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Gaussian Broadcast Channels with Intermittent
Connectivity and Hybrid State Information

at the Transmitter
Shih-Chun Lin and I-Hsiang Wang

Abstract—In wireless networks, the link connectivity may be
intermittent due to shadowing, burstiness of data arrival, or
uncoordinated resource allocation. In this paper, we model the
intermittence of links as Bernoulli distributed random channel
states, termed intermittence channel states, and study the impact
of the corresponding channel state information at the trans-
mitter (CSIT) in a two-user Gaussian broadcast channel (BC).
Moreover, due to the heterogeneous timeliness of intermittence
channel states, the CSIT considered in this paper is hybrid.
More specifically, CSIT of each link can be perfectly (causally
or non-causally) available, delayed, or not available. When the
links are connected, we adopt a general setting that the received
signal-to-noise ratios can be different. Our contribution is the
characterization of the capacity regions of intermittent Gaussian
BC to within bounded gaps for all combinations of hybrid CSIT,
except for scenario DN (delayed CSIT of receiver 1, no CSIT
of receiver 2). For scenario DN, we propose an opportunistic
physical layer network coding scheme that achieves a strictly
larger degree-of-freedom (DoF) region than the no-CSIT DoF
region. As a corollary, single-user CSIT is able to increase the
sum DoF for intermittent Gaussian BC (also the capacity region
for the erasure BC, as a by-product). This result is in sharp
contrast to the recent negative result by Davoodi and Jafar [1],
where it is shown that for fast-fading multiple-input single-output
(MISO) BC with continuous channel states, single-user CSIT does
not help at all in terms of sum DoF.

I. INTRODUCTION

Channels with state are well accepted information theo-
retic models for communication settings where the channel
conditions are not fully known or subject to variation over
transmissions. One application is to model the small scale-
scale fading effects as fast-fading channel coefficients in
wireless multi-user channels, and it is well known that the
corresponding channel state at the transmitter (CSIT) can
have huge impact on the capacity regions. Examples in the
context of interference and broadcast channels (BCs) are
given in [1] [2]. Besides small-scale fading, link strength is
also affected by many topological factors, such as different
distances, shadowing, and uncontrollable interference. Some
links may be weaker than other links at certain time slots,
and the link connectivity may even become intermittent [3]
[4]. Indeed, design with intermittent connectivity is one of
the key challenges for 5G millimeter-wave systems [5]. In
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the meanwhile, 5G machine-type or short-packet communi-
cations envisioned for the IoT era can lead to short bursts
of interruption to the regular human-centric ones, and their
effects can be captured with intermittent links due to relatively
much shorter blocklengths [6]. The intermittent links may also
happen in wireless networks due to the burstiness of data
arrival or uncoordinated resource allocation [7] [8]. In contrast
to the point-to-point additive Gaussian noise channel with
intermittent connectivity where intermittence CSIT does not
play a significant role in performance except for power control,
recent works for the intermittent/bursty interference networks
[4] [7] [9] showed that intermittence CSIT also has huge
impact on the capacity regions, in particular the achievable
degrees of freedom.

In this paper, we focus on intermittent Gaussian BCs
with different availability levels of intermittence CSIT. The
intermittent Gaussian BC can be viewed as an extension of
erasure BC with additive receiver noises, where the multi-
plicative intermittence channel state corresponds to the erasure
state. The capacity regions of erasure BCs with CSIT were
extensively studied in [10]–[12], where the availability level
of erasure state CSIT is assumed to be homogeneous across
users. That is, the erasure state CSITs of two links are both
delayed [11] [12] or not available [10]. In practice, however,
the CSIT can be heterogeneous (hybrid or even alternating) in
a network [1] [13]–[16], mainly because different links may
have different compatibilities to know the time-varying states.
Thus in this work, we consider two-user intermittent Gaus-
sian BCs with hybrid intermittence CSIT. Depending on the
timeliness of intermittence states, our CSIT of each link can
be perfectly (causally or non-causally, P) available, delayed
(D), or not available (N). All six possible CSIT combinations
are studied. Typically, for BCs with heterogenous CSIT, high-
SNR asymptotic frameworks based on degree-of-freedoms
(DoF) are adopted [1] [13]–[16]. By going beyond the DoF
framework, we focus on more accurate but challenging within-
bounded-gap characterization of capacity regions.

Our main contribution is the characterization of the capacity
regions of intermittent Gaussian BC to within bounded gaps
for all combinations of hybrid CSIT, except for scenario
DN (CSIT of receiver 1 delayed, CSIT of receiver 2 not
available). The channel state at the receiver (CSIR) can also
be hybrid. That is, If the CSIT of a receiver is in the “N
configuration, then the corresponding CSIR is only known
locally. Otherwise, it is known globally. Unlike conventional
continuous channel states modelling the small-scale fading [1]
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[2] [13] [15]–[18], our intermittence state is discrete (on/off)
in nature. Furthermore, different from the bounded-gap results
for continuous CSIT [17] [18] where equal SNRs are assumed,
we consider the more general setting with unequal received
signal-to-noise ratios (SNRs) in our BC when the links are
connected. For scenario DN (delayed single-user CSIT), we
also propose an opportunistic physical layer network coding
scheme to achieve a DoF region strictly larger than that
of scenario NN. Similar observations can be obtained from
our bounded-gap-to-capacity results for scenario PN (perfect
single-user CSIT). Thus for intermittent Gaussian BCs where
channel states are modelled following [4], [7]–[9] as discrete
memoryless Bernoulli p processes, the sum DoFs will not
collapse when the CSIT of one user is completely missing. Our
results are in sharp contrast to those for multiple-input-single-
output (MISO) BC [1] [16] [19] with continuous channel
states, where the sum DoF will collapse to that for scenario
NN as long as CSIT of one of the users is missing. As a by-
product, we show that single-user CSIT suffices to enlarge the
capacity region for the two-user erasure BC. Specifically, for
the erasure BC with perfect or delayed single-user CSIT, the
capacity region strictly contains that with no CSIT from both
links in [10]. Details of the results for binary erasure BCs are
referred to Corollary 6.3 and our previous conference work
[20].

The main challenges tackled in our paper together with our
solutions are listed as follows.

• For the scenarios PD and PN, the challenge in the
achievability part lies in the case when the transmitter
has perfect CSI of the lower-SNR receiver (say, receiver
1). In this case, for the higher-SNR receiver (say, receiver
2), successive interference cancellation (SIC) is no longer
optimal anymore, because when link 1 is connected,
the transmitter can use perfect CSIT from receiver 1 to
equivalently form a non-degraded BC. On the other hand,
the conventional dirty paper coding (DPC) [21] cannot be
used either, since the state of receiver 2 is not instanta-
neously known at transmitter. Such challenge is mainly
due to the mismatched ordering of degradedness in SNRs’
and erasure probabilities, and it is better illustrated via
a binary expansion model [22] in Section III-A (see
Figure 2). To overcome the challenge due to mismatched
ordering of degradedness, we develop new transmission
schemes for intermittent dirty paper channels with no
CSIT to cancel the interference.
As for the converse part, characterizing tight outer bound
in this case is even more challenging, because the con-
ventional way of channel enhancement arguments may
not give us an useful degraded BC for outer-bounding
as in [11]–[14], since the transmitter only has perfect
CSI for the lower-SNR receiver. Instead, we provide new
bounded-gap outer bounds without using the degraded-
ness argument.

• For inner bounds of the scenario DD, we have devel-
oped a novel retransmission scheme that takes care of
unequal received SNRs. The scheme complements that
in [17] [18] where equal received SNRs are assumed in
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Fig. 1. Intermittent broadcast channel with hybrid CSIT and unequal received
signal-to-noise ratios.

Rayleigh-faded MISO BCs. We obtain key insights from
the binary expansion model to create network coding
opportunities [11] [12] beneficial for both receivers in
Gaussian setting. The main novelty is two-fold. The first
one is the aforementioned new DPC with no intermittence
CSIT. Second, to take care of the unequal received SNRs,
instead of quantizing the recycled symbols (known from
the delayed CSIT) with a single codeword like [17] [18],
we propose a successive refinement framework so that
stronger (higher-SNR) receiver can have higher resolution
into the quantized signal. More comparisons with [17]
[18] as well as the DoF results for MISO topological
BCs [14] are given in Remark 3.2.

• For inner bounds of scenario DN, the network coding
opportunity cannot be created following our retransmis-
sion methods tailored for scenario DD. We thus propose
a new retransmission scheme which can opportunistically
create network coding opportunities even with single-user
delayed CSIT. This opportunistic network coding gain is
the key to achieve better DoF region than that of scenario
NN.

The main contributions are summarized in Table I, where “*”
means that the results are also new for the binary erasure BCs.

The rest of this paper is organized as follows. In Section
II, the hybrid intermittence CSIT and CSIR are defined and
the problem is formulated. Then in Section III, we present our
main results classified by whether perfect CSIT of receiver 1
is available or not. Numerical results are also provided. The
proofs for results with perfect CSIT of receiver 1 is given in
Section IV while those without perfect CSIT of receiver 1 is
given in Section V. In Section VI the results in Section III,
where intermittence probabilities are assumed to be equal, are
extended to cases with non-equal intermittence probabilities.
Finally, Section VII concludes this paper.

II. PROBLEM FORMULATION

A. Channel Model

As depicted in Figure 1, the transmitter aims to transmit two
independent messages W1 and W2 to two receiving terminals
B1 and B2 respectively, over T channel uses. Here Wi is
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TABLE I
MAIN CONTRIBUTIONS FOR INTERMITTENT GAUSSIAN BCS

Hybrid CSIT Achievability Outer Bound within
Scenario Bounded-gap-to-capacity

PD&PN when If S1[t] = 1 send w1 only ; with a genie providing
SNR2 ≥ SNR1 otherwise send both messages erased signals to user B1

Theorem 3.1* with no-CSIT DPC
DD Gaussian-network-coding based form a degraded BC

Theorem 3.2 retransmission with successive refinement with unequal received SNRs
DN Modify the scheme for “DD” with

Theorem 3.3* opportunistic Gaussian network coding N/A

uniformly disributed over
{

1, 2, . . . , 2TRi
}

, for i = 1, 2.
Messages W1 and W2 are mapped to the channel input
X[t], and the corresponding received signals at B1 and B2

respectively are

Y1[t] = h1S1[t]X[t] + Z1[t], (1)
Y2[t] = h2S2[t]X[t] + Z2[t], (2)

where the independent additive noises Zi[t], i = 1, 2, are com-
plex Gaussian CN (0, 1) i.i.d. over time. The {Si[t]} denotes
the random process that governs the intermittence of the link
from transmitter to receiver Bi. Here {S1[t]} and {S2[t]} are
independent Bernoulli p1 and p2 processes respectively, i.i.d.
over time1. Note that the intermittent Gaussian BC can be
viewed as a noisy extension of the erasure BC [10]–[12]. In
erasure BC, when Si[t] = 1, the receiver Bi receives X[t]
noiselessly; and when Si[t] = 0, it receives an erasure.

Average power constraint Pt is imposed on the channel
inputs. We denote the signal-to-noise ratios as

SNRi := |hi|2 Pt

for i = 1, 2. Both SNRis are globally known at the three
terminals. Besides power constraint, depending on the state
information assumption for {S1[t]} and {S2[t]}, additional
encoding constraints are also imposed at the transmitter. The
details come as in the next Section II-B.

B. Hybrid Intermittence State Information at the Transmitter
and Receivers

In our setting, channel state information (CSI) refers to the
two pieces of state information of the channel, {S1[t]} and
{S2[t]}. Each of {S1[t]} and {S2[t]} can be perfectly and non-
causally (P), delayed (D), or not (N) known at the transmitter,
as in Figure 1. We will consider all possible hybrid CSIT
combinations regarding how the CSIT of the link intermittence
helps in encoding. For example, in the DD scenario (Delayed
CSIT for receiver B1, Delayed CSIT for receiver B2), the
constraints imposed at the encoding function f(.) at time index
t is

X[t] = f
(
W1,W2, S

[1: t−1]
1 , S

[1: t−1]
2

)
, (3)

where S
[1: t−1]
i = (Si[1], . . . , Si[t − 1]), i = 1, 2. Here the

transmitters can encode the messages W1 and W2 with the

1In general, the states may be correlated across time and thus allowing us
to predict future and improve the throughput. However, discussing the benefit
of predicting the future is beyond the scope of this paper, and thus as [4] [7]
[8], we impose i.i.d. assumptions on the intermittence states.

aids of past intermittence state sequence. Moreover, the CSIT
configurations of B1 and B2 can be heterogeneous, such as
the PN scenario (Perfect and noncausal CSIT for receiver B1,
No (statistical) CSIT for receiver B2). For the scenario PN,
the constraint imposed at the encoding function is

X[t] = f
(
W1,W2, S

[1: T ]
1

)
, (4)

and the transmitter only has single user CSIT for S1[t] in our
two-user BC. Note that instead of the causal and instantaneous
CSIT S

[1: t]
1 as [13], we consider more ambitious non-causally

known CSIT S
[1: T ]
1 for the “P” configuration. However, our

capacity inner-bound regions for “P” configurations also apply
to the instantaneous CSIT cases.

