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What will you learn?
• TEM 什麼時候存在，它向量E及H的一般解？

• 無損傳輸線的場論解？無損傳輸線的場論解？

• 如何用場論來說明無損傳輸線的各項物理量，
含特徵阻抗、電能、磁能、功率、速度。

• 有限導電金屬時傳輸線的場論解。
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TEM Waves and Transmission Lines
• 1.1 TEM Waves 
• 1.2 Transmission Lines 

1 3 Ci i h f L Li• 1.3 Circuit theory for Lossy Lines 
• 1.4 Field Theory for Lossless Transmission Lines 
• 1.5 Power Loss in Planar Conductors
• 1.6 Field Theory for Lossy Lines 
• 1.7 General Two-Conductor Lines 
• 1.8 Transmission Line Parameters
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• 1.9 Conformal Mapping Method
• 1.10 Variational Method
• Problems
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1.1 Plane TEM Waves
• Assumptions

 dependencej te ω− p
z axis: direction of wave propagation

source-free: impressed sources, 0
Linear, isotropic, homogeneous region: ( , )=scalar const.

i iJ ρ
ε μ

= =

componentsE E zE⎧ = + =
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components
(transverse + longitudinal)

parts

TEM waves: 0,  , 

t z
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Maxwell Eqs. in TEM Waves
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TEM Wave Propagation

( )
2

2
t t

t
E Hz z j z j j E
z z
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t
t

Ez j H
z
H

ωμ
⎧ ∂

× = −⎪⎪ ∂
⎨

∂⎪

2 2 propagation constantf

v v
k ω π π

λ
ω με⎧ = = = = =⎪

⎪
( )1( )  jkz j tg z A e e ω

±= ⋅∓

t
t

Hz j E
z

ωε∂⎪ × =⎪ ∂⎩ 2
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2

light velocity in the medium ( , )         

wavelength in the media corresponding to 

c c

c

v v

k

v

f

λ

με

π

μ ε

λ

⎪
⎪
⎪

= =⎨
⎪
⎪

= =⎪
⎩

2 ( )  jkzg z B e±= ∓

wave propagating 
along ±z direction

Relation between E and H

1

2

( , , ) ( , )
( , , ) ( , )

jkz
t t

jkz
t t

E x y z A e x y
H x y z B e x y

ϕ
ϕ

±

±

⎧ = ∇⎪
⎨
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∓
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⎧
= ∇ = ± ×⎪
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E jkz j H H z E z E
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ωμ
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∂
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ε
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Summary Intrinsic impedance
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( , , ) ( , ) ;   

( , ) 0;   Laplace equation         

;   =              

t t t t

t

E x y z A x y e H z E

x y

k

ϕ
η

ϕ

μω με η
ε

±∇ ±⎪
⎪⎪ ∇ =⎨
⎪
⎪ =
⎪⎩

Field in this form
satisfy source-free
Maxwell equation!
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Question
• Can TEM wave solution be supported by the 

structures?
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1.2 Transmission Lines

• Conventional transmission lines
– Two-wire lines, multi-wire line, coaxial lines

• Ideal (lossless) line
– Fundamental mode,  fc = 0

• TEM mode, Ez = Hz =0, 
• Circuit theory & Field theory

– Higher-order mode, fc ≠ 0
TE d E 0 H 0

國立台灣大學
National Taiwan University

• TE modes, Ez = 0, Hz ≠ 0
• TM modes, Ez ≠ 0, Hz = 0
• Hybrid modes, Ez ≠ 0, Hz ≠ 0
• Field theory
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Transmission Lines -2

• Practical (lossy) line  ~  ideal (lossless) line

Hybrid mode

Quasi-TEM mode             TEM mode
• Transmission-line theory

– Circuit theory
• Given distributed line parameters C, L, G, R

V( ) I( ) Z  

Hybrid mode

國立台灣大學
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• V(z), I(z), Zc,,  γ
– Field theory

• Given line conductor configuration
• Line parameters C, L, G, R

1.3 Circuit Theory for Lossy Tx-Lines
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Solution of Tx-Line Equations
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Summary

( )
R series resistance
L inductance

; per unit length

V R j L I
z

ω∂⎧ = − +⎪⎪ ∂ =⎨
( )

