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Sequent Calculus

The calculus

> A sequent is of the form A - B where A and B are finite
sequences of formulae Ay, ...,A, and By, ..., By.

» Informally, A - B means the conjunction of A implies the
disjunction of B. Particularly,

> + Basserts \/ B;.
i
» At asserts 7 \A;.

1
» | asserts contradiction.



Sequent Calculus

The calculus

Structural Rules

» The exchange rules:
ACDAFB

AD,C,A+-B
The weakening rules:
AFB
ACEB
The contraction rules:

v

v

A CCFB

A CHB

v

v

LX

LW

LC

AFB,C.D,B

AFB

AFCB
The structural rules essentially say that A and B in the
sequence A - B are multisets.

ArBD.CB %

RW

[

C,

ley

[

+HC,C,B
RC

Observe the (beautiful) symmetry in sequent calculus.



Sequent Calculus

The calculus

Intuitionistic Structural Rules

An intuitionistic sequent is a sequent A - B where B has at
most one formula.

v

» The exchange and contraction rules:
A C.D,A'+B AC,CHB
AD,C,A'+B A, CHB
» The weakening rules:
AFB AF
ACFB LW AI—CRW

v

Note that RX and RC rules are not possible.
And the symmetry is broken...

v



Sequent Calculus

The calculus

“Identity” Rules

» For every formula C, we have the identity axiom.

CrC

The cut rule:

v

AFCB  A.CKPB
A,A'F-B,B
The cut rule can be seen as the symmetric rule to identity
axiom.

» The identity axiom states C-left is stronger than C-right.
» The cut rule states C-right is stronger than C-left.

The cut rule is not welcome in proof search.
» How can an algorithm guess C to prove A,A’ - B,B'?

Cut

v

v

v

Surprisingly, the cut rule is not necessary.

» For every proof for a sequent, there is a cut-free proof for
the same sequent.



Sequent Calculus

The calculus

Intuitionistic “Identity” Rules

» For every formula C, we have the identity axiom.

CrC

» The cut rule:
AFC A CHPB
AA B
» Intuitionistic identity rules are as expected.

Cut



Sequent Calculus

The calculus

Logic Rules -1

» Negation.
AFC,B A,CHB
A-CFB £ AF-CB
» Conjunction.
ACHB ADFB
ACADEB LN ACADLB L2

AFCB A'F-D,B
AA'FCAD,B,B

» Disjunction.
ACFB A DFP
AA,CVvDFEB,B

LV

AFC,B R1 A+ D,B R2
AFcvD,B Y AFCvD,B Y



Sequent Calculus

The calculus

Logical Rules —1I

» Implication.
A-C,B A ,DFP ACFD,B
AAC=oDILBE ~7 ArC=DB ™
» Universal quantification.
A,Cla/¢]+B A-C,B
Avecrs £ AFviCB XY
» Existential quantification.
ACHB AF Cla/¢],B
ACrFB © TAF%CE
» Observe again the symmetry in these rules.



Sequent Calculus

The calculus

Intuitionistic Logical Rules

» Negation.
AFC ACH
A-CF £ Al -C %7
» Conjunction.
ACFB ADFB
ACADLB LN ACADLB L2\

AFC A'FD
AAFCAD

RA

» Disjunction.
ACFB A.DFB

AAacvprs <Y
inl Ai']zz
ArcvD VY AFrCvD %V

» All rules except £V are as expected.



Sequent Calculus

The calculus

Intuitionistic Logical Rules —II

» Implication.
A-C A D-HP
AA,C=DFrP
» Universal quantification.
A Cla/§l-B
AVECEB
» Existential quantification.
4,CFB
A,FCHB
» All rules are as expected.

L=

A CHD R
AFC=D

AFC

AL veC RV

At Cla/g]

Al 3¢C



Sequent Calculus

The calculus

» Consider- A = (B = A).

AF A AFA BFB
ANBEA LY T A BT ANB 7?
u

ABFA
AFB= A ;ﬁ
FA= (B=A)

» Consider | Vx.Px = Vy.Py.
Py~ Py
Vx.Px = Py
Vx.Px = Vy.Py
F Vx.Px = Vy.Py

LY




Sequent Calculus

The calculus

Properties of Intuitionistic Sequent Calculus

» Consider a proof of - A without cut.
» What could be the last rule?

» Structural rules cannot give us - A.
» The identity axiom does not give us - A.
» Left logical rules cannot do.

» The last rule must be a right logical rule.

» If A= A"v A", the last rule must be R1V or R2V. That is,
wehavel- A’ orF A" If F A’V A”, then - A’ or - A”. This
is called the Disjunction Property.

» If A = J¢. A/, the last rule must be R3. That is, we have
F A'la/€]. If - 3¢.A" is provable, then - A’a/€] for some
term a. This is called the Existence Property.



Sequent Calculus

The calculus

Subformula Property

» Can we predict premises of the last rule in a proof?
» The cut rule is unpredictable.
» There is no way to guess the cut formula C.
> Define
» The immediate subformulae of ANB, AV B,and A = B are A
and B;
» The immediate subformula of —A is A;
» The immediate subformulae of V€. A and 3¢.A are Ala/€] with
any term a.