For the CSIR, each receiver Bi knows its own CSIR across
entire transmission block S

[1: T ]
i , i = 1, 2. Because the CSIT

is obtained from feedback of the receiver, if Bi is in “P” or
“D” configuration, S[1: T ]

i is also known at the other receiver.
In contrast, if Bi is in “N” configuration, then S

[1: T ]
i is

unknown at the other receiver. Thus for the PN scenario (4),
the corresponding error probability constraints at B1 and B2

respectively are

P
(
W1 6= g1

(
Y

[1: T ]
1 , S

[1: T ]
1

))
→ 0,

P
(
W2 6= g2

(
Y

[1: T ]
2 , S

[1: T ]
1 , S

[1: T ]
2

))
→ 0, (5)

as T →∞, where gi(.) are the decoding functions at Bis.
The capacity region C depends on the available CSIT. We

take the following notation to denote the capacity region under
a certain scenario of CSIT: C (b1,b2), where the first argu-
ment b1 ∈ {P,D,N} denotes that the transmitter has perfect
(P), delayed (D), or no (N) state information of B1, while
the second argument b2 for B2 is similarly defined. As an
example, C (P,N) is the largest region of the achievable rate
pair (R1, R2) under constraints (4) and (5). The DoF region
D is defined similar to the capacity region C , by replacing
achievable rate Ri with DoF di := limPt→∞Ri/ log(Pt).
Without loss of generality, when we discuss the capacity
regions C , the transmitter power constraint Pt is set to be
1.

III. MAIN RESULTS

The main results are presented in this section, and to
simplify the presentations here we assume the intermittence
probabilities of receivers are equal p1 = p2 = p. The general
results where p1 6= p2 are shown in Section VI. The following
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notations are used in characterizing the approximate capacity
regions (to within a bounded gap):
• Define C(x) := log(1 + x) (logarithm is of base 2).
• For a R ⊆ R2, define the pointwise minus operator 	 as

follows:

R	(a, b) :=
{(

(R1 − a)+, (R2 − b)+
)

: (R1, R2) ∈ R
}
,

where (x)+ := max(x, 0).
When interpreting the main results, we will also employ a
binary expansion model [22] corresponding to (1) and (2) to
obtain insights. In this model, the transmitted and received
signals are binary vectors in Fq2, where F2 denotes the binary
field {0, 1} and q is defined later. The received signals are

Yi[t] = HBiSi[t]X[t], i = 1, 2, (6)

where additions are modulo-two component-wise. Channel
transfer matrices are defined as follows: for i = 1, 2, HBi :=
Sq−ni where q = maxi=1,2 {ni} and S ∈ Fq×q2 is the shift
matrix defined in [22].

Our main results are categorized according to the avail-
ability of perfect CSIT S

[1: T ]
1 for user 1. When perfect CSI

for user 1 is available at the transmitter, we characterize the
capacity regions to within a bounded gap, regardless of the CSI
availability level for user 2. When CSI for user 1 and 2 are
both delayed, bounded-gap capacity regions are also proved.
When CSI for user 2 is missing while CSI for user 1 is delayed
(DN), we propose a novel scheme which provides unbounded
capacity increase over the completely no CSIT case (NN).

A. Channels with Perfect CSIT for Receiver 1

We first consider intermittent BCs with perfect and non-
causal CSIT for receiver B1, that is, scenarios PP, PD and
PN. Capacity region C (P,P) in upcoming Proposition 3.1
follows straightforwardly from conventional methods [23] for
broadcast channels. With heterogeneous CSIT, finding capac-
ity region C (P,D) is much harder. Unlike the fading MIMO
broadcast channel with continuous fading states as in [13], in
our setting with unequal SNRs, it is not clear how to derive
outer bounds by forming a useful physically degraded BC. We
solve this problem by proposing new channel enhancement
techniques, and characterize C (P,D) to within a bounded
gap in Theorem 3.1. Moreover, the proposed inner bound is
achieved by a new DPC which does not need CSIT of user 2.
Hence, C (P,N) is also characterized to within a bounded gap.
As a corollary, the sum DoF in scenario PN is strictly larger
than the sum DoF p in scenario NN when p 6= 1, showing
the benefit of single-user CSIT in increasing the DoF of the
intermittent BC. This is in sharp contrast to the fading MIMO
BC with continuous fading states [1] where single-user CSIT
does not increase DoF. In other words, the sum DoF does
not collapse in intermittent Gaussian BC under PN scenario.
Indeed, the sum DoF of C (P,N) (also of C (P,D)) is the
same as that of C (P,P).

The results with perfect CSIT for receiver B1 are formally
presented as follows. We start with scenario PP.

Proposition 3.1: For intermittent Gaussian BC (1)(2) under
scenarios PP, when SNR2 ≥ SNR1 and p1 = p2 = p, the

Tx

s

s

“on” always

“on” with 
probability

Fig. 2. Conditioned on S1[t] = 1 in scenario PD, example of the non-
degraded binary expansion intermittent broadcast channel (6) when n2 > n1.

capacity region C (P,P), is the collection of (R1, R2) ≥ 0
satisfying

R1 ≤ p(1− p)C
(
PT1 SNR1

)
+ p2 C

(
(1− α)PT12SNR1

αPT12SNR1 + 1

)
,

(7)

R2 ≤ p(1− p)C
(
PT2 SNR2

)
+ p2C

(
αPT12SNR2

)
, (8)

over all α ∈ [0, 1] and PT1 , P
T
2 , P

T
12 ≥ 0 such that p(1 −

p)(PT1 + PT2 ) + p2PT12 = 1.
On the other hand, when SNR1 ≥ SNR2, the capacity region

is formed by replacing R1 and SNR1 respectively with R2 and
SNR2, and vice versa, in (7) and (8).

Proof: The inner bounds (7)(8) come as follows. If current
state is (S1, S2) = (1, 0), the transmitter transmits W1 with
power PT1 while if current state is (S1, S2) = (0, 1), the
transmitter transmits W2 with power PT2 . If current state
(S1, S2) = (1, 1), the transmitter sends super-imposed signal
X1+X2, where X1 is Gaussian signal for W1 and X2 is coded
using DPC in [21] by treating h2X1 as side-information. The
power of X1 and X2 are (1 − α)PT12 and αPT12 respectively.
As for outer bounds, note that given state (S1, S2), the BC
in (1)(2) is degraded. Then the outer bounds simply follows
from [23]. �

However, for scenarios PD and PN, the conventional DPC
in [21] cannot be used as in scenario PP. This is because
the transmitter does not know the instantaneous channel state
S2[t] of B2, but the conventional DPC needs perfect CSIT.
Even worse, when SNR2 ≥ SNR1 and link 1 is connected,
SIC may also be prohibited at receiver B2 since the BC
conditioned on S1[t] = 1 is not degraded. To get insights, an
example based on binary expansion model (6) with n2 > n1

is shown in Figure 2. Consider the following scheme for the
binary expansion model, where in the time slots with S1 = 1,
the top n1 = 2 levels of the transmitter are used to send
information bits of user 1, and the bottom n2−n1 = 1 levels
are used for user 2. Since the levels are separated in the binary
expansion model, B2 can decode the bottom level information
free of interference from the top n1 levels. However, such an
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idea cannot be implemented using SIC (B2 first decodes B1’s
message and then cancel it), since the bits that can be sent to
B1 at the top n1 levels are subject to (1 − p) probability of
erasure at B2. Hence, B2 cannot decode and cancel the higher-
level interference codeword via SIC even with n2 > n1.

Inspired by the aforementioned example in the binary
expansion model, to achieve the capacity region to within
a bounded gap when SNR2 ≥ SNR1 as in the upcoming
Theorem 3.1, we develop the following DPC which does not
need to know the intermittence state at the transmitter. The
transmitted signal is

X[t] = (C[t]− w · hI[t]− d[t]) mod L, (9)

where C[t] is the message-bearing symbol and I[t] is the non-
causal side-information, w is a weighting factor for scaling
the transmitter side information, d[t] is the independent dither
with both real and imaginary parts uniformly distributed in
[−L2 ,

L
2 ], and for a complex number x, the modulo operator

is defined as

x mod L := x−QL(x)

with real and imaginary parts of QL(x) being the nearest
multiples of L to the real and imaginary parts of x respectively.
Now we have

Lemma 3.1: Consider the intermittent dirty paper channel
with no intermittence CSIT:

Y [t] = hS[t] (X[t] + I[t]) + Z[t], (10)

where the transmitter is ignorant of intermittence channel state
S[t] but noncausally knows I[t] while the receiver knows the
Bernoulli-p state process S[t] but is ignorant of I[t], also the
independent noise Z[t] ∼ CN (0, 1) is i.i.d. over time. The no-
CSIT DPC (9) has achievable rate that is within-a-bounded-
gap p log(πe/6) to the capacity of (10).

Proof: Please refer to Section IV-A.
Note that the dirty-tape channel in [24, Thoerem 2] is Y [t] =
X[t] +S[t]I[t] +Z[t], where the sequence S[t]I[t] is causally
known at the transmitter. Though the achievability (9) is
similar to that in [24], the settings for the transmitter side-
information in (10) and [24] are different.

Theorem 3.1: For intermittent Gaussian BC (1)(2) un-
der scenarios PD and PN, we have the following within-
a-bounded-gap inner and outer bounds Rout (P,D) ⊇
C (P,D) ⊇ Rin (P,D) and Rout (P,N) ⊇ C (P,N) ⊇
Rin (P,N), where outer-bound regions Rout (P,D) =
Rout (P,N) are the collection of (R1, R2) ≥ 0 satisfying

R1 + 1
pR2 ≤ C (SNR2) + p (C (SNR1/p)− C (SNR2/p))

+

(11)
R1 ≤ p C (SNR1/p) , (12)
R2 ≤ p C (SNR2) , (13)

and inner-bound regions

Rin (P,D) = Rin (P,N) := Rout (P,D)	 (∆1,∆2) ,

where (∆1,∆2) is (p + 1, p2 log (πe/6)) when2 SNR2 ≥
SNR1 ≥ 2 and p1 = p2 = p, while (1, p) when SNR1 ≥
SNR2 ≥ 2.

Sketch of Proof: In scenario PD, the transmitter knows
S

[1: T ]
1 and S[1: t−1]

2 at time index t while both receivers knows
S

[1: T ]
1 and S

[1: T ]
2 . For scenario PN, the CSI knowledge at

the transmitter and receivers are already given in (4) and (5)
respectively.

The challenging case is SNR2 ≥ SNR1. Now the transmitter
knows the intermittence state of the weaker receiver B1 per-
fectly and that of stronger receiver B2 in a delayed or ignorant
fashion. For inner-bound regions Rin (P,D) = Rin (P,N),
note that the RHS of (87) is less than p C (SNR1) + 1. Thus
for achieving the capacity to within a bounded gap, we can
focus on the intersection of R1 ≤ p C (SNR1) with (86) as

R1 = pC (SNR1) ,

R2 = p(1− p)C (SNR2) + p2 (C (SNR2)− C (SNR1)) . (14)

The transmitter can use all T (1−p) time slots where S1[t] = 0
to transmit W2. For the rest Tp time slots, it uses super-
imposed signal similar to the PP case to simultaneously
transmit W1 and W2. Following the insights developed from
the binary expansion model in Figure 2, instead of using SIC
or the conventional perfect-CSIT DPC [21], the no-CSIT DPC
in Lemma 3.1 is used to transmit W2. Details are referred to
Section IV-A.

Identifying the outer bound regions Rout (P,D) =
Rout (P,N) for SNR2 ≥ SNR1 are even more challenging.
Recall now the transmitter has worse CSI knowledge for the
higher-SNR receiver B2. Thus for the outer bound region,
unlike [11]–[14], we cannot use the technique in which a
physically degraded BC is formed by giving the noisy received
signals at B1 to B2, and then the fact that feedback cannot
improve the capacity region of the physically degraded BC is
leveraged. Alternatively we enhance channel outputs Y1 at B1

in (1) as
Y1,en[t] = h1X[t] + Z1[t],

where a genie provides the erased signals to B1 when S1[t] =
0. With this alternative enhancement technique, one can reach
the outer bound R1+R2/p ≤ C (SNR2) corresponding to (86).
Detailed proofs are also given in Section IV-B.

