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Coupling Characterization of a Linear Dipole Array
to Improve Direction-of-Arrival Estimation

Kuan-Hao Chen and Jean-Fu Kiang

Abstract—The reciprocity theorem is applied to account for
the electromagnetic coupling among antennas in a linear dipole
array, in the presence of multiple incident plane waves. By utilizing
the direction-dependent coupling information, the direction-of-
arrivals of the incident waves can be estimated more accurately by
using the conventional ESPRIT (estimation of signal parameter
via rotational invariance technique). Different coupling compen-
sation methods in the literatures are compared to validate this
method, and multiple incident waves of both uncorrelated and
coherent nature are also simulated.

Index Terms—Direction of arrival estimation, linear antenna
arrays, mutual coupling.

I. INTRODUCTION

IRECTION-OF-ARRIVAL (DOA) can be estimated by

processing the receiving signals of the antenna arrays,
with signal-processing algorithms like multiple signal classi-
fication (MUSIC), root-MUSIC, estimation of signal param-
eters via rotational invariance technique (ESPRIT) [1]-[4],
matrix pencil method [5], and discrete Fourier transform-based
method [6].

These algorithms may produce inaccurate DOA estimation
if the electromagnetic coupling among antennas of the receiv-
ing array is not well accounted for. Different methods have
been proposed to mitigate the mutual coupling effects [7]-[11].
A mutual coupling matrix is usually defined and computed to
compensate for the coupling effects before applying signal-
processing algorithms for beamforming or DOA estimation
[12]-[13].

In [7], a mutual impedance was used to derive the open-
circuit voltages by using the received voltages, which were
then used to adjust certain parameters of adaptive arrays. This
method was used in [12] to improve the accuracy of DOA
estimation with a dipole array.

In [8], an improved compensation method was proposed to
compensate for the coupling effects embedded in the received
voltages, by using a full-wave approach. However, the incident
angles must be known a priori.
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In [9], a minimum-norm mutual coupling compensation tech-
nique [3] was applied to process the array signals. Both the
matrix pencil method [5] and the MUSIC [1] algorithm were
also used for comparison.

In [10], a calibration method was proposed, in which the
mutual coupling matrix is obtained by processing the receiving
voltages with and without coupling, respectively. This method
deals with data in the signal space, and does not need the
electromagnetic response of the array.

In [11], a modified mutual impedance was proposed by
including the open-circuit scattering effects and the load
impedances in the receiving array. The accuracy of this method
is better than that of the conventional open-circuit voltage
method if followed by the MUSIC algorithm.

In this work, the reciprocity theorem is applied to model
the mutual coupling effects in a linear dipole array, where the
driving voltage sources and source impedances in the trans-
mitting mode as well as the load impedances in the receiving
mode are rigorously related to the impedance matrix, lead-
ing to more accurate DOA estimation with an ESPRIT algo-
rithm. Simulation results are validated and compared with the
literatures.

This paper is organized as follows. The signal model is pre-
sented in Section II, the conventional decoupling method is
briefly reviewed in Section III, the proposed decoupling method
is presented in Section IV, the covariance matrix needed for
the ESPRIT is derived in Section V. Simulation results are pre-
sented and discussed in Section VI. Finally some conclusion is
drawn in Section VIIL.

II. SIGNAL MODEL

Fig. 1 shows linear array of N, dipoles operating in the trans-
mitting mode and the receiving mode, respectively. When there
are M plane waves incident upon the array, the received volt-
ages at all the antenna loads V;. = [v,1, vy, . . . ,’UrNd]t can be
expressed as

M
Vr(t) = Z a(pm)sm(t) +n(t)

= D(¢) - 5(t) + n(t) (1)

where a(¢,,) is an Ny x 1 steering vector associated with the
mth plane wave, which has the amplitude s,,(¢) and is incident
from direction ¢,,,; 7 is an Ny X 1 vector, recording noises at
all the antenna loads; D(¢) = [@(¢1) . ..a(¢ar)]isan Ny x M
matrix; and 5(t) = [sy(¢) ... saz(t)]" is an M x 1 vector.
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Fig. 1. Linear array of N dipoles. (a) Transmitting mode. (b) Receiving mode.

