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Abstract—This paper considers noisy Wyner-Ziv coding
(WZC), in which a remote noisy source is compressed with side
information at the decoder only. The decoder side information
is not limited to being Gaussian, thus this noisy WZC problem
cannot be transformed into the conventional one tailored for
noiseless sources. A new coding structure, named the residual-
quantization (RQ) based noisy WZC, is proposed to solve
the problem. This scheme explicitly constructs the theoretical
auxiliary random variable to facilitate optimal reconstruction
of the noisy source. In this two-stage encoder, the noisy source
is quantized twice and the quantization error (residue) of the
first stage is the input of the second stage. By sending only
the quantization index of the second stage to the decoder, the
corresponding code rate can theoretically approach the noisy
WZC bound. Moreover, the RQ-based noisy WZC is implemented
using graph-based codes. The main challenge is that it is
necessary to design a codebook simultaneously good for source
and channel coding for the first stage quantization, since this
quantization code also acts as a channel code at the decoder.
This problem is solved by constructing a low-density parity check
(LDPC) code with edge degrees optimized for channel coding, and
enhancing its performance for source coding by using a modified
reinforced belief-propagation quantization algorithm. Simulation
results show that the noisy Wyner-Ziv bounds can be practically
approached by our implementation. In addition, the proposed
implementation offers more flexibility in the code rates compared
with the existing practical designs, making it more suitable for
emerging applications such as fronthaul compression.

Index Terms—Fronthaul compression, distributed source cod-
ing, residual-quantization, LDPC, LDGM, channel coding.
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I. INTRODUCTION

Lossy source coding with side information at the decoder
only (SCSI), known as the Wyner-Ziv coding (WZC) problem
[1] [2], has drawn a significant amount of attention recently.
This is because the SCSI problem plays a fundamental role in
many important networks, including distributed source coding
in sensor networks [3] [4] and fronthaul compression in cloud
radio access networks [5]–[7]. The theoretical results in [1]
are based on random codebooks which are too complicated to
be implemented in practice. Thus, some works have proposed
designs based on structured codebooks [8]–[12]. However,
though the coding schemes in [8]–[11] are more structured
than that in [1], they are still only theoretically acclaimed
and their practical implementations with existing codebooks
are very challenging. Thus in [13] and [14], a WZC structure
is proposed, which can be implemented using LDPC codes
but only theoretically approach the rate-distortion bound in
the high rate region. How to design a WZC which is imple-
mentable using existing codebooks and theoretically optimal
in all rate regions is still a challenging task.

In the settings in [1], [2], and [8]–[14], the source to
be compressed is observed noiselessly. However, in many
applications [3]–[7], the source can only be remotely observed
via a memoryless noisy channel. To resolve this issue, in [3],
it was shown that when the decoder side information (DSI)
is Gaussian, the noisy SCSI problem can be turned into a
conventional noiseless one in [1] via linear minimum mean
square error (MMSE) filtering. Nonetheless, when the DSI is
not Gaussian, the linear MMSE filtering approach in [3] may
not be optimal. Thus, [15] provided an alternative approach
based on identifying the optimal auxiliary random variable in
the rate lower-bound for the noisy SCSI problem. However, as
in [1], the result in [15] was also based on random codebooks,
which makes the implementation of noisy WZC with arbitrary
DSI an unsolved problem.

In this paper, we consider code design for the noisy SCSI
problem with arbitrary DSI as in [15]. We propose a new
coding structure, named residual-quatization (RQ) based noisy
WZC, to achieve the optimal rate lower bound of [15]. Besides
the aforementioned advantages inherited from the noisy SCSI
problem in [15] over previous theoretical works [1]–[3], [8]–
[12], our WZC can be proved to be theoretically optimal in
all rate regions rather than only in the high rate region as
are the practical designs in [13] and [14]. Inspired by the
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residual vector quantizer [16, Sec 12.11], the encoder of the
proposed RQ-based noisy WZC consists of two stages. It
uses one codebook to quantize the noisy source at the first
stage, and then quantizes the residue (quantization error) of
the first stage using another codebook at the second stage.
Only the codeword of the second stage is sent to the decoder.
Hence, compared with the conventional RQ in [16, Sec 12.11]
for source coding without DSI, the overall source coding
rate is lowered because only the code rate of the second
stage quantizer counts. From the second-stage codeword, the
proposed decoder can explicitly construct the auxiliary random
variable, which not only optimizes the rate lower bound in
[15] but also facilitates the optimal reconstruction. As verified
by random coding analysis, the noisy Wyner-Ziv lower bound
with arbitrary DSI in [15] can be theoretically achieved by the
proposed scheme.

Practical implementation of the proposed RQ-based noisy
WZC is not trivial. The codebook of the first stage quantizer
(source encoder) also acts as a channel code in the decoder to
reproduce the auxiliary random variable in [15], therefore it
must be simultaneously good for source and channel coding
(SSC). The trellis coded quantization (TCQ)/ trellis coded
modulation is a well-known theoretical SSC, but the practical
loss is huge when being applied to our scheme [17]. Low-
density parity check (LDPC) codes have also been shown to
be SSC theoretically [18]. However, the practical edge degree
design and source encoding algorithm for SSC LDPC codes
are still unknown. In this paper, we propose a new source
encoding algorithm for LDPC codes by modifying the recently
proposed reinforced belief propagation (RBP) algorithm in
[19]. Interestingly, even when the edge degree is optimized for
channel coding instead of source coding, the proposed LDPC
source encoding algorithm still provides acceptable distortion
compared with the optimal one. However, the quantization
error of our encoder will become an equivalent channel noise
at the decoder. Any distortion larger than the optimal one
will make our channel decoder operate in a regime above
the capacity and completely fail. To solve this problem, we
propose a method that can increase the equivalent signal-to-
noise ratio (SNR) to make the channel decoder work. The price
paid is introducing additional (but controllable) performance
loss. Our contributions compared with previous works are as
follows

• In contrast to the noisy SCSI problem of [3], as in [15],
the DSI is not limited to being Gaussian in our case. Thus
unlike [3], our noisy SCSI problem cannot be reduced to
the standard noiseless one [1] [2] [13] [14] by simply
using a linear MMSE estimator at the noisy source.
Instead, our RQ-based noisy WZC explicitly constructs
the theoretical auxiliary random variable to facilitate the
optimal reconstruction in [15]. Together with the new
LDPC-based SSC, for noisy sources with uniform DSIs,
our schemes can approach the lower bounds in [15] with
less than 1 dB loss according to our simulations.

• Even for the noiseless SCSI problems, we have new
contributions as follows. Compared to the celebrated
WZC for noiseless SCSI in [13] and [14] which can

theoretically approach the rate-distortion bound only in
the high rate regions, our scheme can approach the bound
for all rate regimes. Moreover, the implementation in
[13] has strict restrictions on the code rates while our
scheme has no such restrictions. Using the gap to the
(noiseless) lower bounds in [1] and [2] as performance
metrics, our simulations show that the performance of
our graph-based WZC implementation is comparable to
that in [13]. The complexity of our implementation is
linear in the codeword length, which is also similar to
that in [13]. For comparison, the lattice decoder in [8]
is NP-hard. Detailed comparisons between our practical
construction and previous works can be found in Section
V-C.

• One can also obtain a WZC structure dual to [20], in
which the encoder performs one-stage joint quantization
using two codebooks instead of the two-stage RQ. How-
ever, this dual WZC only approaches the rate-distortion
bound when the source is observed noiselessly. With the
noisy source in our setting, it is unclear how to construct
the complicated auxiliary random variable to approach
the lower bound in [15] using the duality. Moreover, for
the dual WZC in [20], the SSC property is also required
in the joint quantization at the encoder. The complexity of
this joint quantization will be very high if we implement
the SSC by TCQ as in [20]. We solve this problem by
RQ and the new LDPC-based SSC.

Compared with our previous conference works [21] [22],
new graph-based code designs for noisy WZC and proofs
are provided in this paper. The remainder of this paper is
organized as follows. In Section II, a description of the general
noisy SCSI problem with arbitrary decoder side information is
provided. In Section III, we introduce the proposed residual-
quantization based Wyner-Ziv coding for the noisy SCSI
problem and its theoretical random coding analysis. In Section
IV, the graph-based code implementation and related design
issues are provided. The performance of the proposed schemes
are demonstrated through simulations in Section V and the
paper is concluded in Section VI.

II. SYSTEM MODEL AND BACKGROUND

A. Noisy SCSI problem with arbitrary DSI

Fig. 1. The noisy source coding with decoder side information, where the
side information can be arbitrarily distributed.

In this paper, we consider the noisy SCSI problem [15]
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as shown in Fig. 1, where the source x ∗ is not uniquely
determined from the encoder measurement ye and the DSI
yd can be arbitrarily distributed. In Fig. 1, the independent
and identically distributed (i.i.d.) source vector x of length
n is observed by the encoder and the decoder via memo-
ryless channels, and the observations are denoted as ye and
yd, respectively. Based on the encoder observation ye, the
encoder searches its quantization codebook consisting of 2nR

codewords, and transmits the resulting quantized index to the
decoder. With this index and the decoder observation yd (i.e.,
DSI), the decoder produces the reconstruction x̂. A mean
square-error (MSE) distortion requirement must be met as
follows:

1
n
E[(x− x̂)T (x− x̂)]≤ d. (1)

To meet (1), the source code rate R must be larger than the
rate-distortion function RN

WZ(d), given in [15] as

RN
WZ(d) = inf

U
I(YE ;U |YD), (2)

where the auxiliary random variable U satisfies the Markov
chain relation (X ,YD)↔ YE ↔ U . Here capital Italic letters
represent random variables corresponding to the vector signals
in the Shannon random coding setting [23]. For example, X
corresponds to x.