» Except the cut rule, all rules preserve “contexts” (written
A, A, B, B') and change only one formula; moreover, the
premises are immediate subformulae of the conclusion.

» This is called Subformula Property.

» Subformula property is very useful in automated
deduction.

» We only consider subformulae in proof search.



Sequent Calculus

Sequent Calculus and Natural Deduction

From Sequent Calculus to Natural Deduction

Consider the fragment with A, =, and V.

v

v

A proof of A - B corresponds to a deduction of B under
parcels of hypotheses A.
A Ay - Ay
AFB +— :
B

Conversely, a deduction of B under parcels of hypotheses
A can be represented by a proof of A - B.
Why not consider A - B?

» A deduction is for a formula, not formulae.

v

v



Sequent Calculus

Sequent Calculus and Natural Deduction

From Sequent Calculus to Natural Deduction

» The identity group gives basic deductions.

» For the identity axiom,
AFA — A

» For the cut rule,

[

AFB A B-C :
2 2 A/ B
AAFC Cut — A




Sequent Calculus

Sequent Calculus and Natural Deduction

From Sequent Calculus to Natural Deduction

» Structural rules manage parcels.
» For rule £X,

ACDA
A.C.D,A'FB ,
AD,CA+B B
» For rule LW, add a new parcel.
AC
AFB
A CHB :
B

» For rule £C, merge two parcels.

A,C,CHB

ACrB L€ —
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Sequent Calculus and Natural Deduction

From Sequent Calculus to Natural Deduction

» Right logical rules correspond to introduction.
» For rule RA,

A A
AFB _ AFC
AA FBAC B C
Brc M2
» Forrule R =,
A [B]
ABFC
=" = = +—
B=C =1
» For rule RV,
A

_AFB :
AFVEB -



Sequent Calculus

Sequent Calculus and Natural Deduction

From Sequent Calculus to Natural Deduction

» Left logical rules correspond to elimination.

» Forrule L1A,
BAC

ALE
ABFD . 4 B
_— —
ABACFD S :
D
» For rule £ =,
A
AFB A',CFD ; B B=C _ .
= — —_—
AA B=CFD A C
D
» For rule LV,
ve.B
A Bla/€]

ABa/drC



Sequent Calculus

Sequent Calculus and Natural Deduction

Example

» Recall the proof of the sequentt- A = (B = A).

AF A AF A
—L—Z _ ria
AANBFA ABFANAB
ABFA
AFB—4 7
— L 2=Zr R
FA= (B=A)
A B 2
AANB
—a /¢
—
— L R
AFB= A
= R =

FA= (B=A)

Cut A B+ A

ANB A B

RA — ALE —_— A
A ANB

Cut

R =

ArB— A
= R =

FA= (B=A)

A 8]

ANB
— NE

=7

NT

— A4
B= A
=L R

A= (B=A)



Sequent Calculus

Properties of the translation

Different Proofs Correspond to a Deduction

» Consider
A-A BFB A-A BFB
ABFrAnB . ABFAANB E?A
ANABrAnE SN A A EABTANB
: L1A L1,

ANA' BANB'-ANAB ANA'BANB' +-ANAB
» Both correspond to the same deduction
! !
A B AT
AANB
» Natural deductions reflect to our informal notion of

“proofs” more closely.

» Sequent calculus on the other hand manipulates such
“proofs.”
» A+ Bmeans a “proof” of B from A.




Sequent Calculus

Properties of the translation

Direction of Expansion

» Right logical rules in sequent calculus correpond to
introduction rules in natural deduction.

» The translation expands the deduction downwards (to the
root).
> Left logical rules in sequent calculus correspond to
elimination rules in natural deduction.
» The translation expands the deduction upwards (to leaves).
» We can make the translation expand downwards by the

cut rule.
A B
AFA B+ B
7 L= /
A" A=BFB B-FA=B8B — : :
A BB Cut A A=B



Sequent Calculus

Properties of the translation

Normal Deductions and Cut-Free Proofs

» A non-normal deduction results from an introduction
followed by an elimination.

[A]  [B]

ANB

A

B=A
A= (B=A)

» The cut rule can stack introduction on elimination and
thus yield non-normal deduction.

NL
NE
=7
=

ANB e A B 7 A_B s
A ANB Cut ANB AE
A BFA — A
5 i R= T h a1 R=
AFB= A = AFB=A R =
FA= (B=A) FA= (B=A)

» Thus,



Sequent Calculus

Properties of the translation

Normal Form, Normal Deduction, Cut-Free Proof

» A deduction corresponds to a typed A-term.
» Curry-Howard isomorphism.
» Any typed A-term has a normal form.
» The weak normalisation theorem and Church-Rosser
property.
» Any deduction can be normalised.
» Curry-Howard isomorphism.
» A sequent proof corresponds to a deduction.
» A sequent proof has a cut-free form.
» The cut-elimination theorem (Hauptsatz).
> A cut-free sequent proof corresponds to a normal
deduction.
» The cut-elimination theorem corresponds to the
normalisation theorem.
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