are offset by 0.3 nT for clarity.

TABLE 2. NRMSE of Reconstructing Geomagnetic Fluctuations Waveform
Under Various Combinations of J and M, With A = 0.00125

fixed, the NRMSE decreases asM is increased and saturates
at M = 6, which is related to the spectrum of the target
geomagnetic waveform in Fig. 1.
Fig. 4(a) manifests obvious pulsed-shape defects with J =

3 and M = 4, suggesting that M > 4 is required. The recon-
structed waveforms with M = 7 and M = 10 are very simi-
lar, suggesting that most of the high-frequency components
have already been captured withM = 7.

On the other hand, Table 2 reveals no obvious trend in
NRMSE versus J. For waveforms with different spectra, the
optimal value of J can be varied to faithfully reconstruct the
near-dc components and minimize the difference of dynamic

phases acquired between the first and the second halves of a
Berry sensing period.
Fig. 4(b) shows the reconstructed waveforms with a fixed

M = 7 and various J. It is observed that the reconstructed
waveform with J = 3 matches the best with the target wave-
form, which is confirmed with Table 2 that the NRMSE is
minimized by choosing J = 3. Hence, J = 3 and M = 7 are
adopted in the subsequent simulations.

B. SENSITIVITY ANALYSIS
Field experiments indicate that shot noise, laser power noise,
and electronic noise can deteriorate the sensitivity of an
NV magnetometer [38]. The laser noise can be reduced by
adopting a common-mode rejection method [60], and the
electronic noise can be alleviated by utilizing high-quality
microwave sources and modulating the signal with lock-in
amplifiers to achieve system noise below 100 pT/

√
Hz [38].

We will analyze the sensitivity of the proposed sensing
protocol, for spin-echo and Berry sequences, respectively,
under two scenarios. The first is an ideal scenario with read-
out fidelity F = 1, and the second is a practical scenario
with photon-shot-noise-limited sensitivity and readout fi-
delity F � 1, assuming the laser noise and electronic noise
are minimized.

1) SPIN-ECHO SEQUENCE
The sensitivity of applying a spin-echo sequence on an NVE
is defined as [33]

η
psn
SE ≈ π

2

1

γe

1

Fe−(τm/T2)p
√
NNV

√
tI + τm + tR

τm

where T2 = 240 μs [46], p � 1.5 for 12C NVE sample [61],
the optical initialization pulsewidth is tI = 600 ns, the read-
out laser pulse width is tR = 300 ns.
The primary goal of this work is to introduce and vali-

date wavelet-based sensing protocols, by demonstrating the
effectiveness of NVE magnetometers equipped with these
protocols for geomagnetic field detection. We will focus on a
specific set of practical factors, primarily affecting the mod-
eling of spin-bath noise, to manifest the feasibility of our
proposed method under controlled conditions.
Under an ideal readout fidelity of F = 1 in the simulation

results to be presented in Section IV-D, an ideal sensitivity of
1.23 pT/

√
Hz is achieved if the maximumHaar wavelet scale

M = 7 with the shortest spin-echo sensing time of τ7 = 1 μs
is considered.
In practice, the readout fidelity is limited by factors like

photon collection efficiency and fluorescence contrast. The
fidelity of an state-of-the-art NVE magnetometer in a pulsed
measurement is F = 1/67 [48], leading to a photon-shot-
noise-limited sensitivity of 82.41 pT/

√
Hz. The sensitivity

can be enhanced by increasing τm or utilizing NVE samples
with larger NNV.
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TABLE 3. Effects of �g on NRMSE, Sensitivity, and Maximum Detectable
Magnetic Field of Berry Sequences, With NNV = 1, J = 3, M = 7, T ′

s = 16 μs

2) BERRY SEQUENCE
Similarly, the sensitivity of applying a Berry sequence on an
NVE is defined as [33], [57]

η
psn
Berry ≈ π

2

√
T ′
s

dPg
�
/dd�J

∣∣
max

1

Fe−(T ′
s /T2)

p√
NNV

√
tI + T ′

s + tR
T ′
s

= π

4A

1

γe

1

Fe−(T ′
s /T2)

p√
NNV

√
tI + T ′

s + tR
T ′
s

whereA is the adiabaticity parameter and themaximum slope
of population difference between two quantum states after
readout is derived as

dPg
�

dd�J

∣∣∣∣∣
max

≈ 4πγe
g

= 2AγeT
′
s .