To make (2) tractable, the following two statistical assump-
tions are made on the source, the noisy observation and the
DSI:

1) The relationship between the noisy encoder observation
YE and the DSI YD satisfies

YE = fYE (YD)+NED , (3)

where the function fYE : YD→R is measurable, and the
Gaussian noise NED

† is independent of YD with

NED ∼ N(0,σ2
YE |YD

). (4)

2) The mean of the source X conditioned on YD and YE
satisfies

E[X |YD,YE ] = fX (YD)+βYE , (5)

where the function fX : YD→ R is measurable and β ∈
R.

It can be easily shown that the considered system model
includes the noisy Gaussian SCSI problem in [3] and the
noiseless SCSI problem in [1] [2] [8] and [13] as special
cases. Moreover, the DSI YD is not limited to being Gaussian
as in [3], and can be arbitrarily distributed. Thus our noisy
SCSI problem cannot be transformed into a noiseless one via

∗Notation: The conditional variance of X given another random variable Y is
denoted by σ2

X |Y . A uniformly distributed random variable in the interval [a,b]
is denoted by U(a,b) and a zero-mean Gaussian random variable with variance
σ2 is denoted by N(0,σ2). The differential entropy, conditional differential
entropy, and mutual information of random variables are denoted by h(·),
h(·|·), and I(;), respectively. All logarithms in this paper are of base 2 and
log+ x , max{logx,0}.

†Because the decoder knows YD, the WZC is “Gaussian” for [15] if the
remote observation YE is Gaussian conditioned on YD. Even if YE is not
Gaussian, it is conditionally Gaussian from constraint (3). Thus, the constraint
(3) and the MSE distortion measure ensure that the WZC problem is quadratic
(conditional) Gaussian.

MMSE filtering as in [3]. In [15], the key for solving this
problem was to identify the optimal U for (2), which will be
detailed in the upcoming subsection.

B. Optimal auxiliary random variable [15] for the rate lower
bound (2)

Under conditions (3) and (5), here we briefly review the
selection of the optimal auxiliary random variable U for
the lower bound (2) [15]. First, from [15, Proposition 4],
to achieve the rate in (2) with the distortion d in (1), the
reconstruction X̂ can be chosen as a function of the auxiliary
random variable U and the DSI YD as X̂ = f (U,YD), and U
must also satisfy the Markov relationship [23] ‡

X ↔ (YD,YE)↔U. (6)

The optimal auxiliary random variable U and the reconstruc-
tion function f (.) are then specified as

U = αYE +E2, (7)

with
α = (1− d̃/σ

2
YE |YD

), (8)

where d̃ = (d−σ2
X |YE ,YD

)/β2 and

E2 ∼ N(0,d2) with d2 = αd̃; (9)

and

X̂ = f (U,YD) = βU +β(1−α) fYE (YD)+ fX (YD). (10)

To satisfy the Markov chain condition in (6), E2 is assumed
to be independent of YE ,YD, X |YE ,YD and NED . With (7)-(10),
the rate-distortion bound in (2) has a closed form as

RN
WZ(d) =

1
2

log+
β2σ2

YE |YD

d−σ2
X |YE ,YD

. (11)

Without loss of generality, we consider the case where
RN

WZ(d) > 0 in the following, and remove the “ + ” in the
superscript of the log function.

From (10), we must reproduce the auxiliary random variable
U explicitly to obtain the optimal reconstruction. In Section
III, we will show how to accomplish this task using our RQ-
based noisy WZC. Note that our coding scheme in Section
III is much more structured than that in [15], and thus can be
practically implemented as shown in Section V.

‡Here we explain why two Markov chains (X ,YD) ↔ YE ↔ U (under
(2)) and (6) are imposed in our paper. First note that U can be treated
as the quantization index from the encoder. Since the encoder does not
observe side-information YD or source X , (X ,YD) ↔ YE ↔ U means that
with encoder observation YE , U is determined by the encoder observation YE
and independent of the source and decoder side-information. Moreover, the
considered rate-distortion bound with only decoder side-information YD also
coincides with the one for which YD is observed at both the encoder and the
decoder. The following (better) Markov relationship X ↔ (YD,YE )↔U will
also hold, which means that U is determined by YD and encoder observation
YE .
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C. Insights to the results in [15]

The results of [15] can be intuitively explained as follows.
The two constraints (3) and (5) are imposed to make the
optimal auxiliary random variable U a simple linear function
of YE and Gaussian noise E2, even if YE is not Gaussian
(due to the arbitrary function fYE (YD) in (3)). First note
that YE is conditionally Gaussian given YD from (3), and
the side-information YD is known at the decoder. As for the
constraint (5), note that the right-hand-side of (5) is linear
in YE . Intuitively, with YD known at the decoder, the remote
source X is linear with respect to the (conditional) Gaussian
observation YE . Then the linear selection (7) with Gaussian E2
is valid.

More specifically, with constraint (5), intuitively one can
regard that the source follows the following probabilistic
model from [15]

X = E[X |YD,YE ]+Z, (12)

where Z is zero mean and independent of YD,YE and
E[X |YD,YE ]. Then the MSE distortion becomes

E[(X− X̂)2] = E[(Z +E[X |YD,YE ]− X̂)2] (13)

= E[Z2]+E[(E[X |YD,YE ]− X̂)2], (14)

where E[Z2] = σ2
X |YE ,YD

and Z is independent of YD and YE ,
thus independent of X̂ (X̂ is related only to YD,YE ). Recall our
reconstruction (10). Together with constraint (5), for the MSE
distortion in (14),

E[X |YD,YE ]− X̂ = βYE − (βU +β(1−α) fYE (YD))

= β(YE − fYE (YD)−αNED −E2) (15)
= β((1−α)NED −E2)), (16)

where (15) comes from the linear selection of the auxiliary
random variable (7), and the arbitrary function fYE (YD) in (15)
is canceled out in (16) due to the constraint (3). The linear
combination of Gaussian random variables NED and E2 in (16)
forms an equivalent quantization noise contributing to the final
MSE. In conclusion, we need constraints (3) and (5) to makes
our (remote) source observation conditionally Gaussian; and
together with our reconstruction function (10), the auxiliary
random variable U can be linear even with a non-Gaussian
YE .

D. Introduction to modulo-operation and its related lemmas

The modulo operation plays an important role in this paper.
Thus some related definitions and lemmas of the modulo
operation, borrowed from [8], [24], and [20], [25], [26],
are provided here. Given a vector x = (x1, . . . ,xn)

T and a
predetermined value A, the modulo A operation is defined as
x mod A = (x1−QA(x1), . . . ,xn−QA(xn))

T , where QA(xi) is
the nearest multiple of A to xi, ∀i. And we have

Property 1 (Mod-A distributive property): Given two vec-
tors x1 and x2, the following distributive law holds for the
modulo operation:

(x1 +(x2 mod A)) mod A = (x1 +x2) mod A. (17)

Fig. 2. Schematic description of the proposed residual-quantization based
noisy Wyner-Ziv coding.

Lemma 1 (Crypto lemma): Let d be an n×1 random vector
uniformly distributed over Ω = [−A

2 ,
A
2 ]

n. For any random
vector x statistically independent of d, the modulo sum
y = (x+d) mod A is uniformly distributed over Ω, and is
statistically independent of x.

III. RESIDUAL-QUANTIZATION BASED NOISY WYNER-ZIV
CODING

With the schematic description provided in Fig. 2, we
introduce the encoder/decoder structure of the proposed RQ-
based noisy WZC in Section III-A and the corresponding
random coding analysis in Section III-B. Before going through
the details of each block in Section III-A, we first outline how
to construct the optimal auxiliary random variable in (7) (thus
the optimal reconstruction (10)) from our RQ-based noisy
WZC in Fig. 2. First, the noisy observation ye is scaled by
α as suggested in (7). Then the uniform distribution generator
forms a uniformly-distributed input for the RQ, and makes
the performance independent of the distribution of αye (also
the distribution of DSI yd from (3)). Note that U in (7)
can be treated as a reconstruction of a scaled source αYE
with quantization error E2. The two-stage RQ is to lower the
quantization MSE to the level d2 of E2 in (9). In our RQ,
the residue (quantization error) of the first stage quantizer is
quantized again by the second stage quantizer to lower the
MSE. After that, the encoder only sends out the quantization
index c2 of the second stage quantizer to the decoder, thus
only the code rate of the second stage quantizer counts for
the overall WZC rate. As for the quantization index of the
first stage quantizer, the decoder can obtain it by performing
channel decoding on an equivalent channel constructed by the
DSI and c2. With the two indices, the decoder can reconstruct
αYE with error E2, which equals to the auxiliary random
variable U in (7) (û in Fig. 2). The final reconstruction is
formed from û according to (10).

A. Encoder/decoder structure of the proposed RQ-based noisy
WZC

Now each block in Fig. 2 is explained in detail as the
following.
Encoder part: As shown in Fig. 2, the encoder is divided into
two parts, namely, the uniform distribution generator and the
two-stage RQ.
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Uniform distribution generator: Instead of directly feeding
the noisy source observation ye to the RQ, we feed (αye +
d) mod A instead, where α is a scaling factor defined as in
(8), d is a randomly generated dither signal known both at the
encoder and the decoder, and A is the modulo size. The entries
of the dither d are uniformly distributed in the interval [−A

2 ,
A
2 ].