As for the other case SNR1 ≥ SNR2, although the converse
proofs are not as hard as aforementioned ones for SNR2 ≥
SNR1, the proofs tailored for outer-bounding the DoFs of
BCs with continuous states [1] [13] still cannot be applied.
This is due to the additional noise in (1)(2), as well as the
discrete nature of random intermittence state Si, i = 1, 2. For
the achievability, on the contrary to that for (14), now the no-
CSIT DPC in Lemma 3.1 is not necessary since the CSIT of
the stronger receiver is better (perfect). The detailed proofs for
both scenarios PD and PN are presented in Appendix A. �

Based on the proofs of Proposition 3.1 and Theorem 3.1,
we make a remark on (approximately) optimal transmission

2Besides scenario PP, we only consider cases where both SNRs at the
receivers are no less than 2. This is because obtaining bounded-gap results
for other cases are trivial.
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schemes for various scenarios with perfect CSIT S1[t] from
B1.

Remark 3.1: When S1[t] = 0, the transmitter should
transmit information exclusively for user 2 in all three sce-
narios. However, when S1[t] = 1, only in scenario PP the
transmitter can decide whether or not the conventional DPC
should be used according to whether S2[t] is on or off. In
scenarios PD and PN, when S1[t] = 1, the (approximately)
optimal way is to apply super-imposed signals with the no-
CSIT DPC described in Lemma 3.1 all the time. For more
restricted scenarios where instantaneous S1[t] is unavailable,
the transmitter cannot decide whether to transmit W1 and W2

simultaneously, or W2 only. However, in the next subsection,
we show that by cleverly using the delayed single-user CSIT
S

[1: t−1]
1 , one can still design physical layer network coding

schemes which can simultaneously transmit W1 and W2 and
benefit both B1 and B2.

B. Channels without Perfect CSIT for Receiver 1
Now we consider intermittent Gaussian BCs without in-

stantaneous CSIT S1[t] for receiver B1, that is, scenarios
DD, DN and NN. For scenario NN, the channel becomes
a stochastically degraded BC, and hence the capacity region
C (N,N) can be obtained by following [23]. However, to
better understand the novel schemes proposed for scenarios
DD and DN, we alternatively provide a two-phase scheme for
the scenario NN in upcoming Lemma 3.2, which achieves the
capacity region to within a bounded gap using the proposed
no-CSIT DPC. Then by adding a third Gaussian network-
coding phase, we can characterize capacity region C (D,D)
to within a bounded gap as in Theorem 3.2. On the other
hand, characterizing C (D,N) is even more challenging, and
we cannot obtain capacity results to within a bounded gap.
Nevertheless, we show an interesting result in sharp contrast
to that for MISO BCs with continuous states [1] : the sum
DoF of C (D,N) is strictly larger than that of C (N,N) when
p 6= 1. In other words, even when the single-user CSIT is com-
pletely outdated, it is still useful in the intermittent Gaussian
BC. The results for C (D,N) are based on “opportunistic”
physical layer network coding, summarized in Theorem 3.3
and Corollary 3.1.

Lemma 3.2: For intermittent BC (1)(2) under scenario
NN, when SNR1 ≥ SNR2 ≥ 2, the following two-phase
transmission achieve the capacity region C (N,N) to within
a bounded gap: in Phase I, the transmitter sends symbols for
user B1; while in Phase II, the transmitter sends super-imposed
signal X2[t] + X1[t] where X2[t]s are Gaussian symbols for
user B2 and X1[t]s are formed by no-CSIT DPCs in Lemma
3.1 as

X1[t] = (C1[t]− w · h1X2[t]− d[t]) mod L, (15)

where C1[t] is the symbol for user B1 and the rest param-
eters follows the corresponding ones in Lemma 3.1. When
SNR2 ≥ SNR1 ≥ 2, the bounded-gap-to-capacity results can
be obtained by swapping the roles of the two users in the
aforementioned two-phase transmission scheme.

Proof: The proof follows from that for Lemma 3.1 and
is shown in Appendix B.

Theorem 3.2: For intermittent Gaussian BC (1)(2) under
scenario DD, when SNR1 ≥ SNR2 ≥ 2 and p1 = p2 = p,
we have the following inner and outer bounds of the capacity
region C (D,D) that are within a bounded gap:

Rout (D,D) ⊇ C (D,D) ⊇ Rin (D,D) ,

where the outer-bound region Rout (D,D) is the collection of
(R1, R2) ≥ 0 satisfying

R2 ≤ p C (SNR2) , (16)
R1

p
+

R2

p(2− p)
≤ C (SNR1) , (17)

R1

p(2− p)
+
R2

p
≤ C (SNR1)− C (SNR2)

2− p
+ C (SNR2) ;

(18)

and the inner-bound region Rin (D,D) := Rout (D,D) 	
(∆1,∆2), and

∆1 =
p(1− p)

3− p
log 3 +

p

3− p
log

πe

6
, (19)

∆2 = max

{
p,
p(1− p)

3− p
log 10 +

p

3− p

}
. (20)

On the other hand, when SNR2 ≥ SNR1 ≥ 2, the outer-
bound region is formed by replacing R1 and SNR1 in (16)-
(18) respectively with R2 and SNR2, and vice versa; and
the bounded-gap results are (19) and (20) with ∆1 and ∆2

swapped.
Sketch of Proof: In scenario DD, the transmitter knows

delayed CSI as (3) while both receivers knows S[1: T ]
1 and

S
[1: T ]
2 . Regarding the achievability, the most challenging part

is the corner point where (17) and (18) intersect:

R1 = p (C(SNR1)−C(SNR2))+ p(2−p)
3−p C(SNR2), (21)

R2 = p(2−p)
3−p C(SNR2). (22)

In order to achieve the above rate pair to within ∆1 and ∆2 bits
(given in (19)(20)) respectively, we propose a scheme which
extends that in the erasure BC [11] in a non-trivial way. To
obtain insights, we start with the binary expansion model (6)
where the erasure BC in [11] is a special case when n1 =
n2 = 1. For (6), a corner point corresponds to (21) and (22)
is

(R1, R2) =
(
p(n1 − n2) + p(2−p)

3−p n2,
p(2−p)

3−p n2

)
, n1 ≥ n2.

(23)
To achieve (23) for the binary expansion model, as depicted

in Figure 3, the transmitter uses a three-phase network coding
scheme extending that in [11]. In Phases I and II (with equal
block length T2 = T1), the transmitter sends bits intended
for B1 and B2, using the top n1 and n2 levels respectively.
In addition, in Phase II the transmitter also uses the bottom
(n1 − n2) levels to deliver additional bits to B1. Hence, B1

and B2 receive roughly (n1 + n1 − n2)T1p and n2T2p desired
bits in Phase I and II respectively. In Phase I, there will be
roughly n1T1p(1 − p) mis-shipped bits which are erased at
B1 but erroneously shipped to B2, which can be used as side-
information (bits with S1[t1] = 0 and S2[t1] = 1, where t1 is
a time index in Phase I). We denote this sequence of n1-level
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binary vectors, length of which is roughly T1p(1−p), by XI
m.

Note that the bottom (n1 − n2) levels will lie below the noise
level at B2 and will NOT appear in this binary expansion
model. Similarly in Phase II, there will be such a sequence
of n2-level binary vectors with length T2p(1 − p) erased at
B2 but erroneously shipped to B1 (bits with S1[t2] = 1 and
S2[t2] = 0, where t2 is a time index in Phase II). We denote
it by XII

m. We aim to recycle these mis-shipped bits XI
m and

XII
m in Phase III.
The block length of Phase III is roughly T3 = T1(1 − p).

In Phase III, the transmitter makes use of the delayed state
information (cf. (3)) to form XI

m and XII
m. Then it sends out the

XOR XI
m⊕XII

m from the MSB level as depicted on the right-
most of Figure 3. Hence the bottom (n1 − n2) levels consists
of bits in the bottom levels of XI

m only. With side information
received in Phase I and II, each receiver can decode the desired
bits from the received XORs and enjoy the network coding
opportunity. The total numbers of bits recycled in this phase
are n1T1p(1−p) and n2T1p(1−p) at B1 and B2 respectively.
Putting everything together, we achieve R2 = p(2−p)

3−p n2 and
R1 = p{(3−p)n1−n2}

3−p = p(n1 − n2) + p(2−p)
3−p n2 as in (23).

We face two further challenges when extending the afore-
mentioned scheme in the binary expansion model to the
intermittent Gaussian BC, where the goal is to achieve the
corner point (21)(22) to within a bounded gap. First, in the
noiseless binary expansion model (6) or erasure BC [11],
the simple XOR of bits in Phase III can create the net-
work coding opportunities beneficial for both receivers B1

and B2. However, in our intermittent Gaussian BC (1)(2),
instead of bits, complex-valued symbols are transmitted. We
solve this problem by quantizing the sum of the erased
mis-shipped symbols to create complex-symbol-based network
coding opportunities. Moreover, instead of the point-to-point
source coding adopted in [17] [18], successive refinement
source coding is used to make the stronger receiver B1 have
better reconstruction. Second, in Phase II, we aim to mimic
the scheme in the binary expansion model where additional
messages for user 1 are simultaneously sent to the higher-SNR
receiver B1. However, similar to the situation in achieving
(14) under scenario PD, SIC is prohibited at B1 for decoding
additional private messages in Phase II in the Gaussian case.
The reason can be seen as follows. Note that in order to
implement SIC to decode the (lower-level) private message
for user 1 in Phase II, the (higher-level) message bits for
user 2 need to be decoded at B1. However, after the three
phases, B2 will have T2p+T2p(1− p) symbols for decoding,
while B1 only has T2p symbols already received in Phase II
which are insufficient to decode user 2’s message. Instead of
using SIC, we solve the interference cancellation problem at
the transmitter by employing the no-CSIT DPC in Lemma 3.1.

In summary, our scheme is formed by adding a third phase,
which recycles erased complex symbols, to the two-phase
scheme (which utilizes the new no-CSIT DPC) in Lemma 3.2.
More details are given in Section V-A. Regarding the proof of
the converse, we extend the converse proof for binary erasure
BC in [11]. The new challenge faced is to dealing with noises
with unequal SNRs in (1)(2). The detailed proofs are given in

the Appendix C. �
Remark 3.2: Compared with [17] [18], which is focused on

MISO BC with Rayleigh-faded links and equal received SNRs,
our BC (1)(2) has discrete (on/off) intermittent link statistics
and non-equal SNR1 6= SNR2. These two differences raise
new challenges for obtaining bounded-gap capacity results in
Theorem 3.2. Note that the topological BC in [14] can also
model the on/off link connectivity by setting one of the link
exponents to zero. However, when the links are connected,
SNR1 and SNR2 are forced to be the same in [14]. Then the
results in [14, Proposition 11] is akin to the DoF for two-
antenna MISO erasure BC under scenario DD. The schemes
in [14, Proposition 11] cannot be applied to our single-
antenna intermittent Gaussian BC to obtain Theorem 3.2 due
to stringent bounded-gap-to-capacity criteria and insufficient
spatial dimension. The aforementioned differences also exist
between [14, Proposition 13] and our Theorem 3.1. Moreover,
the CSIT is alternating between PN and NP during the
transmissions in [14, Proposition 13], but fixed to be PN in
our Theorem 3.1.

Now we show our results for scenario DN with SNR1 ≥
SNR2 ≥ 2 in Theorem 3.3, while those for SNR2 ≥ SNR1 ≥ 2
are shown in Corollary 3.1.

Theorem 3.3: For intermittent BC (1)(2) under scenario
DN, when SNR1 ≥ SNR2 ≥ 2 and p1 = p2 = p,
we have the following inner bounds for the capacity region
C (D,N) ⊇ Rin (D,N), where Rin (D,N) is the collection of
((R1 −∆1)+, (R2 −∆2)+) ≥ 0 satisfying

R1−p(C(SNR1)−C(SNR2))
(1−p)(Φ12−C(SNR1))+C(SNR2)

+ R2

(p−p2(1−p)2)C(SNR2)

≤ 1
1−p(1−p)2 , (24)

R1

C(SNR1)−Φ12
+ R2

(1+p−p2)C(SNR2)
≤ pC(SNR1)
C(SNR1)−Φ12

, (25)

Ri ≤ p C (SNRi) , i = 1, 2, (26)

where Φ12 = log
(
SNR1

SNR2

)
, ∆2 = max{p

2(1−p)2
2−p log 10 +

p(1−p)
2−p , p} and ∆1 = p(1−p)

2−p log(3) + p(1−p)
2−p log(πe/6).