The coupling effects embedded in the received voltages V. (t)

are compensated via the mutual coupling matrix C to obtain the
decoupled voltages V as [7]-[11]

V(t)=C"1-Vu(t). )

By substituting (1) into (2), we have

~1.D(¢) - 5(t) + C7 - A(t). 3)

Qu

V(t) =

If the incident waves are uncorrelated to the noises, and the

noises have identical variance of o2, the correlation matrix of

V() can be expressed as

Vi(t)}
: ESS ' IZ)T : (5_1)T + 5_1 : Enn . (C:’_l)T~ (4)

7

E{V(

Il
Qui
S =

In numerical simulations, the correlation matrices are derived
from K samples of data as

_ 1 &
Ry = 2 > afklat[k] Q)

where the Monte Carlo technique is applied to simulate 7i[k]s.
The covariance matrix is then input to conventional DOA
estimation algorithms like ESPRIT to estimate the DOAs.

5057

III. CONVENTIONAL DECOUPLING METHODS
A. Coupling Matrix Method

Method of moments has been applied to compute the receiv-
ing voltages of an Ng-dipole array as shown in Fig. 1(b),
leading to a matrix equation [8]

VM:§~j:(ZM+ZL)'j (6)
which can be solved to have

T V=Y Vi @)

NNTT

I_:

where Z); is the impedance matrix, Z;, is an Ng x N, diag-
onal matrix, which contains all the load impedances, and Vi
depends on the incident fields but is free of mutual coupling.

The receiving voltages, including the mutual coupling
effects, can be expressed as [9]

Vo=2p-Ip=2-Yp Vi (8)

where Yp is an Ny x NyQ submatrix of Y3, @Q is the number
of basis functions implemented on each dipole. The elements
of Vs can be expressed in terms of those at the antenna ports,
thus (9) can be reduced to [8]

V,=C-Vj ©9)

where V|, contains N, elements at the antenna ports, and Cis
an Ny x Ny coupling matrix.

B. Calibration Method

The receiving-voltage vectors Vs, associated with different
DOAs, are obtained and stored in a matrix as [10]

Vi=[Vi1 Voo -+ Vop ] (10)
where V., is the receiving-voltage vector when a plane wave
is incident in direction p, with p = 1,2, ..., P. Typically, P is
larger than Ng.

Consider a plane wave incident from the pth direction. The
receiving voltage at each dipole of the array, in the absence of
the other dipoles, is computed and stored in Vdp. These vectors
are then compiled into a matrix as

‘:/d:[‘_/m Vaz -+ Vap]. (11)
A mutual coupling matrix C is defined as
V. =C-V, (12)

from which the mutual coupling matrix can be estimated by
using the least-square method as [10]
C=V,-v} (%Vj) (13)

where At is the Hermitian of A.
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C. Induced EMF Method

By applying the reciprocity theorem to the dipole array in the
transmitting mode and the receiving mode, as shown in Fig. 1,
the voltages and currents in these two modes are related as

Nd Nd
Z (Vvsn - anItn) Irn - Z ern-[tn
n=1 n=1

Ng
=—FEin- Z// Ton (7)™ di (14)
n=1 S,

where Vi, = Vi — Zsnlin, Lrn = _‘/:!'H/ZLH’ and 7 =12
sin 0; cos ¢; + ysin@; sin ¢; + Zcosf;. By choosing Z, =
Z1m and Vg, = d,,n, the left-hand side of (15) can be reduced
to — (‘/s'm/ZLm)‘/rm-

In the simulations, the incident waves are assumed to arrive
in the horizontal directions, with the electric field Fi, =
—ZFE,. The dipole radius is typically much smaller than one
wavelength, hence the induced current is independent of the
circumferential coordinate. Thus, the surface integrals in (15)
can be reduced to

- o, Ln/2 o
// Jtn(F/)eJkrnr i :/ Itn(zl>ejkr.r ds
S. _Ln/2

with Iy, (") = 2maJy,(2'). B
Next, the transmitting current .J;,, on the right-hand side of
(15) is relabeled as

= o Temm(), n=m
Jtn(r ) = { jt,nm(F/)7 n 7& m

where J; nom and J; ., are the transmitting current on the mth
dipole and the induced current on the nth dipole, respectively.
Then, (15) can be reduced to a matrix equation as

5)

(16)

Z-V,=-G-E (17)
where
‘/S'HI/ m=n
Zmn - ZLmIt,mm (O)’
0, m#n
1 /Lm/2 I (Z/)ejk:z' cos@-d /
— y 7 Z s
It,mm(o) —Ln/2 fmm
Gmn = me=n

1 Ln/2 k , 9
I o o) edk# cos idZC
Ty o (0) // tam(7)

m#mn

E, = Eoejk(m;L sin 0; cos ¢;+y/, sin 0; sin (b,;) (18)
with 1 < m,n < Ny. Equation (18) implies that
V.=C-E (19)

where C' = —Z~! . G is called the coupling matrix [14].