Then according to Lemma 1, the RQ’s input, (αye+d) mod A,
is uniformly distributed in the region [−A

2 ,
A
2 ]

n and independent
of ye. As a result, the distribution of ye, which is arbitrarily
distributed since the DSI yd in (3) is arbitrarily distributed,
will not affect the quantization performance of the RQ.
Residual quantization: The RQ has two stages, each corre-
sponding to a quantizer. The output (αye+d) mod A from the
uniform distribution generator is first fed into the first-stage
quantizer. This quantizer will search for a codeword −c1 such
that the modulo-squared-distortion between (αye +d) mod A
and −c1 is minimized over all codewords in the codebook C1,
where the modulo-squared-distortion [25] is defined as

Definition 1 (Modulo squared distortion): The
modulo-squared-distortion ||b − a||2A between two
vectors a = (a1, . . . ,an)

T and b = (b1, . . . ,bn)
T is

||b−a||2A ≡ ∑
n
i=1[(bi−ai) mod A]2.

The quanization error of the first stage is

e1 = (αye +d+ c1) mod A. (18)

We set the distortion constraint of the first stage as
1
n
E[e1

T e1]≤ d2 +α
2
σ

2
YE |YD

, (19)

where d2 is defined as in (9), and α is given in (8). The input
of the second-stage quantizer in Fig. 2 is the residue e1 (i.e.,
quantization error of the first stage) in (18). The second stage
quantizer searches for a codeword c2 such that the modulo-
squared-distortion between the residue e1 and c2 is minimized
over all codewords in the codebook C2. We select the distortion
constraint of the second stage as

1
n
E[e2

T e2]≤ d2, (20)

where d2 is chosen according to (9) and the quantization error
of the second stage is

e2 = (e1− c2) mod A, (21)

with c2 being the output of the second stage quantizer.
Finally, the encoder sends c2, the index corresponding to the

output of the second stage quantizer, to the decoder. Since only
the code rate of the second stage quantizer of the RQ counts
for the overall WZC rate, the overall code rate is reduced
compared with the conventional two-stage RQ without DSI
[16, P.451]. The price paid is that now the decoder must
recover c1 by itself, which is made possible by the DSI-
aided channel decoding. Under the condition (19), the channel
decoding will be correct with high probability. The details are
provided in the following.
Decoder: The decoder in Fig. 2 also consists of two parts,
namely, channel decoding the first-stage quantization index
and reconstruction of the source using the auxiliary vector û.
Channel decoding the first stage quantization index: For the
decoder to recover c1, the output of the first stage quantization,

from the known c2 and DSI yd, we can form an equivalent
channel from which c1 can be successfully decoded as follows.
From c2 and the DSI yd, as shown in Fig. 2, we form the
equivalent channel output w as

w = (c2−α fYE (yd)−d) mod A
(a)
= [e1− e2−α fYE (yd)−d] mod A
(b)
= [c1 +αye−α fYE (yd)− e2] mod A

= [c1 +αned − e2] mod A (22)

where the equality (a) comes from Property 1 and (21), (b)
comes from (18) and Property 1, and (22) comes from NED

in (3). From (22), we can regard c1 as the equivalent channel
input and αned−e2 as the equivalent channel noise. Note that
the variance of the noise αned−e2 equals the right hand side
(RHS) in (19) from (4) and (9). This selection of the rate of
codebook C1 makes sure that the decoding of the first stage
quantizer output c1 from w will be successful and the decoded
codeword ĉ1 will equal to c1. Rigorous proof of this is given
in Section III-B.
Reconstruction with auxiliary vector : With the decoded ĉ1
from the equivalent channel, we form an auxiliary vector
û corresponding to U in (7). Then we can form the final
reconstruction of the source x with û and the DSI yd using
(10). More specifically, the auxiliary vector û in Fig. 2 is
generated as

û = (w− ĉ1) mod A+α fYE (yd), (23)

and the final reconstruction of x is

x̂ = f (û,yd), (24)

with the function f (·, ·) defined in (10). As will be shown in
the proof of the upcoming Theorem 1, as long as the decoding
of c1 from w is correct, the elements of the vector û will
distribute like U in (7). The final reconstruction (24) will then
meet the distortion constraint (1).

Remark 1: In our work, the main task of the modulo
operation is dealing with the arbitrary distribution of the source
observation but not for quantizing the source. No matter what
the distribution of the source observation is, with the dither,
after the modulo operation it will be uniformly distributed. The
quantization part of our WZC is handled by the two vector
quantizers, which can additionally overcome the shaping gap.

B. Random coding analysis

Using the random coding analysis, we show that our RQ-
based noisy WZC can achieve the rate-distortion bound of the
noisy SCSI problem with arbitrary DSI. Compared with the
rate-distortion bound achieving codebooks in [15], our new
construction is more structured and can be implemented in
practice as shown in Section IV and V. Our theoretical results
are summarized in the following Theorem 1.

Theorem 1: By setting the distortion constraints for the
first and second stage quantizers of the proposed RQ-based
noisy WZC as (19) and (20), respectively, the MSE distortion
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constraint (1) is achievable if R2 and R1, respectively, the rates
of the two-stage RQ codebooks C2 and C1, satisfy

R1 ≥ logA− 1
2

log(2πe(α2
σ

2
YE |YD

+d2))+ ε1 (25)

R2 ≥ RN
WZ(d)+ ε2 (26)

R1 ≤ logA− 1
2

log(2πe(α2
σ

2
YE |YD

+d2))+ ε1, (27)

where RN
WZ(d) is the rate-distortion bound (11) for the noisy

SCSI problem with arbitrarily distributed DSI, σ2
YE |YD

is given
in (4), and α and d2 are given in (8) and (9), respectively.
Also, ε1 and ε2→ 0 as the modulo size A→ ∞ and the code
length n→ ∞.

Proof: The proof is given in Appendix VII.
This theorem suggests that to meet the MSE distortion

constraint (1), one can use the rate pair

(R2, R1) = (RN
WZ(d), logA− 1

2
log(2πe(α2

σ
2
YE |YD

+d2)) (28)

for the two-stage RQ. Note that as mentioned in the beginning
of Section III, only the rate R2 of the second stage quantizer
in RQ counts for our overall WZC rate. The intuition behind
Theorem 1 comes as follows. As A→ ∞, there is almost no
difference between modulo-squared-distortion in Definition 1
and the squared-error-distortion [25]. Note that if a source is
passed through a perfect quantizer under the MSE distortion
measure as in (1), the quantization error will be Gaussian
distributed [27]. The constraints (25) and (19) for the first
stage quantizer ensure that the residue e1 (quantization error)
is Gaussian distributed. With the elements of the input e1 being
distributed as N(0,d2 +α2σ2

YE |YD
) from (19), one can invoke

the well-known rate-distortion bound for Gaussian sources
under the MSE constraint d2 (from (20) by letting A→ ∞)

in [23, Chapter 10] as R2 =
1
2 log

(
d2+α2σ2

YE |YD
d2

)
. By choosing

α as in (8), R2 equals to the rate-distortion bound RN
WZ(d)

in (11). As for the overall distortion constraint (1), if each
element of the auxiliary vector û distributes like the auxiliary
random variable in (7), then by following the calculations
in [15], the final distortion will equal to d. Constraint (27)
guarantees successful channel decoding of c1 from w in (22),
and therefore ensures that the elements of û in (23) have the
same distribution as U in (7).

Theorem 1 also indicates a challenging practical code design
issue, that is, our codebook C1 of the first stage quantizer
in RQ must be SSC. More specifically, the constraint (25)
requires that C1 must be a good source codebook for the WZC
encoding while the constraint (27) requires that C1 must be
a good channel codebook for the WZC decoding. Thus we
need a code which is simultaneously good for source and
channel coding. Although SSC code theoretically exists [23],
the practical construction of it is very challenging. Our solution
for this problem is provided in the next section.

IV. GRAPH-BASED CODE IMPLEMENTATION

Now we show how to implement the theoretically proven
RQ-based noisy WZC in Fig. 2 using graph-based codes. The
main challenge is designing an SSC codebook C1 suggested by

Theorem 1 with practical source encoding/channel decoding
algorithms. The problems encountered in designing a practical
SSC code C1 are discussed in Section IV-A. The overall block
diagram of our practical implementation is shown in Fig. 3,
and the design flow to select the code parameters as well as
the detailed WZC encoding/decoding algorithms are given in
Section IV-B.

Fig. 3. Graph-based code implementation of the proposed residual-
quantization based noisy Wyner-Ziv coding, where the LDPC code is simul-
taneously good for source and channel coding.