In the subsequent simulations, we choose T ′
s = 16 μs with

J = 3, based on the analysis in Section IV-A. The Rabi
frequency is chosen as g/(2π ) = 50 MHz, leading to an
adiabaticity of A = 2π/(gT ′

s ) = 0.00125, which will be
derived in Section IV-C.

Then, an ideal sensitivity is estimated as 0.1 nT/
√
Hz,

given F = 1. The photon-shot-noise-limited Berry sensi-
tivity is estimated as 6.8 nT/

√
Hz, given a more practical

F = 1/67.

C. EFFECTS OF RABI FREQUENCY AND RESERVED
AMBIENT MAGNETIC FIELD
The adiabaticity defined in (13) is affected by the Berry
sensing time T ′

s and the Rabi frequency g. Next, proof-of-
concept simulations are conducted to evaluate the effects of
g on waveform reconstruction in terms of NRMSE, sensi-
tivity, and maximum detectable magnetic field, with NNV =
1 and T ′

s = 16 μs.
Table 3 shows that the adiabaticity A decreases mono-

tonically as the Rabi frequency g is increased. Also, the
NRMSE decreases with increasing Rabi frequency, imply-
ing a more accurate waveform reconstruction, which can be
attributed to the nonlinear mapping between the accumulated
geometric phase ϕg

�
and the scaling coefficient d�J in (4).

This nonlinear mapping leads to a deviation between the
simulated and theoretical relation of ϕg

�
-d�J in the small-field

regime.
To quantify this deviation, we perform a simulation to

extract the NRMSE d , the NRMSE between the estimated
d̃�J and the true d

�
J , over a small range of magnetic field Bz, as

shown in Fig. 5(a). It is observed that NRMSEd decreases

FIGURE. 5. (a) NRMSEd between simulated scaling coefficient d̃�
J and

theoretical scaling coefficient d�
J over a small range of Bz . (b) Readout

probability difference (Pg
0→1 − Pg

0→0) over a wider range of Bz . :
�g/(2π) = 5 MHz, : �g/(2π) = 10 MHz, : �g/(2π) = 20 MHz,

: �g/(2π) = 50 MHz.

as Rabi frequency g increases near Bz = 1 μT. This ex-
plains why the NRMSE of waveform reconstruction with
g/(2π ) = 50MHz is the lowest among the four cases listed
in Table 3.

Table 3 also indicates that the maximum detectable
field range Bmax

Berry increases and the nonideal photon-shot-
noise-limited sensitivity deteriorates as the Rabi frequency
increases.
Fig. 5(b) shows the curves of probability readout differ-

ence (Pg0→1 − Pg0→0) versus Bz at four different Rabi fre-
quencies, respectively. The maximum detectable field Bmax

Berry

is defined as the value of Bz when (Pg0→1 − Pg0→0) drops to
the first minimum from the maximum at Bz = 0. A one-to-
one correspondence exists between (Pg0→1 − Pg0→0) and Bz if
Bz < Bmax

Berry.
Fig. 5(b) indicates that Bmax

Berry increases as the Rabi fre-
quency increases. However, the change in probability differ-
ence is less sensitive to the change of Bz when Bz is close
to zero, and the sensitivity deteriorates as Rabi frequency
increases, consistent with the results listed in Table 3.
By considering the tradeoff between sensitivity and max-

imum detectable field, we choose g/(2π ) = 50 MHz and
reserve 5% of the ambient geomagnetic field to provide a
∼ 1 μT offset when applying the Berry sequence.

The curve of g/(2π ) = 50 MHz in Fig. 5(b) indicates
that the maximum detectable magnetic field of a Berry
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sequence is Bmax
Berry = 460.66 μT, which is much higher

than its counterpart of a Ramsey sequence, Bmax
Ramsey =

π/(γeT ′
s ) = 1.12 μT.

The discussion in Section IV-B indicates that even in an
ideal scenario, the spin-echo sensitivity of an NVE magne-
tometer with spin-echo sequence is on the order of several
pT/

√
Hz, which is not agile enough to accurately detect kHz

geomagnetic fluctuations of sub-pT level immersed in spin-
bath noise. Deliberately reserving a partial ambient geomag-
netic field can provide a magnetic field offset to comply with
the sensitivity limit.
For instance, the ideal spin-echo sensitivity is 1.23 pT

/
√
Hz, with spin-echo sensing time of τ7 = 1 μs. This im-

plies a minimum detectable field amplitude of ηpsnSE /
√
τ7 ∼

1.23 nT. If a Helmholtz coil is used to compensate for
99.9% of the ambient geomagnetic field B0z, namely, an
offset of about 21 nT is added to Bz(t ) in (3), making it
higher than the minimum detectable field of 1.23 nT for
reconstructing VLF components in the waveform shown in
Fig. 1.

