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Estimation on Location, Velocity, and Acceleration
With High Precision for Collision Avoidance

Po-Jen Tu and Jean-Fu Kiang, Member, IEEE

Abstract—An approach is proposed to estimate the location,
velocity, and acceleration of a target vehicle to avoid a possible
collision. Radial distance, velocity, and acceleration are extracted
from the hybrid linear frequency modulation (LFM)/frequency-
shift keying (FSK) echoed signals and then processed using the
Kalman filter and the trilateration process. This approach proves
to converge fast with good accuracy. Two other approaches, i.e.,
an extended Kalman filter (EKF) and a two-stage Kalman filter
(TSKF), are used as benchmarks for comparison. Several scenar-
ios of vehicle movement are also presented to demonstrate the
effectiveness of this approach.

Index Terms—Kalman filter, radar, trilateration.

I. INTRODUCTION

OVER one million people die in car accidents every year
in the world, and more than 50 million are injured. An

autonomous cruise-control (ACC) scheme has been reported
to help in avoiding rear-end collisions, and a lane-departure
warning/lane-change-assistance scheme has significantly re-
duced the number of car accidents [1]. A study shows that, in
29% of the cases, the driver did not hit the brake before an
accident, because they either were not aware of the danger or
had insufficient time to react [2]. An extra 0.5 s of early warning
can prevent 60% of rear-end collisions [2].

Multiple types of sensors have been used in the ACC scheme,
including image sensors, lidars, and radars [3]–[5]. Today, car
manufacturers and their suppliers are developing a long-range
radar to cover a maximum range of 200 m within the azimuthal
range of 14◦. Short-range radars with coverage up to 30 m and
an azimuthal range of 140◦ are also under development [6], [7].

Precise detection of a nearby moving target is critical for
the ACC scheme to effectively work. Several methods have
been proposed to trilaterate a specific target based on multiple
radar sensors. In [8], Klotz presents a method to trilaterate
a target using multiple frequency-modulated continuous-wave
(FMCW) echoes. A linear Kalman filter can be used to estimate
the relative range and velocity based on the range data recorded
with a sensor [9]. However, the acceleration cannot reliably be
estimated, for example, when the target is making a turn over a
short period. Another two-stage linear Kalman filter (TSLKF)
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Fig. 1. Procedure of robust Kalman filter.

is capable of estimating the relative acceleration [10]. However,
it slowly converges if the target is making a quick turn. An
extended Kalman filter (EKF) has been used to estimate the
kinematic parameters of the target using only one sensor [11].
However, the errors become too large when the target is making
a turn.

In this paper, a robust Kalman filter (RKF) is proposed to
improve the estimation accuracy of acceleration and, hence, that
of location. The proposed approach is presented in Section II.
The TSLKF and the EKF are briefly reviewed in Section III. In
Section IV, the accuracy of these approaches is compared under
several scenarios, with the target vehicle making a turn in front
of the host vehicle.

II. ROBUST KALMAN FILTER

Fig. 1 shows the RKF, which consists of three stages: First,
data of range ri, radial velocity vi, and radial acceleration ai

are extracted from the echoed signals reflected by the target
and received by the ith sensor. Second, a linear Kalman filter is
used to estimate r̂i(t), v̂i(t), and âi(t). Third, the trilateration
process is applied to estimate the kinematic parameters of the
target x̂(t), ŷ(t), v̂x(t), v̂y(t), âx(t), and ây(t).

A. Hybrid FSK and LFM Signals

Fig. 2 shows the temporal variation of frequency of a linear
frequency-modulation (LFM) signal [12], with bandwidth
Bsweep and dwell time TLFM. Fig. 3 shows a frequency-shift
keying (FSK) scheme by using two LFM signals A and B with
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Fig. 2. Frequency variation of the LFM signal. (Solid line) f(t) of the
transmitted signal. (Dashed line) fr(t) of the received signal.

Fig. 3. Hybrid FSK and LFM signals.

frequency-changing rates of sA and sB , respectively. In this
paper, we choose sA = sB = s without loss of generality. By
taking 2N samples with interval τ = TLFM/2N , the frequency
increment over 2τ becomes finc = Bsweep/N . A typical set
of parameters, e.g., are fA(0) = 77 GHz, Bsweep = 150 MHz,
fB(t) − fA(t) = 300 kHz, TLFM = 51.2 ms, and N = 256
[12]. The frequency difference between the second signal
measured at t = 2nτ and the first signal at t = (2n − 1)τ is
fshift = fB(0) − fA(0) + sτ .