A. Issues in designing the practical SSC code for the RQ-
based noisy WZC

Infinite code rate: In Theorem 1, the rate-distortion bound
is achieved while the modulo size A approaches infinity.
However, infinite modulo size A is impractical since the rate
R1 in (28) will become infinite, too. Thus we propose the
following method to select a finite code rate R1. From (49)
and (50) in Appendix VII-A, one can choose ε1 and ε2 in
(25) and (26) to make them related to A as

ε2 < ε1 ' h(αNED +E2)−h((αNED +E2) mod A), (29)

where αNED ∼N(0,α2σ2
YE |YD

) from (4), and E2 is given in (9).
By numerical calculation of the RHS of the equality in (29),
we can choose A to make ε1 and ε2 smaller than a threshold
ε. In the following, we use the modulo size Aε to represent
the sufficiently large modulo size such that we can essentially
neglect ε1 and ε2 in (25) and (26). With the finite modulo size
Aε obtained previously, we can select finite R1 from (28) by
replacing A with Aε as

R1 = logAε−
1
2

log(2πe(α2
σ

2
YE |YD

+d2)). (30)

Channel decoding beyond capacity: If one implements the
channel decoder in Fig. 2 with R2 selected in (28) as well as
R1 and Aε suggested in the previous paragraph, the channel
decoder will always fail since it operates beyond capacity.
Note that our selected rates are obtained from the rate-
distortion bounds, and theoretically (19) and (20) can be met.
However, for practical quantizers C1 and C2, we will get the
practical quantization error variance d2,ε of e2 in (21) larger
than d2 in (20). From (22), the variance of the equivalent
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channel noise will also be larger than the theoretical value,
which makes the channel decoder of C1 with selected R1 in
(30) operate in the regime above the channel capacity in (27)
(with A = Aε) using practical codes.

To solve the channel decoding beyond capacity problem
described above, we increase Aε to Ap while fixing R1. The key
idea is that by increasing the modulo size, the equivalent SNR
at the channel decoder in Fig. 2 will also increase. To be more
specific, from the random codebook construction in (44) in
Appendix VII-A, we know that the optimal constellation of C1
is uniformly distributed in [−Aε

2 , Aε

2 ]. Thus we use the uniform
pulse amplitude modulation (PAM) as the constellation of C1,
and from (4), the equivalent SNR of the channel (22) with
A = Aε is

SNRε =
A2

ε/k
d2,ε +α2σ2

YE |YD

, (31)

where k is a constant related to the order of the PAM
constellation. If we increase the modulo size from Aε to
Ap, the variance of the uniform input of the RQ (from the
uniform distribution generator in Fig. 2) will be scaled by
(Ap/Aε)

2. With the rates R1 and R2 of the RQ unchanged, the
quantization error variance of e2 in (21) will become

d2,p = (Ap/Aε)
2d2,ε. (32)

From (32), the equivalent SNR with module size Ap is

SNRp =
A2

p/k

d2,p +α2σ2
YE |YD

=
A2

ε/k

d2,ε +α2( Aε

Ap
)2σ2

YE |YD

, (33)

which is larger than the equivalent SNR with module size Aε

in (31) since Ap > Aε.
Besides the channel decoding beyond the capacity problem

caused by imperfect RQ in our WZC-encoder, we also need to
consider the loss of the practical channel decoding compared
with the ideal one in designing Ap in (33). Otherwise, the
channel decoding in Fig. 2 will still fail. Let σ2

n,ε be the
variance of the maximum tolerable noise for the successful
channel decoding of the practical SSC code C1 under rate R1
in (30), where the PAM constellation of C1 is chosen according
to Aε. With non-ideal channel decoding,

σ
2
n,ε < d2,ε +α

2
σ

2
YE |YD

, (34)

where the RHS is the equivalent noise variance produced by
practical RQ in (22) using the modulo size Aε. When the PAM
constellation of C1 is chosen according to Ap instead of Aε,
the signal power of the codeword c1 is scaled by (Ap/Aε)

2.
Then the maximum tolerable equivalent noise variance σ2

n,p
for the practical channel coding can be estimated by

σ
2
n,p ≈ (Ap/Aε)

2
σ

2
n,ε. (35)

Therefore, with the modulo size increased, the tolerable noise
variance also increases. To ensure that the practical channel
decoding in (22) is successful with the modulo size Ap, we
require the maximum tolerable noise variance to be larger than
the equivalent channel noise in (22) as

σ
2
n,p ≥ d2,p +α

2
σ

2
YE |YD

.

Using the above criteria, with (32) and (35), the practical
modulo size Ap must meet

Ap ≥

(
A2

εα2σ2
YE |YD

σ2
n,ε−d2,ε

) 1
2

. (36)

The σ2
n,ε and d2,ε can be obtained via numerical simulations.

From (34), we know that Ap selected according to (36) is lager
than Aε.

Although increasing the modulo size can solve the channel
decoding beyond capacity problem, there will be an inevitable
loss in the final distortion compared with the theoretically
predicted d using R2 in (26). This fact is due to the increase
of the quantization error variance of e2 in (21) from (32).

Practical SSC codebook and encoding/decoding algorithm
design: Although theoretically there exists an SSC code [23],
the random codebook constructions in [23] give no hints
about the practical code design. The best known SSC code
so far is the trellis coded quantization/modulation. However,
according to the simulation results in [17], using TCQ as
our C1 results in a significant performance loss compared
with the rate-distortion bound. Alternatively, in [18], LDPC
coding was proved to be SSC for the binary source/channel
with the optimal encoder/decoder based on exhaustive search.
However, the theoretical proof in [18] provides no hints to the
edge degree design and the practical quantization algorithms
for SSC LDPC codes. Recently, originating from statistical
physics, the RBP algorithm was proposed for the quantization
of a binary source using an LDPC code [19]. However, the
LDPC code in [19] is not SSC, since its ultra-sparse structure
makes it poor for channel coding under the belief-propagation
(BP) algorithm [28].

To solve the aforementioned design problems for SSC
LDPC codes, we propose to use a codebook with the edge
degree optimized for channel coding, and modify the binary
RBP in [19] for our continuous LDPC source encoding with
modulo-squared-distortion measure. Although our edge degree
for the first-stage RQ quantizer C1 is sub-optimal for source
coding, our simulation results in Section V show that it is
sufficient to make the overall RQ-based noisy WZC approach
the rate-distortion bound in (11). Our modified RBP algorithm
will be given in Section IV-B. The proposed SSC coding is
much simpler than that based on a compound LDPC/LDGM
codebook with encoding/decoding based on exhaustive search
given in [9]. The simulation results for the source/channel
coding performance of our SSC codebook C1 can be found
in Section V.

B. Design flow and encoding/decoding algorithms

With the SSC LDPC code C1 as discussed in IV-A, the
overall block diagram of our practical implementation is
shown in Fig. 3 where we choose the LDGM code as the
source code C2. Now we introduce the design flow to select
the code parameters as well as the detailed encoding/decoding
algorithms for the WZC in Fig. 3. First, the design flow for the
overall RQ-based noisy WZC is summarized in Table I and
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the detailed explanation is as follows. Step 1 in Table I follows
the discussions in Section IV-A. To obtain the edge degree of
the SSC LDPC, we adopt the EXIT chart fitting as in [29]. By
running the BP channel decoding algorithm, we can get σ2

n,ε
(defined right before (34)) for our SSC LDPC code using the
PAM constellation points uniformly spaced in [−A

2 ,
A
2 ] in Step

2. For Step 3, the rate of the LDGM C2 is chosen as in (11),
and the quantization alphabet is uniformly spaced with power
α2σ2

YE |YD
as suggested in (43) in Appendix VII-A. We adopt

a method similar to that in [30] for the LDGM edge degree
design.

To calculate d2,ε (the variance of the RQ’s quantization error
e2 in (21)) in Step 4 of Table I, we modify the RBP algorithms
in [19] to be the quantization algorithm for both quantizers in
the RQ in Fig. 3. Here we briefly review the RBP algorithm.
The idea of the RBP algorithm is to add a reinforced term
into the variable node (VND) operation of the original BP
algorithm as the following. For the ith edge connected to a
certain VND, its output log-likelihood ratio (LLR) Li,out is

Li,out = Ln
r f −Li,in, (37)

Ln
r f = γ(n)Ln−1

r f +∑
j

L j,in, (38)

where the reinforced term Ln
r f corresponds to the marginal

LLR of iteration n, γ(n) = 1− γ0γn
1 with γ0 and γ1 being

constants in the range [0,1], and L j,in is the input LLR for
the edge j. The operation in (38) can be treated as a new
concept called decimation [31], where each VND must take
its own LLR in the previous iteration into consideration when
forming its output LLR. If the LLR of the previous iteration
is large enough (i.e., the corresponding bit decision can be
trusted), then the output LLR will be almost unchanged and
the corresponding bit decision will be frozen. This technique
helps the RBP algorithm pick up a codeword from multiple
codewords located in the neighborhood around the source.

The RBP algorithm in [19] is modified as the following
to reflect the adopted modulo-squared-distortion measure in
Definition 1. We use the RBP algorithm for the first stage
quantizer C1 as an example. Let fR(r) be the probability
density function (PDF) of the residue (quantization noise) of
C1. Since C1 is SSC, fR(r) can be approximated as the PDF
of a Gaussian random variable distributed as N(0,σ2

n,ε), where
σ2

n,ε is obtained in Step 2 of Table I. Then from the test channel
with modulo-operation (47) in Appendix VII-A, the a-priori
information for computing the LLRs in (37) and (38) can be
obtained by using the following conditional PDF:

fui|c1, i = ∑
b∈Z

fR(ui− c1,i +Aεb), (39)

where ui is the ith element of C1’s input vector (from the
uniform distribution generator in Fig. 3), c1,i is the ith symbol
of the source codeword, Aε is the modulo size before scaling.

After obtaining the MSE of RQ d2,ε in Step 4, we follow
Step 5 to get the final modulo size Ap after scaling. This step
is discussed in Section IV-A, and this completes our design
flow for the RQ-based noisy WZC in Fig. 3.