Similarly, the ideal Berry sensitivity is 0.101 nT /
√
Hz.

With Berry sensing time T ′
s = 16 μs, the minimum de-

tectable field amplitude is ηpsnBerry/
√
T ′
s ∼ 25.332 nT. If a

Helmholtz coil is used to compensate for 95% of the am-
bient geomagnetic field, namely, an offset of ∼ 1 μT is
added to Bz(t ) in (5), which is higher than the minimum
detectable field for reconstructing the near-dc components
below 100 Hz in the waveform shown in Fig. 1.
Supporting with the Helmholtz coils, the proposed NVE

array and sensing protocols are capable of reconstructing the
target waveform of geomagnetic fluctuations, which will be
confirmed by simulations in the next section.

D. WAVEFORM RECONSTRUCTION AND ERROR ANALYSIS
The performance of the proposed waveform reconstruction
approach is evaluated with a noise power (NP)

NP(B̃ f ,NNV ) =
∫ Ttot

0

∣∣B̃ f ,NNV (t ) − Bf (t )
∣∣2 dt (T2)

defined over the total sensing time Ttot = 4Ts as shown in
Fig. 1, with Ts = 128 μs, where B̃ f ,NNV (t ) is the waveform
reconstructed with NNV NV centers in each NVE.
Fig. 6 shows that the NP is related to the number of NV

centers in each NVE as NP∝ N−0.9
NV , and the noise level is

proportional to N−0.45
NV . Thus, the SNR is proportional to

N0.45
NV , which falls within the standard quantum limit [33],

[62].
Fig. 7 shows the reconstruction of geomagnetic fluctua-

tions waveform in the VLF band by using NVEs with dif-
ferent NNV. The reduction of NP with larger NNV effectively
improves the accuracy of waveform reconstruction. Fig. 7(a)
shows the results withNNV = 106. The shape of the geomag-
netic waveform is discernible, but is severely perturbed by
spin-bath noise.

FIGURE. 6. NP embedded in reconstructed geomagnetic waveform
versus NNV, : simulation data, : regression line on simulations
data, NP∝ N−0.9

NV .

FIGURE. 7. Reconstruction of geomagnetic fluctuations waveform in VLF
band by using NVEs with different NNV, : true waveform, :
reconstructed waveform. (a) NNV = 106, (b) NNV = 107, and (c) NNV = 108.

Fig. 7(b) shows that as the number of NV centers is in-
creased to NNV = 107, the perturbations on geomagnetic
waveform are significantly mitigated. Fig. 7(c) shows that
with NNV = 108, the geomagnetic fluctuations waveform
is well reconstructed and almost overlaps with the true
waveform in the black curve, suggesting that the proposed
NVE array schematic and sensing protocols, accompanied
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with properly selected parameters, can effectively and accu-
rately reconstruct a waveform of geomagnetic fluctuations
in the VLF band. The accurately reconstructed waveform
in Fig. 7(c) confirms our previous ingenuity of introducing
an offset field to compensate for a portion of the ambi-
ent magnetic field. This approach makes the the proposed
NVE magnetometer viable in real-world experiments, where
various practical factors may deteriorate the sensitivity.

V. HIGHLIGHTS, CONCLUSIONS, AND PROSPECTS
A wavelet-based reconstruction approach is proposed to re-
construct a nonrepeatable waveform of geomagnetic fluc-
tuations in the VLF band. Berry sequences and spin-echo
sequences are combined for the first time to extract the scal-
ing coefficients for reconstructing near-dc components and
Haar wavelet coefficients for reconstructing high-frequency
components, respectively.
We propose a novel schematic of utilizing an NVE array

to implement the proposed wavelet-based sensing protocols
for extracting these coefficients in one shot, followed by an
inverse wavelet transform to reconstruct the waveform. Each
NVE contains NNV = 108 NV centers and is controlled by
an independent microwave drive. The signal averaging tech-
nique is adopted to simulate the readout of probability from
NNV NV centers.