Sketch of Proof: In scenario DN, the transmitter only knows
S

[1: t−1]
1 at time index t. Receiver B1 only knows the its state

sequence S[1: T ]
1 while B2 knows both S[1: T ]

1 and S[1: T ]
2 . The

non-trivial corner point of Rin (DN) is the one from (24) and
(25) as

R1 =
p

2− p
C(SNR1) +

p(1− p)
2− p

log

(
SNR1

SNR2

)
−∆1,

R2 =

(
p(1− p)

2− p
(1 + p− p2)

)
C
(
SNR2

)
−
(
p2(1− p)2

2− p
log 10 +

p(1− p)
2− p

)
. (27)

The corresponding DoF pair (d1, d2) is(
p

2− p
,
p(1− p)

2− p
(1 + p− p2)

)
. (28)

The sum DoF of (28) is p + p2(1 − p)2/(2 − p) and strictly
larger than p, that of C (N,N) from [10] (or (142) in Ap-
pendix B). Thus for intermittent Gaussian BCs, in contrast to
[1], even the single user CSIT is delayed and not perfect, it is
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Fig. 3. Example for achieving corner point (23) for the binary expansion intermittent broadcast channel (6) under scenario DD and (n1, n2) = (3, 2), where
the length of Phase I and II are equal as T2 = T1.

still useful for sum DoF. To achieve (27), the scheme tailored
for “DD” scenario in Theorem 3.2 cannot be directly applied.
This is because in the DN scenario, without CSIT of B2,
the transmitter cannot know which symbols are intended for
B1 but mis-shipped to B2 (and vice versa) and recycle them.
However, we show that by cleverly re-designing the retrans-
mission in Phase III using only CSIT of B1, complex-symbol-
based network coding can still be applied opportunistically.
The transmission schemes of the first two phases are same
as those for scenario “DD”. However, due to the asymmetry
of CSIT, now the lengthes of the first two phases are unequal
to enable network coding. The resulting opportunistic physical
layer network coding scheme in Phase III is the key to achieve
sum DoF better than that of NN scenario. The details are
referred to subsection V-B. �

Corollary 3.1: For intermittent BC (1)(2) under scenario
DN, when SNR2 ≥ SNR1 ≥ 2 and p1 = p2 = p,
we have the following inner bound for the capacity region
C (D,N) ⊇ Rin (D,N), where Rin (D,N) is the collection of
((R1 −∆1)+, (R2 −∆2)+) ≥ 0 satisfying

R1

C(SNR1)
+ R2

(1−p(1−p)2)C(SNR2)−pΦ21

≤ pC(SNR2)
(1−p(1−p)2)C(SNR2)−pΦ21

, (29)
R1

(p−1)C(SNR1)
+ R2−p(C(SNR1)−C(SNR2))

(2−p)C(SNR1)−((1−p)((2+p−p2)+1)C(SNR2)−pΦ21

≤ p
p−1 , (30)

Ri ≤ p C (SNRi) , i = 1, 2, (31)

where Φ21 = log
(
SNR2

SNR1

)
, ∆1 = max{p(1−p)2−p log(10)+ p2

2−p , p}

and ∆2 = p2(1−p)2
2−p log 3 + p2

2−p log
(
πe
6

)
.

Sketch of Proof: The non-trivial corner point of Rin (DN)
is the one from (29) and (30) as

R1 =
p

2− p
C(SNR1)−

p(1− p)
2− p

log(10)− p2

2− p
, (32)

R2 =

(
p(1− p)

2− p
(
1 + p− p2

))
C
(
SNR2

)
+

p2

2− p
log

(
SNR2

SNR1

)
−∆2. (33)

The DoF of this corner point is also (28). Note that for the
PN scenario in Theorem 3.1, the schemes for user 1 are the
same for SNR2 ≥ SNR1 and SNR1 > SNR2 (c.f. (14) and
(139) in Appendix A). One cannot just exchange the roles
of the two users for SNR1 > SNR2 to form the scheme for
SNR2 ≥ SNR1. However, this is not the case for the DN
scenario, and one can exchange the roles of the two users
in Theorem 3.3 to achieve (32)(33). Details are provided in
Appendix D. �

Before we proceed, we provide some numerical evaluations
in Fig. 4 to illustrate the achievable rate regions of bursy BCs
with hybrid CSIT. We set (SNR1,SNR2) = (38, 40)dB where
SNR2 > SNR1, and the on/off probability of intermittence
state p = 0.5. For scenario PP, for simplicity, we use equal
power allocation PT1 = PT2 = PT12 = 1/p(2−p) in (7) (8) be-
sides corner points (p C(SNR1/p), 0) and (0, p C(SNR2/p)).
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Fig. 4. Achievable rate regions of the intermittent Gaussian BCs with hybrid CSIT and SNR2 > SNR1.

We also plot the DoF regions, summarized in Table II, in
Fig. 5. Besides scenario DN, all other regions are optimal.
Compare regions for scenario DD in Fig. 4 and 5, due to the
SNR difference, additional corner point exists in the bounded-
gap-to-capacity region in Fig. 4. Finally, both the DoF regions
of scenario PN and DN in Fig. 5 are strictly larger than that
of scenario NN. Thus the single user CSIT is still very useful
in considered two-user intermittent BCs.

TABLE II
DOF REGIONS FOR INTERMITTENT GAUSSIAN BCS IN FIGURE 5

Hybrid CSIT DoF
Scenario Regions

PP R1
p(2−p)

+ R2
p(2−p)

≤ 1,
R1 ≤ p,R2 ≤ p

PD R1 + R2
p

≤ 1,
and PN R1 ≤ p

DD R1
p

+ R2
p(2−p)

≤ 1
R1

p(2−p)
+ R2

p
≤ 1

DN R1
p

+ R2
p−p2(1−p)2

≤ 1
1−p(1−p)2

R1 + R2
1+p−p2

≤ p

NN R1
p

+ R2
p

≤ 1

IV. PROOFS OF RESULTS WITH PERFECT CSIT FOR
RECEIVER 1

Here we present proofs of results for scenarios PD and
PN in Section III-A. The proofs for Lemma 3.1 and the
achieveability of Theorem 3.1 are given in subsection IV-A.
The converse proof of Theorem 3.1 is given in subsection
IV-B.

A. Proofs of Lemma 3.1 and achieveability of Theorem 3.1 for
scenarios PD and PN

1) Proofs of Lemma 3.1: We assume that the channel
(10) is under unit transmitter power constraint and thus set
L2/12 = 1/2. With blocklength T , receiver can form the
following channel from the Tp non-erased symbols where
S[t] = 1 as

[wY [t] + d[t]] modL = [C[t] + E(t)] modL, (34)

where E(t) = (wh − 1)X[t] + wZ[t]. The channel (34) is a
modulo-L channel with length Tp, then rate

p
(
log
(
1 + |h|2

)
− log(2πe/12)

)
(35)
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Fig. 5. DoF regions of intermittent Gaussian BCs with hybrid CSIT.

is achievable by choosing w being the MMSE weighting factor
[24] as h∗/(|h|2 + 1).

Note that the interference-free rate p log
(
1 + |h|2

)
is the ca-

pacity upper-bound for channel (10). Then (35) has bounded-
gap to this upper-bound.

2) Achievability of Theorem 3.1: First we show the
bounded-gap inner bounds Rin (P,D). For rate pair (14), when
current state S1 = 0, the transmitter sends W2 of user B2 with
full power. When current state S1 = 1, the transmitter sends
super-imposed X[t] = X1[t] + X2[t], where X1[t] are coded
symbols for W1 with random Gaussian codebook, and

X2[t] = (C2[t]− w · h2X1[t]− d[t]) mod L (36)

where C2[t] is the coded symbol for W2 and the rest parame-
ters follows the corresponding ones in Lemma 3.1. The power
of X2 is 1/SNR1, and the rest 1−1/SNR1 power is allocated
to X1. Then from (35) the following rate pair, being bounded-
gap to (14), is achievable(
pC (SNR1)− p,
p(1−p)C(SNR2)+p2 (C(SNR2)−C(SNR1))−p2 log(2πe/12)

)
.

(37)

Note that when SNR2 ≥ SNR1, inequality (86) implies
inequality (88) for non-negative R1. It concludes the iden-
tification of bounded-gap inner-bound region Rin (P,D).

Finally, from Lemma 3.1, the achievement of (37) does not
need CSIT S2[t] of user 2 at the transmitter. Also receiver B1

does not need CSIR S2[t] to achieve (37). Thus Rin (P,D) is
also an inner-bound region for scenario PN.

B. Detailed converse proofs of Theorem 3.1 for the scenarios
PD and PN

Now we proof that Rout (P,D) in Theorem 3.1 is an outer-
bound region for the “PD” scenario, which also serves as
outer bounds of “PN” scenario. Here we only focus on the
challenging case where SNR2 ≥ SNR1 and the proofs for the
other case are left to Appendix A. Now the transmitter knows
intermittence state S2(t) of stronger (higher-SNR) receiver B2

in a delayed/ignorant fashion and S1(t) of weaker (lower-
SNR) receiver B1 perfectly. This setting raises new challenges
that one cannot form a useful degraded BC where one user
is “always stronger” than the other as [11]–[14]. Note that
inequalities (87) (88) are point-to-point bounds with power
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allocations according to available CSIT. In the following, we
focus on (86), which becomes

R1 +R2/p ≤ C (SNR2) (38)

when SNR2 ≥ SNR1.
To prove (38), as in the sketch of proof of Theorem 3.1 in

Section III-A, we enhance the received signal Y1 in (1) as

Y1,en[t] = h1X[t] + Z1[t], (39)

Also since the noises at receivers in (1)(2) are independent of
the state, we can change the output of B2 in (2) as a same-
marginal-distribution one

Y2[t] = h2S2[t]X[t] + Z1[t] (40)

by replacing Z2[t] with Z1[t]. Now for enhanced receiver B1,

TR1 ≤I(W1;Y
[1: T ]
1,en , S

[1: T ]
1 , S

[1: T ]
2

∣∣W2) (41)

=I(W1;Y
[1: T ]
1,en

∣∣S[1: T ]
1 , S

[1: T ]
2 ,W2)

=H(Y
[1: T ]
1,en

∣∣S[1: T ]
1 , S

[1: T ]
2 ,W2)− T log 2πe

=

T∑
t=1

H(h1X[t] + Z1[t]
∣∣Y [1: t−1]

1,en , S
[1: T ]
1 , S

[1: T ]
2 ,W2)

− T log 2πe (42)

≤
T∑
t=1

H(h1X[t] + Z1[t]
∣∣Y [1: t−1]

1,en , S
[1: T ]
1 , S

[1: t−1]
2 ,W2)

− T log 2πe, (43)

where (41) follows from Fano inequality [23], (42) comes
from the chain rule and (39), and (43) comes from removing
condition increases entropy.

As for same-marginal receiver B2 in (40),

TR2 ≤I(W2;Y
[1: T ]
2 , S

[1: T ]
1 , S

[1: T ]
2

)
=I(W2;Y

[1: T ]
2

∣∣S[1: T ]
1 , S

[1: T ]
2

)
(44)

=H
(
Y

[1: T ]
2

∣∣S[1: T ]
1 , S

[1: T ]
2

)
−H

(
Y

[1: T ]
2

∣∣W2, S
[1: T ]
1 , S

[1: T ]
2

)
(45)

Now from (40) and properties of differential entropy, the first
term in (45) is bounded by

H
(
Y

[1: T ]
2

∣∣S[1: T ]
1 , S

[1: T ]
2

)
≤

T∑
t=1

H (h2S2[t]X[t] + Z1[t]|S2[t])

≤Tp C (SNR2) + T log 2πe, (46)

where the last equality comes from the time-domain power
allocation according to S[1: T ]

1 and S[1: t−1]
2 does not increase∑

t:S2[t]=1H (h2X[t] + Z1[t]) [23]. As for the second term in
(45), we first define

Ỹ2[t] = h1S2[t]X[t] + Z1[t] (47)

by replacing h2 in (40) with h1. Then we have

H
(
Y

[1: T ]
2

∣∣W2, S
[1: T ]
1 , S

[1: T ]
2

)

≥H
(
Ỹ

[1: T ]
2

∣∣W2, S
[1: T ]
1 , S

[1: T ]
2

)
(48)

=

T∑
t=1

H
(
Ỹ2[t]

∣∣Ỹ [1: t−1]
2 , S

[1: T ]
1 , S

[1: T ]
2 ,W2

)
, (49)

=

T∑
t=1

H
(
Ỹ2[t]

∣∣S2[t], Ỹ
[1: t−1]
2 , S

[1: T ]
1 , S

[1: t−1]
2 ,W2

)
, (50)

=

T∑
t=1

pH
(
h1X[t] + Z1[t]

∣∣Ỹ [1: t−1]
2 , S

[1: T ]
1 , S

[1: t−1]
2 ,W2

)
+ T (1− p) log(2πe), (51)

≥
T∑
t=1

pH
(
h1X[t] + Z1[t]

∣∣Y [1: t−1]
1,en , S

[1: T ]
1 , S

[1: t−1]
2 ,W2

)
+ T (1− p) log(2πe), (52)

where (48) comes from |h2| > |h1|, (50) comes from the
delayed knowledge of i.i.d. state S2; also with T →∞, (51)
comes from (47) while the last inequality (52) comes from
(39), (47) and extra condition reduces entropy.