TABLE I
DESIGN FLOW OF THE RESIDUAL-QUANTIZATION BASED NOISY

WYNER-ZIV CODING

1: Determine the code rate R1 and the edge degree of SSC LDPC C1:
Given a small ε, find a modulo size A = Aε such that ε1 < ε

from (29). With modulo size Aε, compute R1 from (30).
Design an SSC LDPC code using an edge-degree good for channel
coding under rate R1.

2: Find the maximum tolerable noise variance σ2
n,ε for

channel decoding before modulo size scaling:
Under modulo size Aε, calculate σ2

n,ε of SSC LDPC C1 using
the BP channel decoder via computer simulation.

3: Determine the target WZC rate R2:
Given σ2

YE |YD
, β, σ2

X |YE ,YD
, and the target MSE d, determine the

code rate of the second stage quantizer R2 = RN
WZ(d) from (11).

4: Find the MSE d2,ε of RQ before modulo size scaling:
Design LDGM C2 with rate R2.
Calculate d2,ε by applying the modified RBP algorithms
to both quantizers in the RQ for computer simulations.

5: Scale the module size to Ap:
Calculate Ap using the RHS of (36).
If the LDPC channel decoder fails, increase Ap until it succeeds.
Test the final MSE with the final Ap.

V. DESIGN EXAMPLES AND COMPARISONS

Unlike [3] and [13], in which the DSI yd in (3) must be
Gaussian distributed, our RQ-based noisy WZC can deal with
DSI with arbitrary distribution. Note that without Gaussian
DSI, one cannot reduce the noisy SCSI to the noiseless version
as in [3] via MMSE filtering. In the following, we give
design examples for our RQ-based noisy WZC under four
different scenarios which are noisy and noisless settings with
two different DSI distributions each. The simulation results
are summarized in Table II(a), where elements of the DSI yd
can be uniformly distributed or Gaussian distributed. In fact,
with the dither signal, the distribution of yd will not affect
the performance in Table II(a). As shown in Table II(b), our
SSC LDPC codes also have losses within 0.6 dB compared
with the channel capacities/rate distortion bounds for the four
scenarios in Table II(a). The design details can be found in
the following sections. In Section V-A, we design our RQ-
based noisy WZC for the noisy SCSI problem as described in
Section II-A; while in Section V-B, we focus on the noiseless
SCSI problem for comparing with the previous works in [13]
§. Finally, Section V-C provides further comparisons of our
work with the previous works based on graph codes.

A. Design examples of the noisy SCSI problems

We consider a noisy SCSI setting as follows:

YE = YD +NED , (40)
X = YE +NE , (41)

and this setting is included in our model by setting (3) with
fYE (YD) = YD and (5) with fX (YD) = 0 and β = 1. We set
the variance of the zero mean DSI YD as 0.28, and consider
two scenarios where YD is Gaussian and uniformly distributed,
respectively. Note that from (11), changing the (marginal)

§Note that in [13], the authors had already shown that their designs have
better performance and similar complexity compared with [12]. Thus here we
use the results in [13] as the baseline for comparison.
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TABLE II
THE PERFORMANCE OF THE PROPOSED RQ-BASED NOISY WZC.

(a) The losses to the rate-distortion bounds of the proposed RQ-based Noisy WZC versus those of [13].

Uniform decoder side information Gaussian decoder side information
Noisy SCSI with high WZC rate 2 b/s 0.166 dB 0.166 dB*
Noiseless SCSI with low WZC rate 0.4461 b/s 0.635 dB 0.635 dB
Noiseless SCSI with low WZC rate 0.4461 b/s in [13] N/A > 1.07 dB
*The losses of noiseless SCSI in [13] are 0.37 and 0.35 dB at rates 1.86 and 3.86 b/s respectively.

(b) SSC LDPC Performance (code length n = 105)

LDPC rate Losses to the channel capacity Losses to the rate distortion bound from (19)
Noisy SCSI with WZC rate 2 b/s 0.68 b/s 0.54 dB 0.44 dB
Noiseless SCSI with WZC rate 0.4461 b/s 1 b/s 0.25 dB 0.162 dB

(c) LDGM Performance (code length n = 105)

LDGM rate Losses to the rate distortion bound for Gaussian source
Noisy SCSI with WZC rate 2 b/s 2 b/s 0.27 dB
Noiseless SCSI with WZC rate 0.4461 b/s 0.4461 b/s 0.1 dB

distribution of YD does not affect the rate-distortion bound if
the distributions of NED and NE in (40) and (41) are unchanged.
By letting NED ∼ N(0,0.28) and NE ∼ N(0,0.28), that is,
σ2

YE |YD
= σ2

X |YD,YE
= 0.28, with β = 1, the rate-distortion bound

for MSE d = 0.2975 is 2 b/s from (11). As shown in Table
II(a), for both distributions of YD, the average distortion losses
are nearly the same and equal to 0.166 dB compared to the
ideal MSE d, by testing 2000 source blocks with the WZC
code rate 2 b/s and length n = 105 per block. Note that this
is the first practical result for the noisy SCSI problem with
arbitrary DSI. For the purpose of comparison, in Table II(a)
we also list the results in [13] which were the best results
for one of our special cases, the noiseless SCSI problem with
Gaussian DSI. Our scheme has a 0.166 dB loss at high WZC
rate 2 b/s with Gaussian DSI. In this high rate regime, [13]
showed a 0.35 dB loss at rate 3.86 b/s and a 0.37 dB loss at
rate 1.86 b/s, respectively, under the same source block length
n = 105. From the rough comparison shown in the first row
of Table II(a), our RQ-based noisy WZC performs better than
that in [13] in the high rate regime. Our SSC LDPC code
also performs very well, and is about 0.54 dB away from the
channel capacity and 0.44 dB away from the rate-distortion
bound, as shown in Table II(b).

We present the detailed simulation results following our
design flow in Table I. For Step 1, given ε = 0.005, choosing
Aε as 3.3924 is sufficiently large. Computing the SSC LDPC
code rate R1 through (25), we get R1 = 0.68 b/s (or bits
per channel use (bpcu)). We use 2-PAM LDPC coding to
implement C1 with constellation points ±Aε

4 . Using codeword
length n= 105 symbols per source block, we obtain the degree
profile as listed in Table III(a). For Step 2, by applying the BP
channel decoding algorithm, we obtain σ2

n,ε equal to 0.2319
which is about 0.54 dB away from the channel capacity. For
Step 3, we get the WZC rate R2 = 2 b/s from (11). For Step 4,
we use the design method in [30] to design edge degrees of the
LDGM code. We adopt 8-ary LDGM coding where every three
bits of the LDGM CNDs are Gray-mapped to a 8-ary symbol.
For codeword length n = 105, there are 200,000 VNDs and
300,000 CNDs for the 2 b/s LDGM code. The degree profile

of the LDGM code is given in Table III(b). By running the
modified RBP quantization algorithm on RQ (with γ0 = 1 and
γ1 = 0.99980 in (38), and 2000 iterations for each source
block), we obtain d2,ε as 0.0193. The summation over the
integer set Z in (39) is obtained by limiting |b| ≤ 3,b ∈ Z. As
in [19], in very few cases not all the constraints of the LDPC
code CNDs are satisfied after the RBP iterations. We can detect
these events and solve the problem by adding 0.00001 to γ1
and restarting the RBP. For Step 5, the lower-bound on Ap in
(36) is 3.65. Our final scaled modulo size is Ap = 3.65, which
makes the bit error rate of the LDPC code smaller than 10−4.

As mentioned earlier in Section V-A, our simulation results
are the first ones reported for the noisy SCSI problem. Our
rate-distortion bound performances (0.166dB losses for WZC
rate 2 b/s for both DSI distributions in Table II(a)) are
competitive with the existing results for the special cases of
the SCSI problem, for example, noiseless SCSI with Gaussian
DSI in [13]. Also, in the selected WZC rate regime, the scheme
in [13] is quite complicated. For example, the 0.37dB loss for
rate 1.86 b/s in [13] is obtained by using five LDPC codes
and a 8192-state TCQ with code length n = 105. Additional
detailed comparisons between our scheme and that in [13] can
be found in Section V-C.