A Berry sequence is applied on an NVE to extract the cor-
responding scaling coefficient via the accumulated geometric
phase. The sensitivity is deteriorated but the maximum de-
tectable field is significantly extended over 460 μT, resolv-
ing the issues of dynamic phase ambiguity and hyperfine-
induced detuning.
We also propose the use of Helmholtz coils to partially

compensate for the ambient geomagnetic field, enabling the
NVEquantum sensors to complywith the limits of sensitivity
and dynamic range.
The efficacy of the proposed sensing protocols is validated

by reconstructing a waveform of geomagnetic fluctuations
in the DEMETER satellite dataset. Possible factors that may
affect the operation and performance of the proposed NVE
array and sensing protocols have been analyzed and validated
with simulations, including spin-bath noise, dynamic phase
ambiguity, transverse magnetic field, residual ambient mag-
netic field, wavelet scales, Rabi frequency, sensitivity, max-
imum detectable magnetic field, and number of NV centers
in each NVE.
NVE sensors are resilient to harsh environments and do

not require frequent calibration. In the future, the proposed
NVE array can be installed on nanosatellites to monitor
global geomagnetic fluctuations, promoting studies in geo-
physics and space exploration. Moreover, quantum resources
such as entanglement and squeezing can be harnessed to
enhance the sensitivity of NVE quantum sensors.
The proposed scheme and sensing protocols are simulated

under the conditions that are inferred from available empiri-
cal data in the literature. There are many practical challenges

need to be resolved before such system can be realized, in-
cluding but not limited to crosstalk between ensembles due
to scattered laser light, stray fluorescence, precise control of
RF and magnetic fields.

APPENDIX A
PHASE RETRIEVAL FOR EXTRACTING HAAR WAVELET
COEFFICIENTS
The phase ϕnm is retrieved in the simulations as follows.

1) A (π/2)x-pulse is applied to initialize the NV qubit
from |0〉 to the superposition state

|ψ0〉 = 1√
2
(|0〉 − i|1〉).

2) Then, apply the spin-echo sequence Hn
m on the NV

qubit to evolve the state |ψ0〉 under operator
USE

(
nTs
2m
,
(n+ 1/2)Ts

2m

)
to reach the state

|ψ1〉 = 1√
2
e−iϕ1/2(|0〉 − ieiϕ1 |1〉)

where

ϕ1 = γe

∫ (n+1/2)τm

nτm
Bz(t )dt.

3) Apply a πy-pulse, then the NV qubit evolves freely un-

der operator USE

(
(n+ 1/2)Ts

2m
,
(n+ 1)Ts

2m

)
to reach

the state

|ψ3〉 = 1√
2
ieiϕ

n
m/2(|0〉 − ie−iϕ

n
m |1〉).

4) Apply a (π/2)y-pulse to reach the state

|ψ f 〉 = 1

2
ieiϕ

n
m/2

⎡
⎣1 + ie−iϕnm

1 − ie−iϕnm

⎤
⎦ .

5) Read out the fluorescence and derive the probability of
the qubit being at |0〉 as

Pnm,0→0 = |〈0|ψ f 〉|2 = 1

2
(1 + sinϕnm). (8)

6) The accumulated phase is estimated as

ϕnm = sin−1(2Pnm,0→0 − 1).

APPENDIX B
EFFECTS OF HYPERFINE-INDUCED DETUNING ON THE
RAMSEY SEQUENCE
In this appendix, we will explain why the Ramsey sequence
does not work in the presence of hyperfine-induced detuning.
The energy levels of an NV center are barely affected by
an external electric field and the nuclear Zeeman effect, as
compared to that of an external magnetic field. Thus, the
energy levels of an NV center with S = 1 can be prescribed

VOLUME 6, 2025 3500117



Engineeringuantum
Transactions onIEEE

Kiang and Kiang: WAVELET-BASED QUANTUM SENSING OF GEOMAGNETIC FLUCTUATIONS

with a total Hamiltonian [50], [63], [64]