Finally, by substituting (52) and (46) into (45), together
with (43), we have (38). This ends the converse proof when
SNR2 ≥ SNR1.

V. PROOFS OF RESULTS WITHOUT PERFECT CSIT FOR
RECEIVER 1

Here we present proofs of results for scenarios DD and
DN in Section III-B. The proof for achievability of Theorem
3.2 is provided in subsection V-A, and the converse proof for
Theorem 3.2 is given in Appendix C. The proof for Theorem
3.3 is given in subsection V-B while that for Corollary 3.1 is
shown in Appendix D.

A. Detailed proof of the inner bound region Rin (D,D) in
Theorem 3.2 for scenario DD

In this subsection, we focus on the achievement of (R1 −
∆1, R2 − ∆2) in Theorem 3.2, with R1, R2 taken from
(21)(22). Note that the corner point where (18) and (16)
intersect is the same as (140) in Appendix A and thus has the
same achievability. Recall that to extend the achievement in
binary expansion model (23) for the Gaussian setting, we face
the following two challenges for bounded-gap achievement.
First, in Gaussian setting, we are sending complex symbols
instead of binary bits and there will be additive Gaussian noise.
Second, we need to incorporate super-imposed signaling into
Phase II of Figure 3 but SIC may not be adopted for B1. We
solve the first challenge by resending erased complex symbols
instead of bits in the third phase. To do this, the transmitter
will quantize the sum sequence formed by the mis-shipped
symbols, XI

m+XII
m , and then send out the quantization indices.

Based on the insight learned in the binary expansion model, we
know that the resolution of reconstruction must be different:
B1 requires higher resolution than B2 since XI

m goes deeper
in the bit levels. Hence, instead of directly quantizing into a
single quantization index, we employ successive refinement
source coding [25]–[27] so that B1 is able to get a higher
resolution in reconstruction. Again gaining insights from the
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binary expansion model, since the number of layers used by
Bi is ni for i = 1, 2 in Phase I and II respectively, the MSE
of the reconstruction at Bi should be inverse proportional to
SNRi, i = 1, 2. For the second challenge, we try to pre-subtract
the interference codeword at the transmitter without knowing
the current on/off intermittence state S1(t). Hence, the new
no-CSIT DPC in Lemma 3.1 is adopted to help B1 cancelling
the interference.

Our scheme is summarized as follows where the lengthes
of three phases respectively are

T1 = T/(3− p), T2 = T1, T3 = T1(1− p), (53)

where the total length of the three phases is T .
Phase I: By using random Gaussian codebook, the transmitter
sends coded symbols X[t1], t1 = 1 . . . T1 from the codeword
representing message W1 for user B1.
Phase II: Transmitter sends X[t2] = X2[t2] + X1[t2], t2 =
T1 + 1 . . . T1 + T2, where X2[t2] are coded symbols for W2

and

X1[t2] = (C1[t2]− w · h1X2[t2]− d[t2]) mod L (54)

where C1[t2] is coded symbol for W1 and all other variables
are defined similarly to the corresponding ones in (9).
Phase III: Let the erased symbols mis-shipped to the wrong
receiver in Phase I and Phase II be XI

m and XII
m respectively.

Transmitter first quantizes the length T1p(1−p) = T2p(1−p)
sequence XI

m +XII
m using successive refinement into indexes

ic and ir, where ic is the common index which will be decoded
for both B1 and B2 while ir is the refinement index which will
be decoded only at B1. Gaussian superposition channel coding
with length T3 = T1(1−p) = T2(1−p) is adopted to transmit
(ic,ir). Note the length of channel coding is longer than that
of the source sequence due to the erasures (“off” intermittence
state) in Phase III.

Now, receiver B2 can know the noisy reconstruction XI
m +

XII
m + ZD2 with MSE D2, by decoding ic only. With proper

power allocation, B1 (higher-SNR receiver) knows the recon-
struction XI

m + XII
m + ZD1 by successively decoding both ic

and ir, where reconstruction error ZD1 has smaller MSE D1

than that of ZD2. Indeed, consistent with the insights from
the binary expansion channel, MSE Di is inverse proportional
to SNRi, i = 1, 2 as D2 = 4

SNR2−1 and D1 ≤ 4
SNR1+SNR2

.
The details to have asymmetric MSE come as follows. We
start from the formal definitions of the mis-shipped symbol
sequences X I

m and X II
m in Phase III. To generate X I

m for
Phase III, from the delayed state information, the transmitter
records the indexes t1s where (S1[t1], S2[t1]) = (0, 1) in
Phase I. Assuming there are total T ′1 such time indexes. For
each X[t1], we assign it to an unique symbol X I

m[t′] =
X[t1] in the mis-shipped symbol sequence, t′ = 1 . . . T ′1. If
T ′1 > T1p(1 − p), then we abandon the last T ′1 − T1p(1 − p)
symbols in X I

m[t′]s. On the contrary, if T ′1 < T1p(1 − p),
we set X I

m[t′] = 0, t′ = T ′1 + 1, . . . T1p(1 − p). Then
the total length of mis-shipped symbol sequence X I

m[t′]s in
Phase I is T1p(1 − p). From the CSIR S

[1:T ]
1 and S

[1:T ]
2 ,

B1 also knows the mapping from t1 to t′ as ΠI, where
t1 = ΠI(t

′) with t′ = 1 . . .min{T ′1, T1p(1 − p)}, t1 ∈ [1, T1].
The mapping ΠI is also known at receiver B2. In Phase II,

X2[t2], t2 = T1 + 1, . . . , T1 + T2 forms a codeword from
a Gaussian codebook to encode W2 (independent of X1[t2]
in (54)). By similar procedure to form X I

m, we can generate
length T2p(1−p) = T1p(1−p) mis-shipped symbol sequence
in Phase II X II

m[t′] = X1[t2]+X2[t2] from the T ′2 time indexes
t2s with (S1[t2], S2[t2]) = (1, 0). The corresponding mapping
ΠII where t2 = ΠII(t

′) is known at both receivers B1 and B2.
In Phase III, the transmitter compresses the sum of mis-

shipped symbol sequence X I
m[t′] +X II

m[t′], t′ = 1 . . . T1p(1−
p) = T2p(1 − p) with successive refinement, and send the
corresponding quantization indexes ic and ir through the
channel (1)(2). At receiver Bi, i = 1, 2, with successfully
decoding the quantization index(es), we wish to obtain the
following reconstruction

X I
m[t′] +X II

m[t′] + ZDi[t
′] (55)

where ZDi ∼ CN (0,Di) and D1 ≤ D2. To achieve asym-
metric MSE under on/off channel state, we need to carefully
select the lengths and rates of the source and channel codes.
The length of source code is T1p(1−p), and the rate selection
of the source code comes as follows. First, one can apply the
interleaver as [17] to ensure i.i.d. source. Then to validate (55),
we form the following test channels for successive refinement,
with X̂r being the distribution of reconstruction at B1 while
X̂c being that at B2 as

X̂r = Xsum + Ẑ (56)

X̂c = X̂r + Ẑ ′ = Xsum + Ẑ + Ẑ ′, (57)

where the source Xsum has variance being 2 and same dis-
tribution as X I

m[t′] + X II
m[t′], also reconstruction errors Ẑ ∼

CN (0,D1) and Ẑ ′ ∼ CN (0,D2 − D1). Here Xsum, Ẑ and Ẑ ′
are independent. Similar “forward” test channels are used to
the obtain the noisy-network-coding inner bounds for Gaussian
relay networks in [28, Sec 19.1.1]. Though the rate-distortion
performance is not as good as the backward test channel,
(56) and (57) suffice for obtaining the bounded-gap-to-capacity
result. Now let the rates of common and refinement indexes
ic and ir being Rc and Rr, respectively. The quantization
codebook for the common index is i.i.d. generated according to
X̂c. For each common index, the corresponding quantization
codebook for the refinement index is i.i.d. generated to X̂r

conditioned on X̂c. Upon observing the source sequence, the
transmitter uses joint-typicality to find the corresponding index
pair (ic, ir). Now from [28, Theorem 13.3], as long as the rates
Rc and Rr satisfy

Rc > I(Xsum; X̂c) (58)

Rc +Rr > I(Xsum; X̂r, X̂c), (59)

we can have desired MSE D1 and D2. By applying the Markov
chain X̂c → X̂r → Xsum from (57) into (59), rate region
(58)(59) equals to

Rc > I(Xsum; X̂c) (60)

Rr > I(Xsum; X̂r)− I(Xsum; X̂c). (61)

Then we choose the rate for common index ic from (57) as

log

(
2 + (D2 − D1) + D1

(D2 − D1) + D1

)
= log

(
1 +

2

D2

)
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>I(Xsum; X̂c), (62)

where the inequality comes from that the fact Gaussian source
maximizes entropy h(V2). Note that due to the mod L
operation in (54), the source Xsum is not Gaussian. The rate
for refinement index ir is chosen as

log

(
1 + 2

D1

1 + 2
D2

)
> I(Xsum; X̂r)− I(Xsum; X̂c). (63)

Similar to (136), from [29], we know that for any source with
variance 2, the Gaussian source CN (0, 2) maximizes the RHS.

With selected length and rate of successive-refinement
source code, now we must ensure that receiver B2 can cor-
rectly decode common quantization index ic while receiver
B1 can correctly decode both indexes ic and ir. This task is
done by carefully choosing the length and power allocation of
the superposition channel coding, as well as MSE distortions
D1 and D2 in (62)(63). First, since the channel has “on”
probability p, it is crucial to choose the length of channel code
longer than that of source code, which is T3 = T1(1− p) for
the length T1p(1− p) source code. Now indexes ic and ir are
channel encoded using independent Gaussian codebooks with
power SNRc and SNRr respectively, with power allocation
SNRr = 1/SNR2,SNRc = 1− SNRr. For B2 to correctly
decode ic, from (62) and the lengths of channel and source
codes, we need

T1p(1− p) log

(
1 +

2

D2

)

≤T1(1− p) · p C

SNR2

(
1− 1

SNR2

)
SNR2

1
SNR2

+ 1

 ,

which results in

log

(
1 +

2

D2

)
≤ log

(
1 + SNR2

2

)
. (64)

Then we can choose

D2 =
4

SNR2 − 1
(65)

For receiver B1, first note that since SNR1 ≥ SNR2, then
B1 can also successfully decode common index ic by treating
the codeword for ir as noise. After subtracting the codeword
corresponding to ic, from (63) and the lengths of channel and
source codes, we need

log

(
1 +

2

D1

)
− log

(
1 +

2

D2

)
≤ C

(
SNR1

SNR2

)
(66)

to correctly decode refinement index ir. From (65), we must
choose D1 satisfying

log

(
1 +

2

D1

)
≤ log

(
1 + SNR2

2

)
+ log

(
1 +

SNR1

SNR2

)
,

which is equivalent to

1 +
2

D1
≤ 1

2

(
1 +

SNR1

SNR2
+ SNR2 + SNR1

)
.