B. Design examples of the noiseless SCSI problem

We consider a noiseless SCSI setting as follows:

X = YE = YD +NED , (42)

which is included in our model by setting (3) with fYE (YD) =
YD and (5) with fX (YD) = 0 and β = 1. As for the DSI YD,
we again consider two scenarios where YD are Gaussian and
uniformly distributed with means equal to zero and variances
σ2

YD
equal to 0.28, respectively. For comparison with [13], we
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TABLE III
EDGE DEGREES OF LDPCS (SSC) AND LDGMS

(a) SSC LDPC
WZC rate 2 b/s
LDPC rate 0.68 b/s
VND degree 2 3 9
number 35364 44742 19894
CND degree all 12

WZC rate 0.4461 b/s
LDPC rate 1 b/s
VND degree 2 3 7 8 20 22 23
number 95283 62863 31477 2313 1 3467 4596
CND degree all 8

(b) LDGM
WZC rate 2 b/s
LDGM rate 2 b/s
CND degree 2 3 4 5 6
number 181458 48408 20631 12729 6606
CND degree 7 8 9 10 11
number 5658 4086 2766 2388 1944
CND degree 13 15 17 19 21
number 1947 3036 1518 861 45
CND degree 24 27 30 33 37
number 630 1041 969 879 558
CND degree 41 63 70 77
number 72 459 732 579
VND degree all 6

WZC rate 0.4461 b/s
LDGM rate 0.4461 b/s
CND degree 2 3 4 5 6
number 55851 16553 7757 4794 2325
CND degree 7 8 9 10 11
number 2449 1843 757 934 728
CND degree 13 15 17 19 24
number 1184 1324 531 6 532
CND degree 27 30 33 57 63
number 773 625 24 296 669
CND degree 70
number 45
VND degree all 10

set σ2
YE |YD

= 0.28¶. Together with β = 1 and σ2
X |YD,YE

= 0,
the rate-distortion bound for the ideal MSE d = 0.1509 is
0.4461 b/s from (11). For the two scenarios in Table II(a),
the distortion losses compared with the ideal d are almost
the same, and equal to 0.635 dB at 0.4461 b/s WZC rate by
averaging over 2000 source blocks with code length n = 105

per block. Our loss is much smaller than that reported in [13],
where the loss of the noiseless SCSI with Gaussian DSI YD
is larger than 1.07 dB in the considered low rate regime.
Note that the loss in [13] is larger when the rate is lower,
and the 1.07 dB loss is obtained at rate 1.07 b/s (the lowest
rate reported in [13]) which is higher than our rate 0.4461
b/s. Moreover, our SSC LDPC code performs only 0.25 dB
away from the channel capacity and 0.162 dB ‖ away from
the rate-distortion bound as shown in Table II(b).

In Table II(c), we show the loss of the second stage source
code C2. Note that from the intuition given in the paragraph
under Equation (28), the input of C2 is Gaussian distributed
when the modulo size approaches infinity. Thus unlike in the
case of C1, in which the input is uniformly distributed, we can
use the conventional Gaussian source and the corresponding
rate distortion bound for measuring the loss of C2. However,
to model the effect of finite modulo size Aε = 2.9703 (the vari-
ance of the modulo output will be smaller than its input), the
variance of the Gaussian source we choose is σ2

2,G = 0.1345
and slightly larger than the aforementioned d1,ε = 0.1340.

¶Note that in [13], σ2
YD

= 1, which is different from our setting where
σ2

YD
= 0.28. However, note that our scheme can deal with arbitrary decoder

side information and achieve the rate distortion bound both theoretically and
practically. Thus even if we set σ2

YD
= 1 while keeping the other simulation

parameters the same, the final distortions remain the same. Additional tuning,
such as for the modulo size (Aε and Ap in Table I), is not necessary.
‖Theoretically, from Equation (19), the quantization error of the ideal source

code C1 can have MSE as d1 = d2 + α2σ2
YE |YD

. Now, σ2
YE |YD

= 0.28, α =
0.4611, d2 = 0.0696 and therefore ideal MSE d1 = 0.1291. By simulation,
our practical C1 has MSE d1,ε = 0.1340 under module size Aε = 2.9703.
Therefore the loss in Table II(b) is 0.162 dB.

Then from the conventional rate-distortion bound for Gaussian
sources

1
2

log
σ2

2,G

d2,G
,

we know that the ideal MSE for the Gaussian source is d2,G =
0.0725. Our LDGM source code C2 has MSE d2,ε = 0.07425.
Therefore, the loss of C2 for Gaussian source is around 0.1
dB as in Table II(c).

Following our design flow in Table I, for Step 1, given
ε = 0.005, we find that choosing Aε as 2.9703 is large enough.
Computing the SSC LDPC code rate R1 through (25), we
get R1 = 1 b/s (or bpcu). We use 4-PAM LDPC coding to
implement C1 with constellation points ±Aε

8 ,± 3Aε

8 , and the
degree profile is given in Table III(a). For Step 2, by applying
the BP channel decoding algorithm on the SSC LDPC code,
we obtain σ2

n,ε as 0.1219 which is about 0.25 dB away from the
channel capacity. For Step 3, we get the WZC rate R2 = 0.4461
b/s from (11). For Step 4, we adopt binary LDGM coding.
For codeword length n = 105, there are 44,610 VNDs and
100,000 CNDs in our LDGM, and the degree profile is given
in Table III(b). By running the RBP quantization algorithm
with γ0 = 1 and γ1 = 0.99980 for RQ, we obtain d2,ε as
0.07425. For Step 5, we calculate the lower-bound of Ap in
(36) as 3.3208. The modulo size 3.33, which is our final Ap,
makes the bit error rate of the LDPC code smaller than 10−4.

As aforementioned, with Gaussian DSI, our 0.635 dB loss at
0.4461 b/s WZC rate is smaller than the best practical design
[13] prior to our work. The scheme in [13] showed 1.07 dB
loss at 1.07 b/s, by using three LDPC codes and a 8192-state
TCQ with code length n = 105. From the simulation results in
[13] and the theoretical analysis in [13] and [14], the lower the
WZC rate is, the larger performance loss the WZC in [13] will
have. Thus, the loss of [13] will be larger than 1.07 dB at our
selected WZC rate 0.4461 b/s since the code rate is smaller
than 1.07 b/s. Our coding scheme, having a 0.635 dB loss,
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performs much better than the scheme in [13] in this low rate
setting. More detailed comparisons can be found in Section
V-C.

C. Detailed comparisons with existing graph-code based de-
signs

In this subsection, we given more detailed comparisons of
our work with the previous works. First, although the well-
known practical WZC encoder [13] also performs a two-
stage quantization process, in contrast to our RQ, the input
of the lossless second stage compressor/quantizer in [13] is
the quantization output of the first stage. In our RQ-based
noisy WZC encoder, the second stage quantizer is lossy with
its input being the quantization error of the first stage. Thus
our decoder structure is completely different from that in
[13]. Compared with the WZC in [13], the main advantage
of our coding scheme is the flexibility. Firstly, from the
theoretical analysis in Theorem 1, our RQ-based noisy WZC
can approach the rate-distortion bound with arbitrary DSI
in all rate regimes, while the WZC in [13] and [14] can
only guarantee the optimality in high rate regimes. And the
practical simulation results in [13] indicate that for their design
the lower the WZC rate is, the more severe the rate loss
is. Secondly, our construction offers more flexibility in the
practical code rate selection. In [13], the WZC is implemented
by a TCQ with rate RN and a multilevel Slepian-Wolf Coding
(formed by RN LDPC codes). The rate RN of the TCQ is
limited to being an integer, and for each RN = 1,2, . . ., only
one possible WZC rate can be implemented. On the contrary,
almost all rational WZC rates can be implemented by our
construction. Thirdly, our RQ-based noisy WZC can handle
the noisy SCSI problem with arbitrary DSI. Whether the
coding scheme in [13] can be extended to this setting or not
is unknown. Lastly, from the simulation results, our RQ-based
noisy WZC performs better as presented in Section V-A and
V-B.

The main reason that our scheme performs better than [13],
[14] is that we do not simplify the WZC design using the
high rate assumption. To see this, we first review the key ideas
from Zamir’s works [8], [32]. In [32], Zamir showed that with
dither, lattice code is optimal in the classical source coding
problem. This result was extended to the Wyner-Ziv problem
by using good nested lattices [8], where the coarse lattice
must be simultaneously good for channel coding and source
coding. The Wyner-Ziv bound is then achievable in [8] even
at the low rate regime. The roles of the dither and the first-
stage quantizer in our construction are similar to those of the
dither and the coarse lattice in [8]. By designing a codebook
simultaneously good for channel coding and source coding for
our first stage, our construction can also achieve the Wyner-Ziv
bound at the low rate regime. However, in [13], [14], the high
rate assumption is imposed to degenerate the nested lattice in
[8] to a single source coding lattice. Besides, together with
the fact that they only focus on Gaussian sources, the dither
can be removed. With these simplifications, one can avoid
the challenging task of designing a codebook simultaneously
good for channel coding and source coding. However, this also

makes the design in [13], [14] only work well in the high rate
regime.

Our construction is also different from and more flexible
than the graph-based construction in [9] for which the encoder
codebooks must be nested while the two RQ codebooks in our
encoder can be designed separately. Moreover, the WZC in [9]
has only been proven to be optimal for the binary symmetric
source with Hamming distortion measure. Whether or not the
theoretical results in [9] can be extended to the setting as in
our Theorem 1 is still unknown. Finally, our simulation results
show that LDPC coding itself suffices to be a good SSC code,
thus the compound LDGM/LDPC construction proposed in [9]
may not be necessary for our first-stage quantizer C1. Note that
the complexity of the modified RBP algorithm used in our SSC
LDPC source encoding is linear in codelength (i.e. O(n)), as is
the BP algorithm for the SSC LDPC channel decoding. The
modified RBP algorithm has a much smaller computational
complexity compared with the O(n2) algorithms based hard-
decimation in [30] and [33].

D. Discussion on the performance losses to the Wyner-Ziv
bounds

It is interesting to investigate whether the practical perfor-
mance loss can be characterized as the sum of the source
coding loss and the channel coding loss. In our design, if
the performance loss is measured in the compression rate
loss (increase of rate) while keeping the distortion constraint
unchanged, then the performance loss can be separated. The
details come as follows. We recall the equivalent channel at
the decoder from (22) as w = [c1 +αned − e2] mod A. The
decoder needs to correctly decode c1 such that only αned−e2
contributes to the final distortion. Thus αned − e2 mod A can
be regarded as an equivalent channel noise. When we increase
the (compression) rate, the error variance of e2 will decrease.
To ensure correct decoding using practical channel codes, we
need to increase the rate to decrease the variance of e2 from
the ideal one (increasing the SNR, equivalently). This is the
rate loss due to the channel coding part. Moreover, compared
to the optimal source code, there is another rate loss for the
practical source code to reach the same distortion (variance
of e2). Thus the rate loss can be separated while keeping the
distortion constraint unchanged.