The frequency differences between the echoed signals
and the emitted signals are ΔfA = frA(t) − fA(t) and
ΔfB = frB(t) − fB(t). Define SA = ΔfATLFM and SB =
ΔfBTLFM; then

SA = TLFM [frA(t) − fA(t)]

= TLFM {[f0 + s(t − 2rA/c)] (1 − 2vA/c) − (f0 + st)}
= TLFM [−(2vA/c)fA(t) − (2srA/c)(1 − 2vA/c)]

�TLFM [−(2s/c)rA − (2vA/c)fA(t)] (1)

SB = TLFM [frB(t) − fB(t)]

�TLFM [−2srB/c − (2vB/c)fB(t)]

= TLFM

[
− (2s/c)(rA + vAτ + aτ2/2)

− (2/c)(vA + aτ)fB(t)
]

= TLFM {−(2s/c)rA − (2/c) [fB(t) + sτ ] vA

− (2/c)
[
τfB(t) + sτ2/2

]
a
}

(2)

during 0 < t < TLFM, where rA and vA are the range and
velocity, respectively, measured at t = (2n − 1)τ ; and rB and
vB are the range and velocity, respectively, measured at t =
2nτ . The acceleration a is approximated as a constant dur-

ing 0 < t < TLFM. The phase difference between the second
signal measured at t = 2nτ and the first signal measured at
t = (2n − 1)τ is

Δϕ =ϕB − ϕA

=
4π

c

{[
fB(0) + 2nsτ − 2srB

c

](
1 − 2vB

c

)
rB

−
[
fA(0) + (2n − 1)sτ − 2srA

c

]

×
(

1 − 2vA

c

)
rA

}

� 4π

c

{[
fB(0) + 2nsτ − 2srB

c

]
rB

−
[
fA(0) + (2n − 1)sτ − 2srA

c

]
rA

}

� 4π

c
fshiftrA +

4π

c
fB(t)

(
vAτ +

1
2
aτ2

)
. (3)

Equations (1)–(3) can be reorganized as⎡
⎣ r

v
a

⎤
⎦ =

⎡
⎣ rA

vA

a

⎤
⎦ = ¯̄J

−1 ·

⎡
⎣−SAc/TLFM

−SBc/TLFM

Δϕc/π

⎤
⎦

where

¯̄J =

⎡
⎣ 2s 2fA(t) 0

2s 2 [fB(t) + sτ ] 2
[
fB(t)τ + sτ2/2

]
4fshift 4fB(t)τ 2fB(t)τ2

⎤
⎦ .

Reasonable accuracy of range and velocity estimation can be
achieved by choosing fshift = −finc/2 [12].

B. Kalman Filter

The Kalman filter in [13] is summarized as

¯̄Rα[n] = ¯̄C[n] · ¯̄K[n|n − 1] · ¯̄C
†
[n] + ¯̄Q2

¯̄G[n] = ¯̄K[n|n − 1] · ¯̄C
†
[n] · ¯̄R

−1

α [n]

ᾱ[n] = ȳ[n] − ¯̄C[n] · x̂[n|n − 1]

x̂[n|n] = x̂[n|n − 1] + ¯̄G[n] · ᾱ[n]

x̂[n + 1|n] = ¯̄F [n + 1|n] · x̂[n|n]

¯̄Kε[n] = ¯̄K[n|n − 1] − ¯̄G[n] · ¯̄C[n] · ¯̄K[n|n − 1]

K̄[n + 1|n] = ¯̄F [n + 1|n] · ¯̄Kε[n] · ¯̄F
†
[n + 1|n] + ¯̄Q1

where ᾱ[n] is the innovation vector, x̂[n|n] is the filtered
estimate of the state vector, x̂[n + 1|n] is the predicted estimate
of the state vector, ȳ[n] is the measurement vector, ¯̄Rα[n] is the
correlation matrix of ᾱ[n], ¯̄G[n] is the Kalman gain, ¯̄Kε[n] is
the correlation matrix of x̂[n|n], ¯̄K[n + 1|n] is the correlation
matrix of x̂[n + 1|n], ¯̄C[n] is the measurement matrix, ¯̄F [n +
1|n] is the transition matrix, and ¯̄Q1 and ¯̄Q2 are the correlation
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matrices of the process noise vector and the measurement noise
vector, respectively.