Because SNR1/SNR2 ≥ 1, the above inequality can be met if

D1 =
4

SNR1 + SNR2
(67)

Now receivers Bi, i = 1, 2 can obtain reconstructions (55)
with D1 in (67) and D2 in (65) respectively, where D1

in (67) is smaller than D2 in (65). Note that the (noisy)
mis-shipped sequence in Phase I X I

m[t′] is known at B2.
As a side-information, B2 can subtract X I

m[t′] from recon-
structions (55) and obtain X II

m[t′] + ZD2[t′] (with additional
channel noise). Now B2 can combine the mis-shipped symbols
X II

m[t′]+ZD2[t′] with the symbols already received (“on” state)
in Phase II to decode W2, with bounded gap to (22) as

R2 ≥
p(2− p)

3− p
C(SNR2)−

p(1− p)
3− p

log(10)− p

3− p
. (68)

The details come as follows. First, from test channel (57), it
is ensured that the quantization noise ZD2[t′] is independent
of X II

m[t′]. According to the generation procedure of X II
m[t′] in

the beginning of the proof, receiver B2 can form the following
sequence

Ỹ2[t2] ={
X2[t2] +X1[t2] + ZD2

[t′]− 1
hB2

Z2[ΠI(t
′)] t2 = ΠII(t

′)

S2[t2]hB2(X2[t2] +X1[t2]) + ZB2 [t2] other t2,
(69)

where X2[t2] is desired signal carrying message W2, X1[t2]
is interference given in (54), T1 + 1 ≤ t2 ≤ T1 + T2, and
1 ≤ t′ ≤ min{T ′1, T ′2, T1p(1−p)}. Note that when total block
length T → ∞ (and thus T1 → ∞), both T ′1/T1 and T ′2/T1

converge to p(1 − p) almost surely from our random state
processes. The power allocations of X1 and X2 are 1/SNR2

and 1 − 1/SNR2 by selection. Also from (65), we can upper
bound the distortion D2 for ZD2[t′] as

D2 =
4

SNR2 − 1
≤ 4

1
2SNR2

=
8

SNR2
, (70)

where the inequality above is due to that the SNR regime
considered is SNR2 ≥ 2. Then when T → ∞, from the
aforementioned facts and the independence of X2[t] and X1[t],
we have the following achievable rate for user B2 by using
sequence Ỹ2 in (69)

R2 =
T2p(1− p)

T
C
(

1− 1
SNR2

8
SNR2

+ 1
SNR2

+ 1
SNR2

)
+
T2p

T
C
(

1− 1
SNR2

1
SNR2

+ 1
SNR2

)
(71)

=
1

(3− p)

(
p(1− p)C

(
1− 1

SNR2

8
SNR2

+ 1
SNR2

+ 1
SNR2

)

+ p C
(

1− 1
SNR2

1
SNR2

+ 1
SNR2

))
(72)

where the first term in (71) comes from (70) and the fact
that for Gaussian X2, Gaussian interference is the worst
interference under the same power constraint 1/SNR2 [23].
Then (68) can be easily obtained from (72).

Now we show that for user B1, bounded-gap rate R1 −∆1

with R1 in (21) and ∆1 in (19), is achievable. Following
similar procedure as B2 aforementioned, by combining the
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mis-shipped symbols with the symbols already received in
Phase I, the following rate is achievable to decode W1,

T1

T

(
p(1− p)C

(
1

2
SNR1

+ 1
SNR1

)
+ p C(SNR1)

)
(73)

≥p(2− p)
3− p

C(SNR1)−
p(1− p)

3− p
log(3). (74)

where the following inequality (from (67)) is used for obtain-
ing (73)

D1 =
4

SNR1 + SNR2
≤ 2

SNR1
,

which follows from the assumption SNR1 ≥ SNR2. Moreover,
from (35) for Lemma 3.1, rate

T2p

T

(
log

(
SNR1

SNR2

)
− log(2πe/12)

)
(75)

is achievable with power allocation 1/SNR2 for X1 in Phase
II with T2p/T = p/(3 − p). To compare with (21), note that
the RHS of (21) can be rewritten as

1

3− p
(p (C (SNR1)− C (SNR2)) + p(2− p)C (SNR1))

≤ 1

3− p

(
p log

(
SNR1

SNR2

)
+ p(2− p)C (SNR1)

)
,

where the second inequality is due to assumption SNR1 ≥
SNR2. Then by summing (75) and (74), our achievable rate
for user B1 has bounded gap to (21) as

R1 ≥p (C(SNR1)−C(SNR2))+
p(2− p)

3− p
C(SNR2)

− p(1− p)
3− p

log(3)− p

3− p
log

(
2πe

12

)
, (76)

since T1(1− p) = T3.

B. Detailed proofs of Theorem 3.3 for the scenarios DN

Before introducing our opportunistic three-phase physical
layer network coding for the intermittent Gaussian BC, as in
scenarios DD, we also start from the counterpart for the binary
expansion model to obtain insights.

1) Insights from Binary Expansion Model: For simplicity,
we start from the binary expansion model (6) with one level
for each user n1 = n2 = 1 as in Figure 6, and aim to achieve
rate pair (28). Note that for the scenario DD in Figure 3,
by sending the XORs of mis-shipped bits in Phase III, the
network coding opportunities simultaneously beneficial to B1

and B2 are created. However, in the heterogeneous scenario
DN, the transmitter does not know S

[1: t−1]
2 at time index t.

Hence, the transmitter cannot know the mis-shipped bits XI
m

at B2 (S1[t1] = 0, S2[t1] = 1) in Phase I and XII
m at B1

(S1[t2] = 1, S2[t2] = 0) in Phase II. To solve this problem,
in Figure 6, the transmitter recycles all erased bits at B1

(S1[t1] = 0) in Phase I and all received bits at B1 (S1[t2] = 1)
in Phase II. Note that, differ to Phase III for scenario “DD” in
Figure 3, the XORs of these bits may not always become the
network coding opportunities that benefit for both B1 and B2.
However, opportunistically we still have the network coding
opportunities when the following event happens : S2[t1] = 1

in Phase I and S2[t2] = 0 in Phase II. Then the sum rate gain
over scenario NN can be obtained.

Our opportunistic three-phase network coding for (6) under
scenario DN is summarized as follows. We adopt linear
strategies where the transmitter transmits a coded symbol at
time index t, 1 ≤ t ≤ T as

X[t] = vᵀ
1 [t]w1 + vᵀ

2 [t]w2, (77)

where linear precoding vectors v1[t] and v2[t] have dimension
R1T × 1 and R2T × 1 respectively, and message vectors w1

and w2 are mapped from W1 and W2 respectively. Then as
depicted in Figure 6, the three phases are
Phase I: By using v1[t1] with each entry generated from an
i.i.d. Bernoulli random variable with parameter 1/2 and zero
vector as v2[t1], transmitter sends coded bits X[t1], 1 ≤ t1 ≤
T1, from the codeword representing message W1 for user B1.
Phase II: By using v2[t2] with each entry generated from an
i.i.d. Bernoulli random variable with parameter 1/2 and zero
vector as v1[t2], transmitter sends coded bits X[t2], T1 + 1 ≤
t2 ≤ T1 + T2, from the codeword representing message W2.
Phase III: The transmitter recycles bits according to delayed
state feedback S1 in previous two phases. There will be
roughly T1(1 − p) v1[t1]w1s are erased at B1 in Phase I
where S1[t1] = 0. We denote this length-T1(1 − p) sequence
of binary bits by XI

o. Although there is no feedback of S2, one
can still reuse the T2p v2[t2]w2s received at B1 in Phase II
where S1[t2] = 1. The corresponding length-T2p bit sequence
is denote by XII

o . The XOR of XI
o and XII

o are re-transmitted
in Phase III, using block length T3. The total block length of
the three phases is T .

Now we can rigorously see in Phase III, why a network
coding opportunity still opportunistically exists even when
the state S2 is unknown at the transmitter. Assume in Phase
III, bits v1[t1]w1 in XI

o and v2[t2]w2 in XII
o are XORed

and recycled. Then the transmitted signal is opportunistically
beneficial for B2 when the following event happens

S2[t1] = 1, S2[t2] = 0. (78)

First, in Phase I, S1[t1] = 0 and S2[t1] = 1, v1[t1]w1 in
XI

o was shipped to B2 but not B1, and can be used as side
information. Note that receiver B2 can know such t1 from its
state knowledge (S[1:T ]

1 , S
[1:T ]
2 ). Then as long as S2[t2] = 0,

the resent v2[t2]w2 in XII
o was erased at B2 in Phase II, and

becomes beneficial for B2 in Phase III. In the meanwhile,
in Phase II, v2[t2]w2 in XII

o was already sent to B1. Also
receiver B1 can know such t2 from its state knowledge S[1:T ]

1 ,
even though S

[1:T ]
2 is unknown. Then the XORed signal in

Phase III is always beneficial for B1, since side information
v2[t2]w2 can be subtracted from received signal to unerase
v1[t1]w1. Thus network coding opportunity that is beneficial
both for B1 and B2 still exists opportunistically in Phase III.

Now we show that rate pair (28) is achievable using the
proposed opportunistic three-phase network coding. In Phase
III, to XOR aforementioned length T2p X

II
o with length T1(1−

p) XI
o, the block lengthes of Phase I and II satisfy T2 = T1(1−

p)/p. Also the length of Phase III is T3 = T2 to successfully
re-transmit all XORed bits. Then the lengthes of the three
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Fig. 6. Example for achieving corner point (28) for the binary expansion intermittent broadcast channel (6) under scenario DN and (n1, n2) = (1, 1), where
the length of Phase I and II are unequal as T2 = T1(1− p)/p.

phases respectively are

T1 = Tp/(2−p), T2 = T1(1−p)/p, T3 = T1(1−p)/p. (79)

Note that on the contrary to the scheme tailored for scenario
DD in (53) where Phase I and II have equal block length,
our T2 is not equal to T1 in (79) due to the asymmetry of
CSIT. For B1, it collects pT1 precoding vectors v1[t1] in Phase
I with high probability when T → ∞. Also B1 knows XI

o

with high probability and collect T1(1− p) unerased v1[t1]s.
By collecting these pT1 + (1 − p)T1 = T1 row vectors to
form a T1 × R1T matrix V1, receiver B1 obtains a set of
linear equations V1w1. As T →∞, due to the i.i.d. Bernoulli
vector generation and (79), matrix V1 is full column rank if
R1 ≤ p/(2 − p) as (28). Then w1 can be decoded. For B2,
it collects pT2 precoding vectors v2[t2] in Phase II with high
probability. Also B2 collects (T2p)p(1 − p) unerased v2[t2]s
out of XII

o according to (78). By collecting these row vectors
to form a (pT2 + (1− p)p2T2)×R2T matrix V2, receiver B2

obtains a set of linear equations V2w2. When T →∞, with
high probability, matrix V2 is full column rank if

R2 ≤ (pT2 + (1− p)p2T2)/T

=
p(1− p)

2− p
(1 + p− p2),

where (79) is applied. Then w2 can be decoded, and rate pair
(28) is achievable. Finally, the extension to binary expansion
model with higher levels (n1 ≥ 1, n2 ≥ 1) easily follows from
those described for scenarios DD in Figure 3.

Let us compare the network coding phase (Phase III) of
scenario DN in Figure 6 and that of DD in Figure 3. Under
scenario DN, the transmitter only knows sequence XI

o but does
not know which part of XI

o is the side-information received
at the “N” user B2 in Phase I. In contrast, under scenario
DD, the side-information sequence XI

m is completely known
at both the transmitter and B2. Similarly, under scenario DN,
the transmitter only knows XII

o but does not know which part
of XII

o are erased at B2 in Phase II. However, under scenario
DD, mis-shipped sequence XII

m for B2 are completely know at
the transmitter. Thus under scenario DN, the network coding
opportunities for B2 are only opportunistically created when
event (78) happens. However, they are always created under
scenario DD.

2) Achievability for the inner-bound region Rin (D,N):
Extending from the aforementioned schemes for binary ex-
pansion BC, now we introduce proposed opportunistic three-
phase physical layer network coding which achieves corner
point (27) for Gaussian setting. The results are summarized
as follows, where the time duration of the three phases are
respectively chosen as (79).

Phase I: By using random Gaussian codebook, transmitter
sends coded symbols X[t1], 1 ≤ t1 ≤ T1 from the codeword
representing message W1 for user B1.

Phase II: Transmitter sends X[t2] = X2[t2]+X1[t2], T1+1 ≤
t2 ≤ T1 + T2, where X2[t2] are coded symbols for user B2
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and

X1[t2] = (C1[t2]− w · h1X2[t2]− d[t2]) mod L (80)

where C1[t2] is coded symbol for user B1 and all other
variables are defined similarly to the corresponding ones in
(9).
Phase III: In this phase, we aim to create “opportunistically”
the network coding opportunities in noisy Gaussian setting.
Let the sequence of T1(1− p) erased symbols at B1 in Phase
I be denoted by XI

o. Also let the sequence of T2p symbols
received at B1 in Phase II be denoted by XII

o . Transmitter first
quantizes the length T1(1−p) = T2p source sequence XI

o+X
II
o

using successive refinement into indexes ic and ir, where ic is
the common index which will be decoded for both B1 and B2

while ir is the refinement index which will be decoded only at
B1. The distributions of the input source sequences and MSE
requirements for the successive refinements in scenario “DN”
and “DD” are the same. Then the successive refinement used
in scenario “DN” is the same as that in Section V-A, with the
exception that now the length of the input source sequence is
Tp(1− p)/(2− p) from (79). Gaussian superposition channel
coding with length T3 in (79) is adopted to transmit (ic,ir).