However, in our paper, we adopt methods other than the
aforementioned one to measure the performance loss. Here
we fix the compression rate as the ideal one but relax the
distortion constraint. This method was also adopted in [13]
and thus good for comparison. However, the corresponding
performance loss (increase of distortion) may not be easily
separated. This is due to that under the ideal compression rate,
the corresponding variance of e2 will always make channel
decoding fail using practical source codes and channel codes.
To solve this channel decoding beyond capacity problem, we
developed a new method in Section IV-A. This method will
change the module size A and complicates the formula of the
final distortion (the distortion is related to (αned−e2) mod A).
Thus the distortion loss reported in our paper may not be easily
separated as those from source and channel coding.
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VI. CONCLUSION

In this paper, we have considered a noisy WZC where
the source can be observed via a noisy channel and the
decoder side information can be arbitrarily distributed. When
the side-information is not Gaussian, our noisy WZC cannot
be transformed into the conventional noiseless one. Thus we
proposed a new coding structure, named RQ-based noisy
WZC and implemented it by graph based codes. Theoretically,
for all rate regions, we have shown that the optimal rate
lower bound is achievable using our RQ-based noisy WZC.
Furthermore, the simulation results have shown that our practi-
cal implementation also approaches the rate-distortion bound.
As a matter of fact, our practical construction has the best
performance in the literature. To implement our coding idea,
we have designed LDPC codes that can be simultaneously
good for source and channel coding using low complexity
encoding/decoding algorithms. Compared with the previous
works, our construction offers greater design flexibility in
terms of the presence of noise in the observation channels,
the distribution of the side information, and practical code
rate selection.

VII. APPENDIX: PROOF OF THEOREM 1

Here we prove Theorem 1 which claims that the rate-
distortion bound of the noisy SCSI problem with arbitrary
DSI is achievable by the proposed RQ-based noisy WZC.
We divide the proof into two parts as Appendix VII-A and
VII-B. In Appendix VII-A, we focus on the encoder and show
that the distortion constraints for the RQ in (19) and (20)
can be met with code rates R2 and R1 selected as in (26)
and (25), respectively. Then in Appendix VII-B, we focus on
the decoder and show that with (19) and (20), the final MSE
constraint (1) can be satisfied. As a reminder, capital letters
in the random coding analysis represent random variables of
the corresponding vector signals. For example, X̂ corresponds
to x̂.

A. Analysis for the encoder

In this part, we show that with random codebooks, if R2 and
R1 meet (26) and (25), then the selected distortion constraints
(19) and (20) for the two-stage RQ can be met. The two
random codebooks of our RQ are generated as follows:

1) The second stage random codebook C2 is formed by gen-
erating the 2nR2 codewords according to the distribution
of U2, which is distributed as

U2 ∼ N(0,α2
σ
′2
YE |YD

), (43)

where σ′2YE |YD
> σ2

YE |YD
. Note that U2 has a similar dis-

tribution (with slightly larger variance) compared with
αNED where NED is defined in (4).

2) The first stage random codebook C1 consists of 2nR1

codewords according to the distribution of U1, which is
defined as

U1 = (U2 +E ′2−αYE −UA) mod A, (44)

where E ′2 is Gaussian distributed with slightly smaller
variance compared to E2 in (9),

E ′2 ∼ N(0,d′2) with d′2 < d2, (45)

while UA is uniformly distributed in the range
[
−A

2 ,
A
2

]
and independent of U2, E ′2 and YE . We choose

α
2
σ
′2
YE |YD

+d′2 = α
2
σ

2
YE |YD

+d2. (46)

Since σ′2YE |YD
> σ2

YE |YD
in (43) and d′2 < d2 in (45), one

can always find σ′2YE |YD
and d′2 to make (46) valid.

Note that the above U1 is uniform in the range
[
−A

2 ,
A
2

]
and

is independent of U2,E ′2 and YE by Lemma 1. Indeed, in
the above selections, E ′2, U2, U1, YE , and the NED in (3) are
independent. Also E ′2 is independent of X |YD,YE .

In the following analysis, we use the suboptimal jointly-
typical encoder/decoder pair instead of the optimal maximum-
likelihood one. Here we briefly review the following defi-
nitions borrowed from [23]. The set A(n)

ε of jointly typical
sequences is the set of length n sequences with empirical (sta-
tistical averages) entropies ε-close to the true entropies. For the
jointly-typical channel decoder, it will search for a codeword
sequence such that together with the sequence of received
signals, they belong to the jointly typical set A(n)

ε . Note that
from the detection theory, the maximum likelihood detection is
optimal for minimizing the decoding error probability given
that the transmitted codeword sequences are equally likely.
That is, the optimal decoder should search for a codeword
which maximizes the likelihood. Thus, compared with the
maximum likelihood decoder, the jointly-typical decoder is
suboptimal. Moreover, the distortion ε-jointly typical set is
defined very similarly to the definition of A(n)

ε , but with an
additional constraint on the distortion measure. The ε-jointly
typical source encoder is a dual to the jointly typical channel
decoder. The readers are referred to [23] for more details.

With jointly typical encoder/decoder, the resulting two-stage
RQ becomes

1) First stage: The first stage quantizer selects a codeword
−c1, c1 ∈ C1, such that the pairs (αye + d) mod A
and −c1 are distortion ε-jointly typical with respect to
the distributions of (αYE +UA) mod A and −U1. The
residue e1 (quantization error) is sent to the second stage
quantizer.

2) Second stage: The second stage quantizer selects a
codeword c2 ∈ C2, such that the pairs e1 and c2 are dis-
tortion ε-jointly typical with respect to the distributions
of (αYE +UA +U1) mod A and U2. The encoder then
sends out the index of the codeword c2 to the decoder.

Note that (44) can be treated as the test channels [23] [25] for
both stages of RQ as

(αYE +UA) mod A = (−U1 +(U2 +E ′2)) mod A, (47)
(αYE +UA +U1) mod A = (U2 +E ′2) mod A, (48)

where (47) and (48) are the test channels for the first stage
and the second stage, respectively.

We first focus on the distortion constraint (19) for the first
stage quantization. From [23] and [25], we know that if R1 >
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I((αYE +UA) mod A;−U1), then the distortion of the first stage
quantizer will be less than E[|(αYE +UA)−(−U1) mod A|2] as
n→ ∞. Then (19) is met since

E[|(αYE +UA)− (−U1) mod A|2] (a)= E[|U2 +E ′2 mod A|2]
(b)
< α

2
σ
′2
YE |YD

+d′2
(c)
= α

2
σ

2
YE |YD

+d2,

where (a) holds according to (47), (b) holds due to (43) and
(45), and (c) comes from (46).

Now we show that (25) implies the rate constraint R1 >
I((αYE +UA) mod A;−U1). From the definition of mutual
information, this rate constraint becomes

R1 > h((αYE +UA) mod A)−h((αYE +UA) mod A|−U1)

(a)
= logA−h((U2 +E ′2) mod A)
(b)
= logA−h(U2 +E ′2)+ ε

′′
1

(c)
= logA− 1

2
log(2πe(α2

σ
′2
YE |YD

+d′2))+ ε
′′
1 , (49)

and by choosing ε1 > ε′′1 , (25) implies constraint (49) from
(46). The equality (a) holds since h((αYE +UA) mod A| −
U1) = h((U2 +E ′2) mod A) and h(αYE +UA) mod A) = logA,
where the former equality is a result of the test channel (47)
(the independence between U2 + E ′2 and −U1 is discussed
below (44)), while the latter equality is due to the fact
that (αYE +UA) mod A is uniformly distributed in the range[
−A

2 ,
A
2

]
. This uniform distribution comes from Lemma 1 and

the fact that UA is independent of YE and uniformly distributed
in the range

[
−A

2 ,
A
2

]
. The ε′′1 in equality (b) is positive

since the modulo operation reduces the entropy of Gaussian
U2 +E ′2, but ε′′1 approaches zero when A is sufficiently large
[26]. Finally, the equality (c) follows from (43), (45), and the
independence between U2 and E ′2.

Now we focus on the distortion constraint (20) for the
second stage quantization. Also from [23] and [25], if R2 >
I((αYE +UA +U1) mod A;U2), the distortion of the second
stage quantizer will be less than E[|(αYE +UA+U1)−U2 mod
A|2] as n→ ∞. Then (20) is met since

E[|(αYE +UA +U1)−U2 mod A|2] (a)= E[|E ′2 mod A|2]
(b)
< d′2

(c)
< d2,

where (a) holds according to the test channel (48), while (b)
and (c) are from (45). Now we show that (26) implies the rate
constraint R2 > I((αYE +UA +U1) mod A;U2) because

R2
(a)
> h((U2 +E ′2) mod A)−h(E ′2 mod A)
(b)
= h(U2 +E ′2)−h(E ′2)+ ε

′
2

(c)
=

1
2

log(2πe(α2
σ
′2
YE |YD

+d′2))−
1
2

log(2πe(d′2))+ ε
′
2

(d)
= RN

WZ(d)+ ε
′′
2 + ε

′
2. (50)

Then by choosing ε2 > ε′′2 + ε′2 in (26), (26) implies the
constraint (50). In (50), the inequality (a) follows from (48),
and the independence between U2 and E ′2 is discussed below
(44). The ε′2 in (b) approaches zero when A is sufficiently

large. The equality (c) comes from (43) and (45). Finally, by
substituting (46) and (8) into the RHS of (c), together with
the fact that d′2 < d2, the equality (d) follows with ε′′2 > 0.

