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@ A deduction of A is a finite tree with root A.

A

@ The tree will have leaves labelled by sentences.
» Two types of leaves: dead or alive.
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Leaves

@ An alive leaf is a hypothesis.
@ Here is a deduction of A with a hypothesis A:

A

@ A dead leaf does not play an active role in the deduction.
@ Here is a deduction of A = B with a dead leaf A:
[A]

B
A=B

=7

@ Note that a number of leaves with the same label can be discharged
while other leaves with the same label remain alive.

A A
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@ Hypothesis: A
@ [ntroductions:

[A] .
A B B A
AnB M A=B L veA "L
@ Eliminations:
AAB ANB A A=B
A NVA B N2E — 5 = £
VEA e
Ala/¢]

@ In VZ, £ is not free in any hypothesis.

Bow-Yaw Wang (Academia Sinica)

Natural Deduction

Spring 2012 4/13



@ A deductionof A = (B= A):

[A]

AT

AMB p1e
=7

i:}l

A= (B=A)

@ A deduction of A = (B A C) from hypotheses (A = B) A (A = C):

(A=B)ANA=C) (A=B)AN(A=C) 0e
4] A= B ME 4 A=C A
B =& C =&
BAC . N
A= (BAC)
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More Examples

@ A deduction of (VxPx) = (VyPy).

[VxPx]

VxPx = VyPy =1

@ Find the problem in the “deduction” of Px = Py.

[Px]
VxPx
Py

VI
vE
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Interpretation a la Heyting

@ A formula A is seen as the set of its possible deductions.

» If § is a deduction of A (§ “proves” A), we write § € A.
» Ais a theorem if and only if A # ().

@ A deduction of A on the hypothesis By, ..., B, is a function
tx1,...,x,] with parameters x1, ..., x, such that t[by,...,b,] € Aif
b, e Biforalll <i<n.

> Recall that a hypothesis B; may have several occurrences. The set of
occurrences corresponding to B; is called a parcel.

B, By B B

A

In this example, a deduction of A on By, By, By, B3 is t[x1, x2, X3, X4].
The parcels of x1, xp, x3, and x4 have 1, 2, 2, and 1 occurrences
respectively.
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Interpretation of the Rules

@ A deduction of a single hypothesis A is represented by a variable
x for an element of A.

@ A deduction ending in AZ is represented by

(ux1,...,xn),0[x1,...,x,]) where ulxy,...,x,] and v[xq,...,x,] are

deductions of the two children.

@ A deduction ending in A1€ is represented by 7't[xy, ..., x,] where
t[x1, ..., xn) is a deduction of the child and 7! the first projection. A

deduction ending in A2€ is represented by 7t[x;,

..., Xy similarly.
We will use the following equations:

7 u,v) = u 72 (u,v) = v (mlt, m2t) =t
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Interpretation of the Rules

@ A deduction ending in = Z is represented by
tx1,...,xn) = Ax.0[x,x1,...,%,) where v[x,x1,...,x,]is a
deduction of the child.
> A\x.olx, X1,...,X,] is a function which maps a to v[a, x1, . .., x4].
@ A deduction ending in = £ is represented by
tx1,...,xp|ulxq, ..., x,] where t[xq,...,x,] and u[xq, ..., x,] are
deductions of the children A = B and A respectively.
> tx1,...,X4)ulx1, ..., x,] means applying the argument u[xy, . .., x,]
to the function t[x1, . .., x,].
We will need the following equations:

(Mo)u = ovlu/x
Ax.tx t when x is not free in ¢

@ Interpretations of VZ and V& will be discussed later.

Bow-Yaw Wang (Academia Sinica) Natural Deduction Spring 2012 9/13




@ Find a representation of the following deduction:

A [B
ARB

A
=7
B=A -7

A= (B=A)

@ Find a representation of the following deduction:

(A=B)AN(A=C) (A=B)AN(A=C) oe
4] A= B ME 4 A=C A
B =& C =&
VA
BAC T
A= (BAC)
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o Find a representation of the following deduction:

[A] [B]

AT

AAB p1e
=

B=A T

A= (B=A)

AX Y. (X, Y)
@ Find a representation of the following deduction:

(A=B)ANA=C) (A=B)ANA=C) oe
4] A= B ME 4 A=C A
B =& C =&
BAC N
A= (BAC)

Ax((my)x, (may)x)
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Untyped A-Calculus

@ \-terms A is defined as follows.
» x €A
» M € Aimplies Ax.M € A; and
» M,N € A implies MN € A.

@ Consider the 5-conversion:
(Ax.M)N — M|N /x]

@ A variable x is bound if it is in the scope of \x; otherwise x is free.

» xisbound and y is free in Ax.yx;
» x and y are bound in Ay.\x.yx.
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e Church numbers: [i] = M\f.Ax.fix.

o Addition: [+] = Am.A\n.\f Ax.mf (nfx).

o [+][i11f] = m A Af Ncmf (nfx)|[M A fix] M Ax.fix] —
M A F2)f (A fix)f) — M x (MF e fx)f (Fix) —
MAxfH(fix) = M fHix = [i+j].

o Y = M.(Ax.f(xx))(Ax.f(xx)).

@ Forany F € A, YF = (\f.(Ax.f(xx))(Ax.f(xx)))F —
(Ax.F(xx))(Ax.F(xx)) — F[(Ax.F(xx))(Ax.F(xx))] = F[YF].

@ Church-Turing Thesis:
Effectively computable functions are \-definable.
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Equivalent Deductions

@ Deductions may be simplified. For instance,

A B
ANB
A “equals”
A b
ANB e
B “equals”
4]
B
A=B =1 :
B “equals” B
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