The measurement vector ȳj [n] and the dynamic state vector
x̄j [n] associated with the jth sensor are defined as

ȳj [n] =

⎡
⎣ rj [n]

vj [n]
aj [n]

⎤
⎦ x̄j [n] =

⎡
⎣ r̂j [n]

v̂j [n]
âj [n]

⎤
⎦

with j = 1, 2. The state transition matrix can be derived as

¯̄F [n + 1|n] =

⎡
⎣ 1 Tp T 2

p /2
0 1 Tp

0 0 1

⎤
⎦

where Tp = 2τ is the time interval for state update. Assume
¯̄C[n] = ¯̄I3×3, ¯̄Q1 = ¯̄0, and

¯̄Q2 =

⎡
⎣ σ2

r 0 0
0 σ2

v 0
0 0 σ2

a

⎤
⎦ .

The initial values are chosen as x̄j [1|0] = [rj [0]vj [0]aj [0]]t and
¯̄K[1|0] = ¯̄I3×3.

With reference to [14], the standard deviations of range and
velocity measurement are chosen as σr = 0.05 m and σv =
0.02 m/s, respectively. The standard deviation of acceleration
is chosen as σa = 1 m/s2. The data received by each sensor are
independently processed.

C. Trilateration

Without loss of generality, assume that the ith sensor is
located at (xi, 0), and the reflecting point of the target vehicle is
located at (x̂, ŷ), moving at velocity (v̂x, v̂y). The output from
the Kalman filter based on the data received at the ith sensor is
r̂i, v̂i, and âi. The ranges r̂1 and r̂2 can be expressed as

r̂2
1 = (x̂ − x1)2 + ŷ2

r̂2
2 = (x̂ − x2)2 + ŷ2.

By eliminating ŷ, we have

x̂ =
x2

1 − x2
2 − r̂2

1 + r̂2
2

2(x1 − x2)
. (4)

Then, ŷ can be determined as

ŷ =
√

r̂2
1 + r̂2

2 − (x̂ − x1)2 − (x̂ − x2)2
/√

2. (5)

The relative velocities v̂1 and v̂2 are related to v̂x and v̂y as

v̂1 =
x̂ − x1

r̂1
v̂x +

ŷ

r̂1
v̂y

v̂2 =
x̂ − x2

r̂2
v̂x +

ŷ

r̂2
v̂y.

The target velocity can thus be derived as
[

v̂x

v̂y

]
=

[
x̂ − x1 ŷ
x̂ − x2 ŷ

]−1 [
v̂1r̂1

v̂2r̂2

]
. (6)

Fig. 4. Procedure of the TSLKF.

Fig. 5. Procedure of the EKF.

Similarly, the target accelerations âx and ây can be derived
from the relative accelerations â1 and â2 as

[
âx

ây

]
=

[
x̂ − x1 ŷ
x̂ − x2 ŷ

]−1 [
â1r̂1

â2r̂2

]
. (7)

III. OTHER KALMAN FILTERS FOR COMPARISON

A. TSLKF

Fig. 4 shows the procedure of the TSLKF [10]. Its estimation
is based on a linear combination of the outputs from a bias-free
filter and a biased filter. The output of the biased filter is used to
correct that of the bias-free filter in estimating the target range
and velocity. First, ranges ri from the target to the sensors are
extracted from the LFM echoed signals [15]; then, these ri’s are
sent to the two-stage Kalman filter to estimate r̂i(t), v̂i(t), and
âi(t) [16]. Second, the trilteration equations in (4)–(7) are used
to estimate x̂(t), ŷ(t), v̂x(t), v̂y(t), âx(t), and ây(t).

B. EKF

Fig. 5 shows the procedure of the EKF [17]. Taylor approx-
imation is applied to linearize the transition and measurement
matrices, which are originally nonlinear. First, ranges ri, veloc-
ities vi, and accelerations ai from the target to the sensors are
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Fig. 6. Target vehicle makes a left turn in front of the host vehicle. (Solid line)
Host trajectory. (Dashed line) Target trajectory.

extracted from the hybrid FSK/LFM echoed signals received
at the sensors. These data are then sent to the EKF to estimate
x̂(t), ŷ(t), v̂x(t), v̂y(t), âx(t), and ây(t).

IV. RESULTS AND DISCUSSIONS

Fig. 6 shows a typically dangerous scenario when a target
vehicle tries to make a left turn across the lane of the host
vehicle. Let both vehicles be driven on the xy-plane, and the
center of the front bumper on the host vehicle is chosen as a
reference point. Assume that there are two sensors installed on
the front bumper of the host vehicle, i.e., one is 0.8 m to the
left, and the other is 0.8 m to the right of the reference point.
The host vehicle moves straight ahead in the ŷ direction at a
constant speed.