;   per unit length
C capacitance
G shunt conductance

I G j C V
z

ω
=⎨∂⎪ = − +

⎪∂⎩

( )( )
2

2
2

Wave equations:
0

      ;   
0

V
R j L G j C

Iz
γ γ ω ω

⎛ ⎞ ⎡ ⎤ ⎡ ⎤∂
− = = + +⎜ ⎟ ⎢ ⎥ ⎢ ⎥∂ ⎣ ⎦ ⎣ ⎦⎝ ⎠

國立台灣大學
National Taiwan University

Relation between ( ) and ( )

( ) ( ) 1      ;  
( ) ( )

z
c

cz
cc

V z I z

V z V e Z I z R j LZ
Y G j CI z I e Y V z

γ

γ

ω
ω

± ÷ ±

± ÷ ±

⎧ = = ± +
= =⎨ += = ±⎩

∓

∓
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1.4 Field Theory for Lossless Tx_Lines
• Conductors S1, S2: PEC with uniform cross-section

Medium: linear, isotropic, homogeneous, lossless
• Fundamental TEM mode• Fundamental TEM mode

( )

1

( , , ) ( , ) ( , )

( , , ) 1 ( , )    

( , ) ( , )
;     

( , ) ( , )

jkz jkz
t t

jkz
t t

t

E x y z x y e e x y e

H x y z z E h x y e

e x y x y

h x y z e x yη

ϕ

η

ϕ μη
ε

⎧ = −∇ =⎪
⎨

= × = ±⎪⎩
= −∇⎧⎪ =⎨ = ×⎪⎩

∓ ∓

∓∓

( , ) 0t e x y∇ × = ⇒∵
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2 2

2 11 1
0indep. of path

( )

    - ( , )

t
S S

t S SS S

y

e d x y d Vϕ ϕ ϕ⋅ = ∇ ⋅ = − =∫ ∫

0

Electric field wave                 Unique voltage wave

( , , ) ( , )          ( )jkz jkzE x y z e x y e V z V e− −= ⇒ =

Field Theory for Lossless Tx-Lines -2

n̂1 2 ˆ ˆOn PEC ( &  ) surfaces: 0

ˆ    surface charge
t t

s t

S S n E n H

n Eρ ε

× = ⋅ =

= ⋅ =

ˆ

1ˆ ˆ
t t

s s
s t t c sH Yz E

J n H n E v
μη
ε

ρ ρ ρ
η ηε με= ×

=

= × = ⋅ = = =

2 2

0 2

0

2

Total axial current  on :

    

     = total charge on  per unit length

s c s cS S

I S

I J d v d v Q

Q S

ρ= = =∫ ∫

S
ˆ    surface currents tJ n H= × =
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1    light velocity in medium ( , )cv ε μ
με

= =

0

Magnetic field wave                 Unique current wave

( , , ) ( , )          ( )jkz jkzH x y z h x y e I z I e− −= ⇒ =
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Characteristic Impedance Zc
= characteristic impedance of tx-line

voltage between conductors      (for -propagating wave)
total current on conductor

cZ

z≡ ±

1 2=static capacitacne between  &  per unit lengthQC S S
V

≡

0 0

0

total current on conductor

1     = ;  

                    where   TEM wave imp

c c

V V
I v Q v C C C

με ε η

μη
ε

= = = =

= = edance
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1 2
0

2

p p g

( , ) - ( , )
   ~  ;  static field

( , ) 0
 Static   Characteristic impedance 

t

t

c

V
e x y x y

x y
C Z

ϕ
ϕ

= ∇⎧
⎨ ∇ =⎩

∴ ⇒

Lemma

( ) 2φ ϕ φ ϕ φ ϕ∇ ⋅ ∇ = ∇ ⋅∇ + ∇

n̂

( )t t t t tφ ϕ φ ϕ φ ϕ∇ ⋅ ∇ = ∇ ⋅∇ + ∇
S

( ) ( )2

2nd divergence theorem

ˆ    t t t t t tS S
dS dS ndφ ϕ φ ϕ φ ϕ φ ϕ

Γ
∇ ⋅∇ + ∇ = ∇ ⋅ ∇ = ∇ ⋅∫∫ ∫∫ ∫

Γ
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Time-average Electric Energy We per unit length

1*

0
 

4e t tS
W E E dS dzε

∞

= ⋅∫∫ ∫

0

( )( )

