Probability System

o A sample space S o Example

» A class & of events -5={1,23,4,5,6}
that are subsets of S —- ={@, {1}, {2}, {3},

« A probability measure {4}, {5} {6}. {1, 2},
P() for each event A {13} ...{1,2,3}, ...
in &, which has the S}
following properties - P(A) =|All6
-P©S)=1 - A={1,2},B={3,4}
-0-P(A)-1 - P(A+B) =2/3=P(A) +
- IfA\B=g, P(A+B) P(B)

= P(A) + P(B)

» Joint events and joint probabilities
Two experiments
A,i=1,2,...,n
B,i=1,2,...,m
With properties
0<P(A,B)<1

3

P(A; B;j) = P(4;)
=1

1o

1



» Conditional probabilities
One experiment, two events

P(A,B) _ P(B|A)P(A)

PAB) =50y =~ Py

 Statistical independence
P(A|B) = P(A)
P(A, B) = P(A)P(B)

* Examples
A={1},B={1,3,5}
P(AB) = 1/3.

Probability Distribution
One-Dimensional Random Variable

e Cumulative distribution * Probability density
function (CDF) function (PDF)
Fi(x) = P(X < x), —00 < X < 00 plx) = ‘fﬁi‘)‘ _ ¥ < 00
Fix)= I. plu) du, —00 < X < 00

* Examples

plx) = Z P(X = x;)d(x — x})
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Joint probability distributions

(PDF)

function (CDF)

v v} — Ly . i
Fix,,x;)=PX) =x, X5 = x,) px). x7) = - . - F(x;, x2)
x; dxy

= J“ J‘.‘ Pluy, us) duy dus
i « Marginal PDF

¢ N-dimensional CDF J Plxy,x2) dxy = plxy)

Flepx, .o x)=PX s X0, .., X,=x) o0
X, o X, J plxy, x3) dxy = plx))
= I J I ] Pl ooy ) vy dviz - - - duy, -0
T + Conditional PDF
« Independence plxi1xs) =2 (;':'['\'_";3?
Flxy, x2...00x) = F(x)F(xz) - - Fx,) Plx1; x2) = plxy [xa)p(xy)
Xy X xy) = plxg)plxs) - - plxy) = p(xs|x))p(xy)

Functions of Random Variables

¢ One Dimension
Y =g(X)

N — px(x;)
P ’U)';m'(x.-n

y=9(x),i=1 ...,n
* Example
Y =aX’ +b, a=10

pyty) = VOBl | pri=/G =B/l
2a,/[(y = b)/d] 2a,/[(y = b)/a]




¢ N-Dimension
Y, =g X, Xa, ..., X)), i=12....n

Xi=g ' (Y, Ya, ..., Y,), i=1,2,..., n
."JYU'I V2 .1"u)
=pxi=gi =g .. x, =g\
g ogy! ig,"
B_'.'| d})_ o a_‘-'|
J=| - .
dg;' ogy g

a} hJ'I a} 'N o a.rﬂ
» Examples )

Y,=Za,,.)c’}. i=12..., n
Y = AX -
Xi=Y bY, i=12...n
=1
n P " |
Privioya.... o= Pr(-\'u = Z’fh,-)',- Xy = Zl:h:a",-- e Xy = 3 b..,.r_.) [detAl
¢ Mean e Example
o0 l Y
EX)=m, = J ,\'p(x)d_\' pxlx) = 5 e~ %/
-0 V2w
e nth moment I 8
o Ela"] = ro / e I ody
E(X"™) =J W plx) dx Vall J=oo
e _{ 1-3:-5--+(n=1) neven
« nth central moment - 0 n odd
ElX -m)] = j (x = m,)"pix)dx
e Variance Y=0X+p
oi = j-x“ = ) plx) dx pyly) = I, "xl‘[ {Ho_ il ]i]
3 3 5 Van =0
ol = E(X?) - [E(X)]
= ..'-.'IX‘J — my . ED_] =g
¢ Covariance matrix A 5 2
var[Y] = El(y — p)°] = #°

i = EJ(X; — m)(X; —my)]
= E(X;X;) — mym,



Characteristic Functions

¢ Fourier transform of PDF

E(e™) = y(jv) = J e p(x) dx

—00

s

1
px)= 5 l Y(jv)e ™ dv
).

* Moment vs. characteristic functions

dr(ji
E(X)=m, = —j ‘Zg“)
d v=0
E(x") = (—jy V)
(l"l

* Sum of random variables

Y=>"x
i=1
Yy (jv) = E(@"")
= E[cxp(_ﬂ'z .V,)]
i=1

n
i)
i=l
~ = n
= J . J n(”"" L ETTE T X ddxydxy - o dx,
oo oo ™

Independence
Xy X X)) = pla)plaz) - - - plx,)
Yyliv) = ” vy, (v)
i=1
Identical independent distributed

Yy (iv) = [y (o)’



Characteristic Functions

* N-Dimensional

LAVLIRY R )]

= f:[cxp(; g ,-,.,r,)]

= J ‘e J cxp(_,r' Z r‘,-_\',-)p(_\'| c Xy X ddxy dxy -y,
oo -00 1

i=

* Example
Yoy jva) = l J SNy xy)dxy dxy
=00 J =00
'}: iy, fus
E(X, X)) = — i[‘”_'LJ
- 82'.:}:-‘3 o =tnel]

Distribution Derived from Gaussian Distribution
X Is Gaussian distributed

» Chi-square, %> (Gamma, I') distribution n degrees of
freedom

» Noncentral %2 distribution with n degrees of freedom



» Rayleigh Distribution

» Rice Distribution

* Nakagami m-distribution