Assume that the target vehicle is in the right front of the host
vehicle at t = 0 and then starts to make a left turn at the speed of
vRt and with the radius of curvature Rt, creating a centrifugal
acceleration of aRt = v2

Rt/Rt.
As shown in Fig. 6, the center of mass of the target vehicle

is at (xt(t), yt(t)), and the local polar coordinates of a point on
the target vehicle are (ρ′t, θ

′
t). Hence, the trajectory of the given

point on the target vehicle can be expressed as

x′
t(t) = xt(t) + ρ′t cos θ′t(t)

y′
t(t) = yt(t) + ρ′t sin θ′t(t)

where

θ′t(t) = tan−1

[
vty(t)
vtx(t)

]
+ φ′

t − 90◦.

ρ′t is the radius from the center of the mass, θ′t is the polar
angle of the given point in the local coordinate, and φ′

t is the
initial azimuthal angle of the local coordinate with respect to
the reference coordinate.

The relative position, velocity, and acceleration of the given
point (x′

t, y
′
t, v

′
tx, v′

ty, a′
tx, a′

ty), with respect to those of the
reference point (x′

h, y′
h, v′

hx, v′
hy, a′

hx, a′
hy), are

x′(t) =x′
t(t) − xh(t), y′(t) = y′

t(t) − yh(t)

v′
x(t) = v′

tx(t) − vhx(t), v′
y(t) = v′

ty(t) − vhy(t)

a′
x(t) = a′

tx(t) − ahx(t), a′
y(t) = a′

ty(t) − ahy(t).

The radial distance, velocity, and acceleration between the
target and the ith sensor can thus be expressed as [17]

ri(t) =
√

[x′(t) − xi]
2 + [y′(t) − yi]

2

vi(t) =
x′(t) − xi

ri(t)
v′

x(t) +
y′(t) − yi

ri(t)
v′

y(t)

ai(t) =
x′(t) − xi

ri(t)
a′

x(t) +
y′(t) − yi

ri(t)
a′

y(t).

The length and width of both vehicles are chosen as 4 and
1.8 m, respectively. The initial kinematic parameters of the
host vehicle are xh(0) = 0, yh(0) = 0, vhx(0) = 0, vhy(0) =
20 m/s, ahx(0) = 0, and ahy(0) = 0. The initial kinematic
parameters of the target vehicle are xt(0) = 8 m, yt(0) = 11 m,
vtx(0) = 0, and vty(0) = 12 m/s. At t = 0, the target vehicle
begins to make a circular motion with the speed of vRt =
12 m/s (43.2 km/h) and the radius of Rt = 15 m, rendering
an acceleration of magnitude |aRt| = 14.4 m/s2, which implies
atx(0) = −14.4 m/s2, and aty(0) = 0.

Monte Carlo simulation is applied with M = 100 trials.
Fig. 7 shows the time evolution of estimation errors using the
proposed RKF, TSLKF, and EKF approaches. The medium
cases in terms of acceleration error among the 100 trials in each
approach are presented.

The RMS errors of estimated kinematic parameters at
t = 1800Tp using RKF are εx = 0.0049 m, εy = 0.0088 m,
εvx

= 0.83 m/s, εvy
= 0.92 m/s, εax

= 6.1 m/s2, and εay
=

0.92 m/s2. The RMS errors are defined as

εα =

√√√√ 1
M

M∑
n=1

[
α̂(n) − α

]2

where α = x, y, vx, vy, ax, and ay , and the superscript (n) in-
dicates the nth trial of the Monte Carlo simulation.

The RMS errors using TSLKF are εx = 0.023 m, εy =
0.035 m, εvx

= 0.38 m/s, εvy
= 0.84 m/s, εax

= 7.5 m/s2, and
εay

= 4.9 m/s2. The RMS errors using EKF are εx = 3.2 m,
εy = 2.8 m, εvx

= 0.028 m/s, εvy
= 6.5 m/s, εax

= 5.3 m/s2,
and εay

= 12.8 m/s2. It is observed that the errors in ax and ay

using both TSLKF and EKF are larger than those using RKF.
Fig. 8 shows the cumulative distribution of errors in estimat-

ing the acceleration at t = 1800Tp over those 100 trials. The
errors of RKF are smaller than those of TSLKF and EKF. The
errors of EKF spread over a wide range, whereas those of RKF
and TSLKF appear to be almost constant.