1 2

2

  
4

    
4

ˆ    
4

jkz
t t

t tSE e

t t tS

t

dS

dS

n d

ϕ

ε ϕ ϕ

ε ϕ ϕ ϕ ϕ

ε ϕ ϕ

−
∞

∞

∞

=−∇

Γ Γ Γ

= ∇ ⋅ ∇

= ∇ ⋅ ∇ − ∇

⎡ ⎤ ′= + + ∇ ⋅⎢ ⎥⎣ ⎦

∫∫

∫∫

∫ ∫ ∫
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ˆ ˆ ˆ s
t tn n n e ρϕ ϕ ε′ ⋅∇ = − ⋅∇ = ⋅ =

1 2
20 1 2

10          since -tS S
V Q Qrϕ ϕ ϕ ϕ= = ∇ → =

2 2 0

2
0 0 0 0

1 1ˆ =
4 4 4 4

s
t Q CV

V n d V d V Q CVε ε ρϕ
εΓ Γ =

′∇ ⋅ = = =∫ ∫

Time-average Magnetic Energy Wm per unit length

1*

0
 

4m t tS
W H H dS dzμ

∞

= ⋅∫∫ ∫ *

ˆ
 

4t t
t t eSH Yz E

E E dS Wμ ε
μ ∞= ×

= ⋅ ⋅ =∫∫
2
0

2 2 0
0 0

0

1Def.: Inductance  per unit length: 
4

         then  4 4       

m

m e c

L W LI

V LLI W W CV Z
I C

=

= = = ∴ = =
2

2   cL CZ C
C C
με με⎛ ⎞

= = =⎜ ⎟⎜ ⎟
⎝ ⎠
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1 1 ;   cLC v
LC

με
με

⎝ ⎠

∴ = = =

Line configuration  static C  L
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Time-average Power Flow P along Tx-Line

* *

ˆ

1 1 2ˆRe   
2 2t t

t t t t eS SH Yz E
P E H zdS E E dS W

η εη∞ ∞= ×

⎡ ⎤= × ⋅ = ⋅ =⎢ ⎥⎣ ⎦∫∫ ∫∫

2 0 00

2
*0

0 01
4

2 1 1  Re ( ) ( )
2 2 2cc e

e V Z IZ Z W CVc cC

VW V I V z I z
CZ Zε

η εη

== =

⎣ ⎦

⎡ ⎤= = = = ⎣ ⎦

( ) ( )2 1 1P W W W W W= = + = +

Energy velocity  ev
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( ) ( )  e e m e mP W W W W W
μη
ε

εη εη με=

= = + = +

( )
1 e c

e m

Pv v
W W με

∴ ≡ = =
+

1.5 Power Loss in Planar Conductor
• Planar conductor

∂ ∂

Conductor
( σ, ε, μ)

air
0

y z
∂ ∂

= =
∂ ∂

0
y z

∂ ∂
= =

∂ ∂

x0

good conductor

Maxwell equations: 

                                
   

i

E j H
H J E j E E

ωμ
σ ωε σ

⎧ ∇× = −⎪
⎨∇× = + + ≅⎪⎩

y z∂ ∂

( ) 2

;  E j H j Eωμ ωμσ∇×∇× = − ∇× = −
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( )
2

2 2 2
2

Wave eq.:

   0;    dj E E j
dx

ωμσ γ γ ωμσ
⎛ ⎞

∇ − = − = =⎜ ⎟
⎝ ⎠

( ) 2E E E∇×∇× = ∇ ∇ ⋅ − ∇
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Plane Wave Field
Electric filed :

   ( ) x x j x
s s

E

E x E e E e eγ α β− − −= =

E
Es e- αx

( )

Propagation constant :

   1
2

j j j

γ

ωμσγ ωμσ α β= = + = +

1 1 2Skin depth :   
s

x
s sx

e eα

δ
δ δ

α ωμσ
− −

=
= ⇒ ≡ =

e-1Es

δs0 x

Magnetic filed :H x

E

H
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ˆ1 1 ˆ   ( )
x

s

x j x
s

E E e

xH x E E e e x E
j j Zγ

α βγ
ωμ ωμ−

− −

=

−
= ∇× = × = ×

− −

( )
E

Wave impedance Z 1
2H

j j jωμ ωμ ωμ
γ σ σ

≡ = = = +

Surface Impedance
J

J0 e- αx
Current density  in conductor :

   ( ) x
s

J

J x E E e γσ σ −= =

e-1J0

δs0 x1

0 0

Surface current = current per unit width :
1   s s s

s

J Jdx dy E E
Z

σ
γ

∞
= = =∫ ∫

( )

Surface impedance of the conductor :