Htot

�
≈ DgsS

2
z + γeBsSz + PgsI

2
z

+ A‖SzIz + A⊥
(
SxIx + SyIy

)
where S̄ is the NV electron spin vector, (Pgs/2π ) = −5.01
MHz is the nuclear quadrupole coefficient [50], Ī is the spin
vector of 14N nuclear spin [65], and (A‖ / 2π ) = −2.14MHz
and (A⊥/2π ) = −2.70 MHz are hyperfine parameters [49],
[66].
The first two terms in the total Hamiltonian imply two

resonances at Dgs ± γeBs, featuring the electron spin tran-
sitions of |ms = 0〉 ↔ |ms = ±1〉, respectively. Note that
states |ms = 0〉 and |ms = −1〉 are selected to form an ef-
fective spin-1/2 qubit for quantum sensing.
Next, define a transformation operator Ur = e−iω0tSz to

derive the Hamiltonian in the rotating frame as

Htot,r = UrHtotU
†
r + i�U̇rU

†
r

= �Dgs(S
2
z + Sz) + �PgsI

2
z + �A‖SzIz

+ �A⊥ cos(ω0t )(SxIx + SyIy)

− �A⊥ sin(ω0t )(SxIy − SyIx). (9)

Since Dgs falls in the range of GHz, the energy of |ms = 1〉
state is very different from those of the other two states, con-
firming that states |ms = 0〉 and |ms = −1〉 form an effective
qubit.
The energy difference between these two states can be

derived from the diagonal elements in (9) as

�H

�
= Pgs + A‖ − A⊥ cos(ω0t ) + iA⊥ sin(ω0t ).

Thus, the Hamiltonian of the effective spin-1/2 qubit can be
approximated as

Hr ≈ −�

2
(Pgs + A‖)σz (10)

where ω0 � A⊥ since ω0 falls in the range of GHz and A⊥
falls in the range of MHz.
Equation (10) suggests that if Ramsey sequences are ap-

plied, the hyperfine and quadrupole interaction (in MHz)
terms are comparable to an external magnetic field of several
hundreds of μT, arousing significant phase ambiguity issue.

APPENDIX C
DERIVATION OF GEOMETRIC PHASE WHEN APPLYING A
BERRY SEQUENCE
During the sensing period of a Berry sequence, the quantum
state is governed by an effective Hamiltonian in the rotating
frame as [57]

Hr(t ) = �

2
R̄(t ) · σ̄ = Hc

r (t ) + Hd
r (t ) (11)

and the corresponding operator

UB(t0, t ) = exp

{
− i

�

∫ t

t0

Hr(t
′)dt ′

}

where

Hc
r (t ) = �g

2

{
cos[ρ(t )]σx + sin[ρ(t )]σy

}
Hd
r (t ) = �γeBz(t )

2
σz (12)

are the control Hamiltonian and the signal Hamiltonian,
respectively, g is the Rabi frequency

R̄(t ) = x̂R sin θ cos ρ(t ) + ŷR sin θ sin ρ(t ) + ẑR cos θ

is the Larmor vector, σ̄ = σxx̂+ σyŷ+ σzẑ is the Pauli ma-
trix, and ρ(t ) = 4πt/T ′

s is the phase of microwave control
sequence. From (12), the amplitude of Larmor vector is
derived as

R =
√
2
g + [γeBz(t )]2

and the polar angle θ is derived as

cos θ = γeBz(t )

2
g + [γeBz(t )]2

.

If the Hamiltonian varies adiabatically, the NV spin qubit
will pick up a time-invariant and observable geometric phase
after a complete cycle of state evolution. To evaluate the adi-
abaticity of the NV Hamiltonian, an adiabaticity parameter
is defined as [57], [58]

A = dρ

dt

sin θ

2R
= 2πg

T ′
s [

2
g + [γeBz(t )]2]

≈ 2π

T ′
sg

. (13)

In the adiabatic regime where A � 1, the Larmor vector tip
forms a closed contour C on the Bloch sphere. In [58], the
difference between the measured geometric phase and the
Berry phase is negligible under A ≤ 0.04.
Assuming that the Larmor vector rotation is adiabatic,

the two instantaneous eigenstates are derived from the
Hamiltonian in (11) as

|E ᾱ+〉 = cos
θ

2
|0〉 + eiρ sin

θ

2
|1〉

|E ᾱ−〉 = − sin
θ

2
|0〉 + eiρ cos

θ

2
|1〉.