To compare the performance of these three approaches over
a wider range of kinematic parameters, we demonstrate another
four scenarios of the target vehicle making a left turn in front
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Fig. 7. Estimation errors. (Solid line) RKF with Tp = 200 μs, σr = 0.05 m,
σv = 0.02 m/s, and σa = 1 m/s2. (Dash-dotted line) TSLKF with Tp =
200 μs, σr = 0.05 m, σv = 0.02 m/s, and E{a2} = 400 m2/s4 [10].
(Dashed line) EKF with Tp = 200 μs, σr = 0.05 m, σv = 0.02 m/s, and
σa = 1 m/s2 [18].

of the host vehicle at different speeds and different radii of
curvature. Table I lists the RMS errors using Monte Carlo
simulation with M = 100 trials. Table II lists the errors of
predicted coordinates at the critical time tc using the medium
case of each approach.

In scenarios 1 and 3, the target vehicle is expected to impact
the host vehicle at the critical time. In scenarios 2 and 4, the

Fig. 8. Cumulative distribution of errors in estimating acceleration at
t = td = 1800Tp. (Solid line) RKF. (Dash-dotted line) TSLKF. (Dashed line)
EKF. The parameters are the same as those in Fig. 7.

TABLE I
RMS ERRORS OF ESTIMATED KINEMATIC PARAMETERS

TABLE II
RMS ERRORS OF PREDICTED COORDINATES AT CRITICAL TIME

two vehicles will not collide, because the target vehicle moves
either too fast or too slowly.

Scenario 1: The target vehicle makes a left turn at the
speed of vRt = 12 m/s (43.2 km/h) with a radius of curvature
Rt = 10 m. Thus, the initial values are vty(0) = 12 m/s and
atx(0) = −14.4 m/s2. The RMS errors of kinematic parameters
at t = 0.8 s are listed in the three rows marked by S1 in Table I.
The errors in ax and ay using both TSLKF and EKF are larger
than those using RKF.

Scenario 2: The target vehicle makes a left turn at the
speed of vRt = 30 m/s (108 km/h) with a radius of curvature
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Rt = 10 m. Thus, the initial values are vty(0) = 30 m/s and
atx(0) = −90 m/s2. The RMS errors of kinematic parameters
at t = 0.4 s are listed in the three rows marked by S2 in Table I.
The EKF cannot keep track of the target. The RMS errors using
TSLKF and EKF are larger than those using RKF.

Scenario 3: The target vehicle makes a left turn at the
speed of vRt = 20 m/s (72 km/h) with a radius of curvature
Rt = 15 m. Thus, the initial values are vty(0) = 20 m/s and
atx(0) = −26.67 m/s2. The RMS errors of kinematic parame-
ters at t = 0.6 s are listed in the three rows marked by S3 in
Table I. The EKF loses track of the target again.

Scenario 4: The target vehicle makes a left turn at the
speed of vRt = 8 m/s (28.8 km/h) with a radius of curvature
Rt = 20 m. Thus, the initial values are vty(0) = 8 m/s and
atx(0) = −3.2 m/s2. The RMS errors of kinematic parameters
at t = 0.4 s are listed in the three rows marked by S4 in Table I.
The EKF fails again.

These four scenarios give a general comparison of the three
approaches under different conditions of vehicle movement. In
scenarios 1 and 3, the target vehicle turns at a normal speed with
a normal radius. The proposed RKF delivers better estimations
than the other two approaches. In scenario 2, the target vehicle
makes a faster turn with a smaller radius. The EKF cannot
quickly converge, and the TSLKF delivers poor estimation of
acceleration. In scenario 4, the target vehicle makes a slower
turn with a larger radius, and the RKF also delivers the least
estimation errors among the three approaches.

The EKF fails to track the target due to its nonlinear
transformation from the radial kinematic parameters to those
in the Cartesian coordinates without trilateration. The RKF
consistently renders smaller errors in the estimation of position,
velocity, and acceleration than the other two approaches. The
TSLKF uses only the radial distances as the input to the
Kalman filter, which are fewer than those in the RKF; hence,
the estimation errors using the former are expected to be larger
than those using the latter. The proposed RKF more accurately
predicts the target vehicle position at the critical time than the
other two approaches.

V. CONCLUSION

An RKF is proposed to estimate the location, velocity, and
acceleration of a target vehicle with a fast convergence rate
and high accuracy. Data of radial distance, velocity, and ac-
celeration are extracted from the echoed LFM/FSK signals.
TSLKF and EKF are also used to compare the performance of
this approach. Several scenarios with a vehicle making a left
turn in front of the host vehicle are used to demonstrate the
effectiveness of this approach.
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