1sE jZ R jX j Zγ ωμ ωμ
= + ≡ = = = + =
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( )   1
2s s s j

s

Z R jX j Z
J γ ωμσσ σ σ=

+ ≡ +

1Surface resistance & reactance:   ( )
2s s

s

R X ωμ
σ σδ

= = = Ω
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Power Loss PLC in Conductor per unit area

[ ]

*

2 21 1

1 ˆRe
2

Re1 1

LC s s

s

P E H xdydz

Z
E d d R J

⎡ ⎤= × ⋅⎣ ⎦∫∫

∫ ∫

y
1

[ ]
21 0 0ˆ

  
2 2

s

s
s s s

H x E sZ

E dy dz R J
Z= ×

= ⋅ =∫ ∫

( )
ˆ ˆ

Surface current :
1 1 ˆ ˆ   

s

s s s sn x
s s

J

J E Z x H n H
Z Z =−

⎡ ⎤= = − × = ×⎣ ⎦

surface resistance 
2sR ωμ
σ

=

x

z

0

,
sJ

Rs σ

x

n

Hs
δ

1

0
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   magnetic field at conductor surface
s s

sH =

x

Es

Hs

n=-x

δs0

21 ˆ per unit surface area:  
2LC LC s sP P R n H= ×

• Lossy surrounding medium (perfect conductors)

1.6  Field Theory for Lossy Tx-Lines
- two conductors with small loss

S2
Current density J in lossy medium

       - 1- (1- tan )

                                 tan

d

d

j j jσ
ωε

ε ε ε ε ε δ

σεδ
ε ωε

′
⎛ ⎞′ ′′ ′ ′= = =⎜ ⎟
⎝ ⎠

′′
= =

′ ′

Effective permittivity of the medium

Loss tangent:

ˆ                 

      ( , ) ( , , )d

n

J μ ε μ σ ε ′=

S1

S2
( )    ;dJ j E j Eσ ωε ωε′= + ≡

1 2PEC S  & S  Fundamental mode = TEM mode
Total p u l shunt current I from S to S

→
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( ) ( )

( ) ( ) ( )

2 2 2

0

s 2 1

1

s 0 ˆ

0 0

Total p.u.l. shunt current I  from S  to S

ˆ ˆ    I

      

s

d
d sS S SE n

d d

Q CV

j
J nd dz j E nd d

j j
Q CV G j C V

ε ρ

σ ωε
σ ωε ρ

ε
σ ωε σ ωε

ω
ε ε

′ ⋅ =

=

′+
′= ⋅ = + ⋅ =

′
′ ′+ +

= = = +
′ ′

∫ ∫ ∫ ∫
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Eq. Circuit and Line Parameters
Shunt p.u.l. conductance :

     ;  or tand

G
GG C C
C

σ ωε δ
ε ε ω

′′
= = =

′ ′
     Line configuration static C G→ →

( ) ( )

( ) ( ) ( )( )

2

2

TEM: 
Field theory Circuit theory

Propagation constant :

    1 tan

   1       
LC

j j j

Gj LC j j L G j C R j L G j C
Cμε

γ

γ ω με ω με δ

ω ω ω ω ω
ω′=

′= = −

⎛ ⎞= − = + + +⎜ ⎟
⎝ ⎠

Characteristic impedance :cZ

ρε ε ε

0
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2 2
0 0

0

0
Field theory Circuit theory

ˆ ˆ    

    

     
1 tan 1 /

s
s t t tTEM PEC

s
sS S

c

J n H E n E

Q CI J d d V

V LC j L R j LZ
I C G j C G j CC j C jG C

ρε ε ε
μ μ μ ε

ρε ε ε
μ ε μ ε ε μ

μεε μ ω ω
ε ω ωδ ω

= × = = ⋅ =
′

= = = =
′ ′ ′

′′ +
∴ = = = = =

+ +− −

∫ ∫

Tx-Lines with Non-perfect Conductors
• General case

– Conductors: finite conductivity σ
C d l i i d 0– Conductor loss Poynting vector comp. into conductors Ez ≠ 0

– Ez ≠ 0 Jz >> |Jt| Hz ~ 0
– Boundary value problem: difficult to solve

• Perturbation technique

Lossy-line fields                                  Ideal-line fields

Quasi-TEM approximation:  0,  0t z t zE E H H

國立台灣大學
National Taiwan University

Perturbed Quasi-TEM field                Unperturbed fields

Small 
losses

Hybrid 
mode

TEM 
mode
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Series Resistance R per unit length