B. Analysis for the decoder

First we show that under (27) and (20), the decoding of c1
in the equivalent channel output w will be successful, and then
we will show that the overall MSE constraint is met. Now we
introduce the suboptimal jointly typical decoder used in this
analysis.
Channel decoding c1: From (22), the decoder finds ĉ1 ∈ C1
such that ĉ1 and w are jointly typical with respect to the
distribution of U1 and

W = (U1 +αNED −E ′2) mod A. (51)

Note that (20) affects the variance of the equivalent channel
noise (αNED −E ′2) mod A.

For the channel decoding of c1, the probability of de-
coding error approaches zero when n approaches infinity if
R1 < I(U1;W ) = h(W )− h(W |U1). Now we show that (27)
implies this constraint. Since U1 is uniformly distributed in
[−A/2,A/2] and independent of (αNED − E ′2) mod A, W is
also uniformly distributed in [−A/2,A/2] by Lemma 1. To
correctly decode c1

R1 < logA−h[(αNED −E ′2) mod A]

= logA−h(U2 +E ′2)+h(U2 +E ′2)−h[(αNED −E ′2) mod A]
(a)
= logA− 1

2
log[2πe(α2

σ
2
YE |YD

+d2)]+ ε3, (52)

where (a) comes from the definition of U2 in (43), the
definition of E ′2 in (44), and (46). Note that ε3 > ε′′1 according
to the discussion below (43), where ε′′1 = h(U2+E ′2)−h((U2+
E ′2) mod A) as in (49 b). We can let ε′′1 < ε1 < ε3. Therefore,
(27) implies (52).

Now we compute the final distortion. From (24), the final
reconstruction X̂ = f (Û ,YD), where Û corresponds to the
auxiliary vector û in (23). From (23), with correct c1

Û = (W −U1) mod A+α fYE (YD)

= (αNED −E ′2) mod A+α fYE (YD), (53)

where the second equality is from (51). Now we can show
that

E[(X̂−X)2] = E[( f (Û ,YD)−X)2]< d +δ. (54)

The last inequality comes as follows. First, the Markov chain
condition

X ↔ (YE ,YD)↔ (αNED −E ′2) mod A+α fYE (YD)

must be met according to [15, Proposition 4]. This Markov
chain condition is satisfied due to (3) and the indepen-
dence between E ′2 and X |YE ,YD by definition. Next, note that
(αNED −E ′2) mod A distributes as αNED −E ′2 with a large A
[26]. Thus when A is large, Û in (53) has almost the same
distribution (with a slightly smaller variance) as that of U in
(7). Then by following the steps in [15], the inequality in (54)
is valid where δ approaches zero when A is sufficiently large.
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Finally, letting d2− d′2 → 0 and σ′2YE |YD
−σ2

YE |YD
→ 0, then

ε′′2 → 0 in (50). Furthermore, as the modulo size A→ ∞, then
ε′′1→ 0 in (49), ε′2→ 0 in (50), and ε3→ 0 in (52). Therefore,
one can choose ε1 and ε2→ 0 in (25)(26)(27). This concludes
our proof.
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[31] M. Mézard, G. Parisi, and R. Zecchina, “Analytic and algorithmic
solution of random satisfiability problems,” Science, vol. 297, no. 5582,
pp. 812–815, 2002.

[32] R. Zamir and M. Feder, “Information rates of pre/post-filtered dithered
quantizers,” IEEE Trans. Inform. Theory, vol. 42, no. 5, pp. 1340–1353,
Sep. 1996.

[33] T. Filler and J. Fridrich, “Binary quantization using belief propagation
with decimation over factor graphs of LDGM codes,” in Proc. 45th
Annual Allerton Conf. on Comm. Control, and Comput., 2007.

Yi-Peng Wei (S’15) received his B.Sc. in Electrical
Engineering from National Tsing Hua University,
Taiwan, in June 2009, and M.Sc. in Graduate Insti-
tute of Communication Engineering from National
Taiwan University, Taiwan, in July 2012. His thesis
work was on the low density graph code design.
Since August 2013, he has been a graduate stu-
dent in the Electrical and Computer Engineering
Department at the University of Maryland, College
Park, working towards his Ph.D. degree. His research
focuses on information theoretic physical layer se-

curity.

Shih-Chun Lin (M’08) received the B.S. and Ph.D.
degrees in Electrical Engineering from National Tai-
wan University, Taipei, Taiwan in 2000 and 2007,
respectively. He was a Visiting Student at The Ohio
State University, Columbus, USA in 2007. After
finishing his military duty during 2008, Dr Lin was
a Postdoctoral Researcher at National Tsing Hua
University, HsinChu, Taiwan. During Aug 2011 to
Aug. 2012, he was an Assistant Professor at National
Taipei University of Technology.

Dr. Lin is now an Assistant Professor of National
Taiwan University of Science and Technology, Taipei, Taiwan. Dr. Lin was
awarded best paper award for young authors from the IEEE IT/COM Society
Taipei/Tainan Chapter, and Project for Excellent Junior Research Investigators
from Ministry of Science and Technology, Taiwan in 2015. He also served as
a track chair of International Conference on Intelligent Green Building and
Smart Grid (IGBSG) 2014, and a TPC member of IEEE ICC, ICC Workshop
on Wireless Physical Layer Security, and VTC-Spring. His research interests
include coding/information theory, communications, and signal processing.



15

Song-Jheng Lin was born in Taipei, Taiwan, in
1984. He received the B.S. and M.S degree in
Electrical Engineering from the National Taiwan
University, Taiwan, in 2006 and 2008, respectively.
From 2008, He is with MediaTek Inc., HsinChu,
Taiwan, and is currently working on research and
development of baseband ICs for mobile stations.
His research interests include wireless communica-
tons, information theory, and signal processing.

Hsuan-Jung Su (S’90-M’99-SM’12) received the
B.S. degree in Electronics Engineering from the
National Chiao Tung University, Taiwan, in 1992,
and the M.S. and Ph.D. degrees in Electrical Engi-
neering from the University of Maryland, College
Park, in 1996 and 1999, respectively. From 1999
to 2000, he was a Postdoctoral Research Associate
with the Institute for Systems Research, University
of Maryland. From 2000 to 2003, he was with the
Bell Laboratories, Lucent Technologies, Holmdel,
New Jersey, where he received the Central Bell Labs

Teamwork Award in 2002 and the Bell Labs Presidents Gold Award in 2003
for his contribution to the 3G wireless network design and standardization. In
2003, Dr. Su joined the Department of Electrical Engineering and Graduate
Institute of Communication Engineering, National Taiwan University, where
he is currently a Professor. From 2014 to 2015, Dr. Su was a Visiting Fellow at
Princeton University. Dr. Su is an Area Editor of the Physical Communication
(PHYCOM) journal (Elsevier), and has guest edited special issues for journals
such as IEEE Access. He has also served on the organizing committees and
TPCs of many international conferences, including serving as the Finance
Chair of IEEE ICASSP 2009, the Finance Co-Chair and a TPC Track Chair
of IEEE VTC 2010 Spring, a TPC Co-Chair of WPMC 2012, a TPC Co-Chair
of IEEE GreenCom 2014, and a TPC Co-Chair of WOCC 2015. Dr. Su was
the Chair of IEEE Information Theory Society, Taipei Chapter (2013-2015),
and the Secretary and Treasurer of the IEEE Communications Society Asia-
Pacific Board (2014-2015). His research interests cover coding, modulation,
signal processing, interference management, resource allocation, and MAC
protocols of wireless communication, cognitive, M2M and D2D networks.

H. Vincent Poor (S’72–M’77–SM’82–F’87) re-
ceived the Ph.D. degree in EECS from Princeton
University in 1977. From 1977 until 1990, he was
on the faculty of the University of Illinois at Urbana-
Champaign. Since 1990 he has been on the faculty
at Princeton, where he is the Michael Henry Strater
University Professor of Electrical Engineering and
Dean of the School of Engineering and Applied
Science. His research interests are in the areas of
information theory, statistical signal processing and
stochastic analysis, and their applications in wireless

networks and related fields. Among his publications in these areas are the re-
cent books Principles of Cognitive Radio (Cambridge University Press, 2013)
and Mechanisms and Games for Dynamic Spectrum Allocation (Cambridge
University Press, 2014).

Dr. Poor is a member of the National Academy of Engineering, the National
Academy of Sciences, and is a foreign member of Academia Europaea and
the Royal Society. He is also a fellow of the American Academy of Arts
and Sciences and other national and international academies. He received
the Marconi and Armstrong Awards of the IEEE Communications Society in
2007 and 2009, respectively. Recent recognition of his work includes the 2014
URSI Booker Gold Medal, the 2015 EURASIP Athanasios Papoulis Award,
the 2016 John Fritz Medal, and honorary doctorates from Aalborg University,
Aalto University, the Hong Kong University of Science and Technology, and
the University of Edinburgh.