The network coding opportunities can be “opportunistically”
obtained as follows. Receiver B2 can know the noisy recon-
struction XI

o[t1] + XII
o [t2] with quantization error ZD2 by

decoding ic, where t1 ∈ [1, T1] and t2 ∈ [T1 + 1, T1 + T2].
Receiver B1 (stronger receiver) knows the reconstruction
XI

o[t1] +XII
o [t2] with quantization error ZD1 by successively

decoding ic and ir. The noisy reconstruction of XI
o[t1]+XII

o [t2]
is beneficial to B2 when random event (78) happens. Following
the intuitions from binary expansion model, opportunistically
B2 can enjoy network coding opportunities from (T2p)p(1−p)
reconstructed symbols XII

o [t2] + ZD2[t2] − Z2[t2] where t2
meets (78). For receiver B1, different to B2, the entire (noisy)
sequence XI

o erased in Phase I, can be reconstructed.
Now we show how to achieve (27). Receiver B2 can

combine (T2p)p(1−p) reconstructed symbols XII
o +ZD2−Z2

in Phase III and the T2p symbols already received in Phase
II to decode W2. As (70), we can first upper bound the
MSE distortion D2 of ZD2 as D2 ≤ 8

SNR2
. By choosing the

power allocation of X1 and X2 in Phase II be 1/SNR2 and
1 − 1/SNR2 respectively, together with the independence of
these two signals, we have the following achievable rate for
user B2

R2 =
p2(1− p)2

2− p
C
(

1− 1
SNR2

8
SNR2

+ 1
SNR2

+ 1
SNR2

)
+
p(1− p)

2− p
C
(

1− 1
SNR2

1
SNR2

+ 1
SNR2

)
(81)

≥p(1− p)
2− p

(1 + p− p2)C
(
SNR2

)
− p2(1− p)2

2− p
log(10)− p(1− p)

2− p

where (79) and the fact D2 ≤ 8
SNR2

are applied to obtain the
first term in the RHS of (81). For receiver B1, it combines
length T1(1−p) “unerased” sequence XI

o with the length T1p

symbols already received in Phase I. The following rate is
achievable to decode W1,

p

2− p
(1− p)C

(
1

2
SNR1

+ 1
SNR1

)
+

p

2− p
p C(SNR1) (82)

≥ p

2− p
C(SNR1)−

p(1− p)
2− p

log(3). (83)

where the inequality D1 ≤ 2
SNR1

, follows from Section V-A, is
used to obtain (82). Moreover, user B1 can decode additional
messages by the no-CSIT DPC in (80). From proof of Lemma
3.1, with power allocation 1/SNR2, rate

T2

T p
(

log
(

SNR1

SNR2

)
− log(2πe/12)

)
(84)

is achievable. By summing (84) and (83), our rate in (27) for
user B1 is achievable.

Finally, the corner point from (26) with i = 2 and (24) is(
p (C(SNR1)−C(SNR2)) , pC(SNR2)− p

)
. (85)

To achieve this point, we use Gaussian superposition coding
to transmit messages W1 and W2 with corresponding power
allocations 1/SNR2 and 1 − 1/SNR2; the stronger receiver
B1 uses SIC while weaker receiver B2 treats interference as
Gaussian noise. Note that to achieve (27) and (85), receiver
B1 only needs local CSIR S

[1:T ]
1 , then it concludes our proof

for region Rin (D,N) when SNR1 ≥ SNR2 ≥ 2.

VI. EXTENSIONS TO CHANNELS WITH NON-EQUAL
INTERMITTENCE PROBABILITIES

In this section, we extend our main results to Gaussian BCs
with non-equal intermittence (“on”) probabilities of receiver
1 and 2, p1 6= p2. The extension of Theorem 3.1 comes as
follows

Corollary 6.1: For intermittent Gaussian BC (1)(2) under
scenarios PD and PN, the outer-bound regions Rout (P,D) =
Rout (P,N) are the collection of (R1, R2) ≥ 0 satisfying

R1 + 1
p2
R2 ≤ C (SNR2)

+ p1 (C (SNR1/p1)− C (SNR2/p1))
+ (86)

R1 ≤ p1 C (SNR1/p1) , (87)
R2 ≤ p2 C (SNR2) , , (88)

and inner-bound regions Rin (P,D) = Rin (P,N) :=
Rout (P,D) 	 (∆1,∆2) , where (∆1,∆2) is
(p1 + 1, p2p1 log (πe/6)) when SNR2 ≥ SNR1 ≥ 2
and (1, p2) when SNR1 ≥ SNR2 ≥ 2.
The proof can be directly obtained from that for Theorem 3.1
and is omitted. For the extension of scenario DD in Theorem
3.2 with p1 6= p2, we have

Corollary 6.2: For intermittent Gaussian BC (1)(2) under
scenario DD, when SNR1 ≥ SNR2 ≥ 2, the outer-bound
region Rout (D,D) is the collection of (R1, R2) ≥ 0 satisfying

R2 ≤ p2 C (SNR2) , (89)
R1

p1
+

R2

p1 + p2 − p1p2
≤ C (SNR1) , (90)

R1

p1 + p2 − p1p2
+
R2

p2
≤ p1 (C (SNR1)− C (SNR2))

p1 + p2 − p1p2
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+ C (SNR2) ; (91)

and the inner-bound region Rin (D,D) := Rout (D,D) 	
(∆1,∆2), and

∆1 = T ′1p2(1− p1) log 3 + T ′2p1 log
πe

6
, (92)

∆2 = max {p2, T
′
2p1(1− p2) log 10 + T ′2p2} , (93)

where T ′1 =
(1−p2)p21

(p1+p2−p1p2)2−p1p2 and T ′2 =
(1−p1)p22

(p1+p2−p1p2)2−p1p2 .

Proof: To have within bounded-gap achievement for the
corner point where (90) and (91) intersect

R1 = p1 (C(SNR1)−C(SNR2))

+
p2

1(1− p2)(p1 + p2 − p1p2)

(p1 + p2 − p1p2)2 − p1p2
C(SNR2),

R2 =
p22(1−p1)(p1+p2−p1p2)
(p1+p2−p1p2)2−p1p2 C(SNR2),

the lengthes of three phases of our retransmission scheme are
chosen as

T1 = T
(1− p2)p2

1

(p1 + p2 − p1p2)2 − p1p2
,

T2 = T1
p2

2(1− p1)

p2
1(1− p2)

,

T3 = T1
p2(1− p1)

p1
,

respectively, where the total length of the three phase is T .
Then following the proof of Theorem 3.2 this corollary can
be proved. Note that for (92) and (93), T ′1 = T1/T and T ′2 =
T2/T .
The extension for the case SNR2 ≥ SNR1 ≥ 2 can be easily
obtained by swapping the role of user 1 and user 2 in (89)-
(93).

Finally, similar to Corollary 6.2, one can extend Theorem
3.3 and Corollary 3.1 for scenario DN. However, from the
follow-up work of ours [30], in the binary expansion model
one can modify our opportunistic three-phase network coding
and get achievable rate region larger than that from Section
V-B. The main idea of [30] is modifying the transmissions
in our third phase by using nonlinear joint-source-channel
coding to reconstruct both recycled sequneces XI

o and XII
o

at each receiver, not only the XOR of them. Here we provide
an alternative proof of [30] using linear codes as

Corollary 6.3: In the binary erasure broadcast channel
(binary expansion model (6) with single layer) under scenario
DN, the achievable rate region from [30]

R1

p1
+

R2

p1 + p2 − p1p2
≤ 1, (94)

R1
p2

p2+(1−p1)(1−p2)

+
R2

p2
≤ 1 (95)

can be achieved by linear codes.
Proof: It was shown in [30] that under the following

condition
p2

p2 + (1− p1)(1− p2)
> p1, (96)

the intersection of (94)(95),

R1 =
p2

1(1− p2)

p2(1− p1) + p2
1(1− p2)

,

R2 = (p1 + p2 − p1p2)

(
p2

1(1− p2) + p2 − p1

p2(1− p1) + p2
1(1− p2)

)
, (97)

lies in the strictly positive quadrant and the region (94)(95)
is strictly larger than that from time-sharing [10]. To achieve
this point, we modify the opportunistic three-phase network
coding in Section V-B as follows. The transmissions of the
first two phases are the same. However, for the third phase, we
use standard random linear code to encode recycled sequences
XI

o and XII
o and thus each channel input X[t] is created by

XORing random linear combinations of all bits from binary
XI

o and XII
o . If XI

o is not drawn uniformly from the space
{0, 1}T1(1−p1), we add a coset vector λ, generated according
to i.i.d. Bernoulli random variables with parameter 1/2, to XI

o

before linear encoding and subtract λ after decoding. The XII
o

can be processed similarly. To jointly decode length T1(1−p1)
XI

o and length T2p1 X
II
o at receiver B1, we need

T3p1 + T2p1 ≥ T1(1− p1) + T2p1 (98)

to ensure enough linear equations of XI
o and XII

o being
received in three phases; while for receiver B2 we need

T3p2 + T1(1− p1)p2 + T2p1p2 ≥ T1(1− p1) + T2p1. (99)

The achievable rate pair is

R1 =
T1

T1 + T2 + T3
, (100)

while

R2 =
T2p2 + T2p1(1− p2)

T1 + T2 + T3

=
T2(p1 + p2 − p1p2)

T1 + T2 + T3
. (101)

From (98)(99) we have the following constraints

T3p1 ≥ T1(1− p1),

T3p2 ≥ T1(1− p1)(1− p2) + T2p1(1− p2). (102)

Since p2 − (1 − p2)p1 > 0 from (96), using (102), we can
choose

T3

T1
=

1− p1

p1
and

T2

T1
=

(1− p1)(p2 − (1− p2)p1)

p2
1(1− p2)

. (103)

Together with (100)(101), rate pair (97) is achievable.
By comparing (94) with (90), if one can extend the results in
[30] to Gaussian channels, some non-trivial achievable rate
pairs will be bounded-gap to the capacity. However, such
extension is not easy since choosing proper auxiliary random
variables for the nonlinear random codes in [30] is not trivial.
Though it is still unclear on how to extend the achievability
by linear coding in Corollary 6.3 to the Gaussian channel,
we believe that this extension will be easier for that from
[30]. For other channels with local delayed CSIT, in [31] the
two-user erasure interference channels are studied while the
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settings are fundamentally different to ours and [30]. In [31]
each transmitter at least has the local delayed CSIT of the
direct link to its corresponding destination, and thus even if
transmitters can cooperate to form a broadcast channel the
corresponding super-transmitter has partial but global delayed
CSIT of all receivers.

VII. CONCLUSION

In this paper, we modelled the intermittent connectivity of
links as the intermittence channel states in a two-user Gaussian
BC, and studied the impact of corresponding CSIT. The CSIT
setup considered is hybrid, where CSIT of each link can be
perfectly, delayed, or not available. The SNRs at receivers
can also be different when the links are connected in our
BC. We characterized the capacity regions of intermittent
Gaussian BC to within bounded gaps for all six combinations
of hybrid CSIT, except for scenario DN. For scenario DN, we
also proposed an opportunistic physical layer network coding
scheme that achieves a strictly larger DoF region compared
with the capacity region of scenario NN. Thus in sharp contrast
to MISO BC with continuous channel states, single-user CSIT
is able to increase the sum DoF for intermittent Gaussian BC.