1 2

2

Conductor power loss  per unit length:
1        (planar approximation)
2

LC

LC s sS S

P

P R J d
+

= ∫
1 2

s

2
1 2              ;  

2

ˆ              ;   unperturbed magnetic field at conductor s

S S

s
s

s s s

R

J n H H

ωμ δ
σ σδ ωμ σ

+

′
= = =

′

= × urface

( )2 22

Series resistance  per unit length:
1 1 1

R

I R R J d P R J d= ≡ =∫ ∫
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( )
( ) ( )

2 1 2

1 2 2

0

22

    
2 2 2

     

s LC s sS S S

s s sS S S

I R R J d P R J d

R R J d J d

+

+

= ≡ =

=

∫ ∫

∫ ∫

Attenuation Constant α
- - -

0 0

2
0

1 ˆTime-average power flow:  Re
2

z z j z
t

z
t t

E E e E e e

P E H zdS P e

γ α β

α−

= =

⎡ ⎤= × ⋅ =⎣ ⎦∫∫2

Power loss  per unit length: rate of decrease of power 2L L
P dPP P P
z dz

α

⎣ ⎦
Δ

= = − = − =
Δ

∫∫

L LC

2 * 2 2
0 0 0/

22 *
0

P = (conductor + dielectric) losses = P
1 1 1 1     
2 2 2 2

1 1 1
d

LD

d t tS G C

LC

P

RI E E dS RI GV

P RI R J d H H dS

σ ωε ε
σ

ωμ

∞ ′′ ′= =

+

= + ⋅ = +

′′= = ≡ ⋅

∫∫

∫ ∫∫
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1 2
0    

2 2 2LC s s t tS S S
P RI R J d H H dSωμ

+ ∞
≡∫ ∫∫
?

( )
2 21 1
0 0 0 02 2

0 0 0 0

Attenuation constant :
1     

2 2 2 2
L

c c
P RI GV R I G V RY GZ
P V I V I

α

α +
= = = ⋅ + ⋅ = +
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Electric Characteristics & Eq. Circuit

( )( )
Propagation constant :

    
j j

j jk j j

γ

μ μ ε ε
γ α β ω με ω μ ε

′ ′′ ′ ′′− −
′ ′= + = =

( )( )

Quasi-TEM

TEM: 
Circuit theory

Field theory

   1 1       
LC

j j j j

R Gj LC j j R j L G j C
L Cμε

γ β μ μ
μ ε

ω ω ω
ω ω′=

′ ′
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Characteristic impedance :

1 /
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Field theory Circuit theory

        
1 /cZ

C C C jG C G j Cε εμ ω ω′ − +

1.7 General Two-Conductor Tx-Lines

• Two parallel PEC A, B with uniform cross-sections
• Linear, isotropic, homogeneous medium
• C (capacitance), G (conductance), L (inductance) per unit length
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C (capacitance), G (conductance), L (inductance) per unit length 
satisfy: 

;   dG LC
C

σ με
ε

′= =
′



17

Relation between Parameters

2 2

1

1 0

1

ˆ

ˆ
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σ
ε

⋅ ⋅
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∫ ∫
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1 1 1

2 2 2

1

2 1: 0 :
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Mechanism in Conductor
yNear conductor boundary ( 0)x ≥
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 =  stored in 0  when PEC is placed at 
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⇒
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Stored magnetic energy inside conductor

H
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2 2pm

Dissipated power inside conductor

2
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02 2 20

2 2 21 2
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Incremental Inductance Rule (Wheeler, 1942)

• At high frequencies, say, δ < 0.1t, current crowds 
to conductor surface within a skin depth of δ.

∂δ

n
LLfLLL

n
L(f)RR

extext

s

∂
∂

⋅+=+=

∂
∂

⋅==

2
)(

2

int
δ

δω
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effect for partial-element equivalent-circuit (PEEC) models,” IEEE T-
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Did you learn
• TEM mode expression for general tx-line.
• Equivalent tx-line circuits for V & I, the R, L, C, G 

meaning, and general solution for V and I.
• Governing  PDE and BC for electric potentials, and how it 

relates to TEM mode solution.
• Field theory for lossless tx-line, e.g., surface current, 

charge, stored e/m energy, power, .. 
• Approximate e/m/J field in lossy conductors.
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pp y
• Properties and relation among R, L, C, G.
• Wheeler’s incremental inductance and resistance formula