Note that the coupling matrices in (10), (14), and (20) share
similar idea, but they are computed with different methods and
carry different information.
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IV. DECOUPLING METHOD WITH AZIMUTH
INFORMATION

The current distribution on the mth dipole I_t,mm can be
further decomposed into
jumm(f/) = jt(F/) + It,mc(f/) (20)

where I;(7) is the current distribution on a single dipole in the
absence of the other dipoles, and

Ng
It,mc(f/) - Z It,mn(f/)

n=1,n#m

21

is the current coupled from the other dipoles. Thus, (15) can be
rewritten as

7 -Vo(0i,6:) + G'(0:) - E(0;,60) = A+ Voe(0i,6i)  (22)
where
1 L., /2 - ,
e [ L)
It,m,m(o) /—Lm/Z b )
m=n
mn(02) = 1 Ln/2 k2’ cos
—_— I nm(zl>€‘] z' cos "dz/,
Itamm(o) v/L”/Q b
m#mn
A — It(O)/It,mm(0)7 m=n
mn 0, m;«én
1 i g ;. .
Voern (05, i) = — E, Jk(zm sin 0; cos ¢;+y;,, sin 0; Slngbi)
oc n( i ¢) It(O) 0€
L?n/2 o,
/ dz’It(z/)ejkz cos@i. (23)
—L,, /2

Equation (23) implies that
Voel0is$) = A Z -V (05,6) + A7 Ve(0,60) - (24)

where V.(0;,¢;) = G'(0;) - E(0;, $;) is regarded as the cou-
pling voltages from all other dipoles, which is a function of
the incident direction. By choosing V, with arguments close to
the incident direction (6;, ¢;), the coupling effects can be better
accounted for with (25).

V. COVARIANCE MATRIX FOR ESPRIT

The conventional ESPRIT algorithm will be used to estimate
the DOAs of single or multiple incident plane waves. First, (25)
is sampled at the kth time instant to have

Vel =A™ - Z -V, [k + A1V,
=B (Vilk] + Alk]) + C (25)
with B = A=1. Z, V,[k] = V,[k] + n[k], and
M M ~
C= Z 67” = Z A’" At ‘7C(¢m) (26)
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where A, is the amplitude of the mth incident wave, assuming
there are M incident waves.
Define a cost function

2

M
J = ‘77! - Z Am‘_/cal((;m)

m=1

(27)

where V! is the average of V,[k]'s over K samples, and
Vea(¢m) contains the receiving voltages when a plane wave
with unit-amplitude is incident at ¢,,,. By setting 9.J/0 A}, = 0,

a matrix equation is derived as

M — ~
Z Vgal (¢m’)
m=1

with 1 <m/ < M from which _the amplitudes A,,s can be
determined. The initial guess of ¢,,,s can be obtained by apply-
ing the ESPRIT algorithm to a conventional covariance matrix
like that in (5).

Assume that the signals and the noises are uncorrelated, and
the noises have zero mean, namely, E {VST_LT} = E {ﬁV;} =
0 and E{n} = 0. Then, the covariance matrix of V. can be
derived as

Vca](qgm)Am - _i‘a]((g)m/) : ‘_/7/ (28)

R= E{VuVi} =B Re B+ B X.Ct
+B-Rp,-B'+CX! - BT +CCT (29)
where
R BTV ~ LS v
’ Kk:l ’
_ 1 E
R, = E{an'} ~ e ;ﬁ[k]ﬁ*[k‘]
K= E{V.)~—~ f Al (30)
Kk:l

If the M incident waves are uncorrelated to one another, (30)
can be reduced to

M
R=B-Re-B'+ > B-XuCl,+B- Ry B
m=1
M M
+ 3 CuXl, BT+ CnC, (31)
m=1 m=1
with
1 K
Xom = Ve ;‘/s (32)

where V,,, contains the received voltages induced by the mth
incident wave. B

The covariance matrix R is then processed with the ESPRIT
algorithm to get a more accurate estimation of ¢", with the
initial guess ¢’ obtained by using the conventional methods.
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Fig. 2. RMSE of DOA over 100 Monte Carlo realizations, without compensat-
ing the mutual coupling, K = 300, Ny = 7, and SNR = 3 dB.

VI. RESULTS AND DISCUSSIONS

Consider a linear dipole array with N; = 7, deployed along
the x-axis at a uniform spacing of d = A\/2 at 2.4 GHz. All
the dipoles are polarized in the z direction, have the length L. =
A/2 and radius a = A/200. The amplitude of the incident waves
is A = 15 (mV/m).