Then, the corresponding Berry connections are defined as

Ā±(ᾱ) = i〈E ᾱ±|∇ᾱ|E ᾱ±〉 = φ̂i
1 ∓ cos θ

2r sin θ
which yields the geometric phase

ϕg =
∮
C
Ā±(α) · dᾱ = ∓�

2

accumulated in the ground and excited states, respectively,
where C is the closed contour shown in Fig. 3, � = 2π (1 −
cos θ ) is the solid angle subtended by C at the origin,
ᾱ = r̂R+ θ̂ θ + φ̂ρ, and

∇ᾱ = θ̂
1

r

∂

∂θ
+ φ̂

1

r sin θ

∂

∂ρ

is the gradient with respect to ᾱ, under an approximately
constant R.
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APPENDIX D
GEOMETRIC PHASE RETRIEVAL FOR EXTRACTING
SCALING COEFFICIENTS
By exerting a Berry sequence B�, as demonstrated in Fig. 1,
the accumulated geometric phase in the NV qubit is extracted
to determine the scaling coefficient as follows.

1) Apply a (π/2)x-pulse to initialize the state as

|ψ0〉 = 1√
2
(|0〉 − i|1〉).

2) The NV qubit evolves under operator UB(�T ′
s , (�+

1/2)T ′
s ) to reach the state

|ψ1〉 = 1√
2

(
e−i(ϕ

d
�
+ϕg

�
)/2|0〉 − iei(ϕ

d1
�

+ϕg1
�
)/2|1〉

)
where

ϕd1� = γe

∫ (�+1/2)T ′
s

�T ′
s

Bz(t )dt

ϕ
g1
�

= �

are the relative dynamic and geometric phases, re-
spectively, accumulated during the first half of the
sequence.

3) Apply a πy-pulse to invert the qubit state as |ψ2〉.
4) The NV qubit evolves under the operator UB((�+

1/2)T ′
s , (�+ 1)T ′

s ), with ρ(t ) in the Hamiltonian of
(11) replaced with −ρ(t ) to reverse the polarization of
the microwave drive in the control Hamiltonian Hc

r (t ).
Hence, the rotation direction of the Larmor vector is
reversed, the accumulated geometric phase is effec-
tively doubled after applying the Berry sequence, and
the state evolves to

|ψ3〉 = 1√
2

[
iei(ϕ

d1
�

−ϕd2
�

+ϕg1
�

−ϕg2
�
)/2)|0〉

+e−i(ϕd1� −ϕd2
�

+ϕg1
�

−ϕg2
�
)/2|1〉

]

≈ 1√
2

[
iei�|0〉 + e−i�|1〉]

where

ϕd2� = γe

∫ (�+1)T ′
s

(�+1/2)T ′
s

Bz(t )dt ≈ ϕd1�

ϕ
g2
�

= −� = −ϕg1
�

are the relative dynamic and geometric phases, respec-
tively, accumulated in the second half of the sequence.
It is assumed that the geomagnetic fieldBz(t ) fluctuates
within a small range such that the dynamic phase in
the quantum state cancels out during the spin-echo se-
quence, leaving only the geometric phase in the readout
of the NV qubit.

TABLE 4. Effects of �g on NRMSE, Sensitivity, and Maximum Detectable
Magnetic Field of Berry Sequences, With NNV = 1, J = 3, M = 7,
T ′

s = 16 μs

5) Apply a (π/2)x-pulse to reach the state

|ψ f 〉 = 1

2
iei�

⎡
⎣ 1 − e−i2�

−i(1 + e−i2�)

⎤
⎦ .

6) Read out the fluorescence and derive the probability of
the qubit being at |0〉 as

Pg
�,0→0 = |〈0|ψ f 〉|2 = 1

2
[1 − cos(2�)]. (14)

7) The accumulated geometric phase is estimated as

ϕ
g
�

= cos−1(1 − 2Pg
�,0→0) + 2Nπ = 2�

where N is properly chosen to unwrap the phase. The
acquired geometric phase is used to determine the
corresponding scaling coefficient as

ϕ
g
�

= 2� = 4π

⎛
⎝1 − γed�J√

(γed�J )
2 +2

g

⎞
⎠
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leading to

d�J = g

γe

⎡
⎣(1 − ϕ

g
�

4π

)−2

− 1

⎤
⎦

−1/2

.

APPENDIX E
SUPPLEMENTARY ANALYSIS OF RABI FREQUENCY ON
NRMSE
Following the simulation results presented in Table 3, anal-
ysis on the Rabi frequency (g) at finer resolution is pre-
sented in this Appendix.We add a few 10% incremental steps
around eachg bias point originally presented in Table 3. In
addition, we add another bias point at g/2π = 100 MHz.
The simulation results summarized in Table 4 indicated that
the NRMSE reaches a minimum when g/2π is around
40–50MHz, which is adopted in the subsequent simulations.
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