The noise can be specified in terms of the signal-to-noise
ratio (SNR) as

E{Vj VS} _
E{nf-n}

E{VI-7.)

SNR =
]\7(10'72I

(33)

where ny = nj, + jn; with 1 </ < N,. Both n}, and nj are
real Gaussian random variables with variance o2 /2.

The accuracy of DOA estimation is evaluated in terms of the
root-mean-squared error (RMSE) over NV realizations of Monte
Carlo simulations as

1 N M
RMSE = | | + SN«
n=1m=1

where ¢, ,,, and (bg’m are the true DOA and the estimated DOA,
respectively, of the mth incident angle in the nth realization.

Fig. 2 shows the RMSE of DOA over 100 Monte Carlo
realizations, without compensating the mutual coupling. The
estimated DOA can be used as the initial guess ¢,., around
which the proposed method can be applied over a relatively
finer angular region to acquire a more accurate DOA estimation.

Next, we apply the ESPRIT algorithm to estimate the DOA
by using the decoupled voltages derived from (25), the coupling
matrix method [8] and the calibration method [10], respectively.
The accuracy achieved with each method is evaluated over 100
Monte Carlo realizations.

Fig. 3 shows the effect of SNR on RMSE by using the pro-
posed method for coupling compensation before applying the
ESPRIT. For comparison, Fig. 4 shows the counterparts by
using the coupling matrix or calibration method before apply-
ing the ESPRIT. The RMSE by using the proposed method is
0.0427° and 0.0941° at the DOA of 60° and 30°, respectively, at
SNR = 3 dB; which are better than the corresponding RMSE of
0.1187° and 0.2711°, respectively, by using the other methods.

Fig. 5 shows the RMSE at different DOAs by using dif-
ferent coupling compensation methods. It is observed that the

v —bum) (34
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Fig. 3. Effect of SNR on RMSE by using the proposed method, with DOA at
¢ = 90° ( ), ¢ = 60° (— — —),and ¢ = 30° (— o —); over 100 Monte
Carlo realizations, K = 300, Ny = 7.
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Fig. 4. Effect of SNR on RMSE by using the coupling matrix or calibration
method, with DOA at ¢ = 90° ( ), ¢ = 60° (— — —), and ¢ = 30°
(— o —); over 100 Monte Carlo realizations, K = 300, Ng = 7.
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Fig. 5. RMSE at different DOAs by using the proposed method ( ),
coupling matrix or calibration method (— — —); over 100 Monte Carlo real-
izations, K = 300, Ng; = 7, and SNR = 3 dB.

proposed method estimates the DOA more accurately than the
other two methods.

Next, we will try to estimate the DOAs when there are multi-
ple incident waves. Note that the source covariance matrix Ry,
in (5) is a diagonal matrix if the incident waves are uncor-
related, a nondiagonal and nonsingular matrix if the incident
waves are partially correlated, and a nondiagonal but singu-
lar matrix if some incident waves are fully correlated [15].
Multipath signals originated from the same signal source will
make the received signals highly correlated. In such cases, both

il Backward |- Subarray 1 -+
e o - 00 ---- 0 @
1 2 Np Np+1Np+2 Nyj—1Ng
Subarray 1 —_
- X Forward

|- Subarray 2 +|

Fig. 6. Spatial smoothing technique with overlapping subarrays.

MUSIC and ESPRIT algorithms will fail because the source
covariance matrix R, becomes rank deficient.

The spatial smoothing technique [15] and forward/backward
spatial smoothing (FBSS) technique [16] have been proposed
to deal with such cases. By applying the FBSS technique, a
modified covariance matrix is derived as

be = } (Rf + Rb)

5 (35)

where Ry and R, are the forward and backward spatially
smoothed covariance matrices, respectively. It works as if the
original array is grouped into multiple overlapping subarrays,
and the average of the covariance matrices of all the subarrays
is utilized to recover the rank of the source covariance matrix
R, before applying the ESPRIT algorithm.

Fig. 6 shows a uniform linear array of Ny dipoles, grouped
into overlapping subarrays, each having [V, adjacent dipoles.
The subarrays are labeled in both the forward and the backward
directions, respectively. For example, dipoles 1,..., N, are
grouped into the first forward subarray, dipoles 2,..., N, +1
into the second forward subarray, and so on. Let Uy ,[k] con-
tain the open-circuit voltages of dipoles in the gth forward
subarray. The forward spatially smoothing covariance matrix
is calculated as the sample mean of the subarray covariance
matrices as

Ry = 225 35" Up MO},

where P = Ny — N,, 4 11is the number of subarrays, with P >
M and N, > M + 1[15].

Similarly, let Uy 4[k] contain the open-circuit voltages of
dipoles in the gth backward subarray. The backward spatially
smoothing covariance matrix is calculated as

= LS 7 )t
Ry, = P Z Z Uy o[K] (Uy 4 [K])

k=1q=1

(36)

(37

where the superscript * indicates complex conjugate. The matri-
ces Ry and R, are substituted into (36) to derive Ry;, which is
then used in the ESPRIT algorithm.

Fig. 7 shows the effect of SNR on RMSE, under two uncor-
related incident waves. Since the proposed method is capable
of eliminating the mutual coupling more effectively than the
other two methods, hence the RMSE of the former is lower than
that of the latter, especially at lower SNRs. For example, the
difference of RMSE is about 0.3° at SNR = 3 dB.

Fig. 8 shows the effect of SNR on RMSE, under two corre-
lated incident waves. The FBSS technique is applied to recover
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Fig. 7. Effect of SNR on RMSE, under two uncorrelated waves incident from
¢1 = 30° and ¢2 = 60°, respectively; : with the proposed method,
— — —: with coupling matrix or calibration method; over 100 Monte Carlo
realizations, K = 300, Ny = 7.
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Fig. 8. Effect of SNR on RMSE, under two correlated waves incident from
¢1 = 30° and ¢ = 60°, respectively; : with the proposed method,
— — —: with coupling matrix or calibration method; over 100 Monte Carlo
realizations, K = 300, N = 5,and Ng = 7.

the rank deficiency of R, due to correlation of the incident
waves. The size of each subarray is set to N, = 5, and Ry and
Ry, are derived from the decoupled voltages.

Compared to Fig. 7, the RMSE under two correlated incident
waves is generally higher than that with two uncorrelated ones
because stronger coupling among dipoles is induced in the for-
mer case than in the latter. Since the proposed method takes the
azimuth information into account, it is more accurate than the
other two methods.

Fig. 9 shows the RMSE under two uncorrelated incident
waves, where ¢ is varied from 85° to 5° while ¢- is fixed at
90°. It is observed that the RMSE with the proposed method is
lower than that with the other two methods, especially when the
difference of incident angles between these two waves is close
to 5°.

Fig. 10 shows the RMSE, under two correlated incident
waves, where ¢ is varied from 75° to 5° while ¢, is fixed
at 90°. At SNR = 10 dB, two correlated waves with incident
angles as close as 15° can be resolved with the proposed
method, and two uncorrelated waves with incident angles sep-
arated by 5° can also be resolved. If the incident angles of the
two correlated waves become small or if the SNR is low, the
DOA estimation algorithm will misjudge these two waves as
one, leading to a higher RMSE. In short, to enhance the DOA
resolution demands a higher SNR or a larger array.
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Fig. 9. RMSE under two uncorrelated waves incident from 85° > ¢; > 5°
and ¢2 = 907, respectively; : with the proposed method, — — —: with
coupling matrix or calibration method; over 100 Monte Carlo realizations, K =
300, SNR = 10dB, and Ny = 7.
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Fig. 10. RMSE under two correlated waves incident from 75° > ¢1 > 5°

and ¢2 = 90°, respectively; : with the proposed method, — — —: with

coupling matrix or calibration method; over 100 Monte Carlo realizations,
K = 300,SNR = 10dB, N, = 5,and Ng = 7.
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Fig. 11. RMSE under two correlated incident waves with the proposed method,
$2 = 90°%; 1 82° > ¢1 > 5°, Ng =15, — — —: 80° > ¢1 > 5°,
N4 = 11; over 100 Monte Carlo realizations, K = 300, SNR = 10 dB, and
Np =5.

Fig. 11 shows the effect of array size (/N;) on the RMSE,
under two correlated incident waves. It is observed that the
DOA resolution is about 8° when Ny = 15, and is about 10°
when Ny = 11, at SNR = 10 dB. The RMSE grows gradually
as @1 < 15°, which means that the ESPRIT algorithm becomes
less accurate when one of the waves is incident near the end-fire
direction of the linear array.
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VII. CONCLUSION

A coupling compensation method, which is derived by using
the reciprocity theorem, has been proposed to decouple the
receiving voltages on a linear dipole array. By applying the
ESPRIT algorithm to these decoupled voltages, the DOAs
of incident waves can be estimated more accurately than
using the conventional coupling matrix or calibration methods.
Multiple incident waves of uncorrelated or correlated nature
have been simulated. The results indicate that the proposed
method enhances the accuracy and resolution of DOAs obtained
with the conventional methods.
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