APPENDIX

A. Proofs of Theorem 3.1 when SNR1 ≥ SNR2 for scenarios
PD and PN

1) Converse proof: When SNR1 ≥ SNR2, since the noises
at receivers (1)(2) are independent of the state, we can change
Y1 and Y2 as

Y1 = S1X +
Z1

h1
(104)

Y2 = S2X +
Z2

h2
= S2X +

Z1

h1
+ Z ′ (105)

where Z ′ ∼ CN (0, 1
SNR2

− 1
SNR1

). Next, we give W2, Y
[1: T ]
2

to B1. Note that under scenario PD, the channel transition
probability of user 1 depends on the realizations of S[1: T ]

1

and is time-varying. Thus the results for static BC [32] may
not be directly applied as scenario DD in upcoming Appendix
C to claim that the delayed feedback of S2 does not increase
capacity. Alternatively, we start from the Fano inequality as

TR1 ≤I(W1;Y
[1: T ]
1 , Y

[1: T ]
2 , S

[1: T ]
1 , S

[1: T ]
2

∣∣W2) (106)

=I(W1;Y
[1: T ]
1 , Y

[1: T ]
2 , S

[1: T ]
2

∣∣S[1: T ]
1 ,W2) (107)

=

T∑
t=1

I(W1;Y1[t], Y2[t], S2[t]
∣∣Y [1: t−1]

1 , Y
[1: t−1]
2 ,

S
[1: t−1]
2 , S

[1: T ]
1 ,W2)

(108)

=

T∑
t=1

I(W1;Y1[t], Y2[t], S2[t]
∣∣U [t], Y

[1: t−1]
1 , S1[t]),

(109)

where

U [t] = {S[1: t−1]
1 , S

[t+1: T ]
1 , Y

[1: t−1]
2 , S

[1: t−1]
2 ,W2} (110)

is independent of S2[t] and meets the following Markov chain

U [t]→ X[t]→ Y2[t]. (111)

Because U [t], Y
[1: t−1]
1 and S1[t] are independent of S2[t],

TR1 ≤
T∑
t=1

I(W1;Y1[t], Y2[t]
∣∣U [t], Y

[1: t−1]
1 , S1[t], S2[t])

(112)

≤
T∑
t=1

I(W1, X[t];Y1[t], Y2[t]
∣∣U [t], Y

[1: t−1]
1 , S1[t], S2[t])

(113)

≤
T∑
t=1

H(Y1[t], Y2[t]
∣∣U [t], S1[t], S2[t])

−H(Y1[t], Y2[t]
∣∣W1, X[t], U [t],

Y
[1: t−1]
1 , S1[t], S2[t]) (114)

=
T∑
t=1

I(X[t];Y1[t], Y2[t]
∣∣U [t], S1[t], S2[t]), (115)

where the third inequality is due to that removing condition
increases entropy; and the last inequality comes from

H(Y1[t], Y2[t]
∣∣W1, X[t], U [t], Y

[1: t−1]
1 , S1[t], S2[t])

=H

(
Z1[t]

h1
,
Z2[t]

h2

∣∣∣∣∣X[t], S1[t], S2[t], U [t]

)
=H

(
Y1[t], Y2[t]

∣∣∣X[t], S1[t], S2[t], U [t]
)
.

For receiver B2,

TR2 ≤I(W2;Y
[1: T ]
2 , S

[1: T ]
1 , S

[1: T ]
2

)
(116)

=I(W2;Y
[1: T ]
2 , S

[1: T ]
2

∣∣S[1: T ]
1

)
(117)

=

T∑
t=1

I(W2;Y2[t], S2[t]
∣∣Y [1: t−1]

2 , S
[1: t−1]
2 , S

[1: T ]
1

)
(118)

≤
T∑
t=1

I(W2, Y
[1: t−1]
2 , S

[1: t−1]
2 , S

[1: t−1]
1 , S

[t+1: T ]
1 ;

Y2[t], S2[t]
∣∣S1[t]

)
(119)

=

T∑
t=1

I(U [t];Y2[t], S2[t]
∣∣S1[t]

)
(120)

=

T∑
t=1

I
(
U [t];Y2[t]

∣∣S1[t], S2[t]
)
, (121)

where (117)(118)(119) come from chain rules, (120) is due to
(110), and (121) comes from the fact that condition on S1[t],
U [t] in (110) is independent of S2[t]. Now from (115)(121)
and (111), we have the following single-letter upper bounds
by introducing standard time-sharing random variable [23]

R1 ≤I(X;Y1, Y2

∣∣U, S1, S2) (122)

R2 ≤I
(
U ;Y2

∣∣S1, S2

)
, (123)

where U is independent of S2 and from (111)

U → X → Y2. (124)
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To reach (86), from (123) and chain rule,

R2 ≤ I(X,U ;Y2|S1, S2)− I(X;Y2|U, S1, S2). (125)

For the first term in (125), we have

I(X,U ;Y2|S1, S2) = I(X;Y2|S1, S2) (126)

= p

(
H

(
X +

Z2

h2

∣∣∣∣S1

)
−H

(
Z2

h2

))
≤ p C (SNR2) (127)

where the equality in (126) comes from that U → X → Y2

given (S2, S1), the equality in (127) comes from (105), and the
inequality in (127) comes from H(X +Z2/h2|S1) ≤ H(X +
Z2/h2). As for the second term in (125),

I(X;Y2|U, S1, S2)

=p(1− p)I(X;Y2|U, S1 = 0, S2 = 1)

+ p2I(X;Y2|U, S1 = 1, S2 = 1)

=p(1− p)I(X;X + Z2/h2|U, S1 = 0)

+ p2I(X;X + Z2/h2|U, S1 = 1), (128)

where the last equality comes from that S2 is independent of
(U,X, S1). Substituting (127) and (128) into (125), we have

R2 ≤ p C (SNR2)− p(1− p)I(X;X + Z2/h2|U, S1 = 0)

− p2I(X;X + Z2/h2|U, S1 = 1). (129)

Now from (122),

R1 ≤ I(X;Y1, Y2

∣∣U, S1, S2)

= I(X;Y1|U, S1, S2) + I(X;Y2|Y1, U, S1, S2), (130)

and we have

I(X;Y1|U, S1, S2) = pI(X;X + Z1/h1|U, S1 = 1, S2),

= pI(X;X + Z1/h1|U, S1 = 1) (131)

since S2 is independent of (U,X, S1); also

I(X;Y2|Y1, U, S1, S2)

=p2I(X;X + Z2/h2|X + Z1/h1, U, S2 = 1, S1 = 1)

+ p(1− p)I(X;X + Z2/h2|U, S2 = 1, S1 = 0)

=p(1− p)I(X;X + Z2/h2|U, S1 = 0). (132)

where from the second equality of (105),

I(X;X+Z2/h2|X+Z1/h1, U, S2 = 1, S1 = 1) = 0. (133)

From (130), (131), (132),

R1 ≤pI(X;X + Z1/h1|U, S1 = 1)

+ p(1− p)I(X;X + Z2/h2|U, S1 = 0). (134)

Finally, from (129) and (134),

R2/p+R1 ≤C (SNR2)

− (1− p)2I(X;X + Z2/h2|U, S1 = 0)

+ p
(
I(X;X + Z1/h1|U, S1 = 1)−

I(X;X + Z2/h2|U, S1 = 1)
)
.

Then we have

R1 +R2/p ≤ C (SNR2) + p (C (SNR1/p)− C (SNR2/p))
(135)

since I(X;X + Z2/h2|U, S1 = 0) ≥ 0 and

I(X;X + Z1/h1|U, S1 = 1)− I(X;X + Z2/h2|U, S1 = 1)

= h

(
X +

Z1

h1

∣∣∣U, S1 = 1

)
− h

(
Z1

h1

)
− h

(
X +

Z2

h2

∣∣∣U, S1 = 1

)
+ h

(
Z2

h2

)
≤ C (SNR1/p)− C (SNR2/p) . (136)

Note that the LHS of (136) is similar to the achievable
rate in a Gaussian wiretap channel [29, (62)]. From [29,
(76)] and SNR1 ≥ SNR2, (136) is maximized when X ∼
CN (0, Q(U, S1)) conditioned on U and S1 = 1 and thus
upper-bounded by

EU
[

log
(
1 + |h1|2Q(U, S1)

)
−

log
(
1 + |h2|2Q(U, S1)

) ∣∣S1 = 1
]
, (137)

where the expectation is over U . Next, note that under scenario
“PD”, transmitted power Q(U, S1) is a function of S1, and
then E[Q(U, S1)|S1 = 1] ≤ 1/p from P (S1 = 1) = p and the
average power constraint E[Q(U, S1)] ≤ 1. By checking the
second derivative, (137) is concave in power Q(U, S1). Then
applying the Jensen inequality, (137) is upper-bounded by the
RHS of (136). In otherwords, assigning equal power 1/p for
conditional Gaussian X maximizes the LHS of (136), and this
concludes the proof for (86) when SNR1 ≥ SNR2.

2) Achievability: Note that the RHS of (86) is less than
C (SNR2) + p (C (SNR1)− C (SNR2)) + 1 when SNR1 ≥
SNR2, also the RHS of (87) is less than p C (SNR1) + 1. We
can thus focus on the intersection of R1 ≤ p C (SNR1) with

R1 + 1
pR2 ≤ C (SNR2) + p (C (SNR1)− C (SNR2)) (138)

for the bounded-gap achievement, which is

(R1, R2) = (pC (SNR1) , p(1− p)C (SNR2)) . (139)

One can achieve this corner point by transmitting W1 with
unit power when current state S1 = 1, while transmitting W2

with unit power when current state S1 = 0. Note that different
from corner point (14) for SNR2 ≥ SNR1, the no-CSIT DPC
in Lemma 3.1 is non-necessary for achieving (139). This
is because the transmitter has perfect CSIT for the stronger
receiver B1 now.

The intersection of (88) and (138) is

(R1, R2) = (p (C (SNR1)− C (SNR2)) , pC (SNR2)) . (140)

Rate pair (85) has bounded gap to (140) and can be achieved
using Gaussian superposition coding. Note that for both
schemes aforementioned, CSIT S2[t] is not needed. Also
receiver B1 only needs its own CSIR. Thus our achievability
proof also applies to the scenario PN.
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B. Proof of Lemma 3.2 for scenario NN

For simplicity, we only show the case SNR1 ≥ SNR2 ≥ 2.
The proof of the other case follows trivially. First, the block
length of Phase I and II are bfT c and T − bfT c symbols,
where 0 ≤ f ≤ 1 and b.c is the floor operation. By allocating

1
SNR2

power to X1[t] and the rest to X2[t] in Phase II, we have
the following achievable rate pair

R1 =pfC (SNR1)

+ p(1− f)
(
C (SNR1)− C (SNR2)− log(2πe/12)

)+

,

R2 =p(1− f) (C (SNR2)− 1) , (141)

where R1 is obtained from (35) and R2 is obtained similarly
as (85). Note that the achievability only needs local CSIR at
each receiver. By letting S1 = S2 and B1 cooperates with B2,
we have the following outer bounds

R1 +R2 ≤ p C (SNR1 + SNR2) (142)
Ri ≤ p C (SNRi) , i = 1, 2 (143)

For the corner point where (143) with i = 2 intersects (142),
(141) with f = 0 is bounded-gap to it. Also for the corner
point where (143) with i = 1 intersects (142), (141) with
f = 1 is bounded-gap to it. Then our lemma is proved.

C. Proof of the outer bound Rout (D,D) in Theorem 3.2 for
scenario DD

Here we prove that with delayed state information (3), the
region Rout (D,D) defined from (16)(17)(18) is a outer-bound
region for the intermittent BC (1) (2). We first focus on (18),
which results from first forming an equivalent degraded Gaus-
sian BC and then outer-bounding carefully to avoid explicitly
selecting the auxiliary random variable in the rate bounds.
Since the noises at receivers in (2) are independent of the
delayed CSIT, we can change Y1 and Y2 as in (104) (105) in
Appendix A. By giving Y2 in (105) to B1, we have physically
degraded channel [28] satisfying X → {Y1, Y2, S} → {Y2, S}
where S = {S1, S2}. Now since feedback does not change the
capacity region for static degraded BC [32], then following
the proof of [28, Theorem 5.2] the outer bounds are

R1 ≤ I(X;Y1, Y2, S|U),

R2 ≤ I(U ;Y2, S),

where auxiliary random variable U satisfies U → X →
(Y1, Y2, S). Note that U is independent of S, we further have

R2 ≤ I(U ;Y2|S) (144)
= I(X,U ;Y2|S2)− I(X;Y2|U, S2)

= I(X;Y2|S2)− pr (145)
= p · C(SNR2)− pr, (146)

where (145) comes from conditional Markov Chain U →
X → Y2 given S2, and r is defined as

r , I(X;Y2|U, S2 = 1); (147)

also

R1 ≤I(X;Y1, Y2|S,U)

=I(X;Y1|S,U) + I(X;Y2|Y1, S, U)

=pI(X;Y1|U, S1 = 1) + p(1− p)r, (148)

where (133) in Appendix A is applied in the last equality. With
r defined in (147) and the independent of {X,U} and S,

I(X;Y1|U, S1 = 1)− r ≤ C(SNR1)− C(SNR2), (149)

where (149) is valid by following the steps to reach (136) in
Appendix A. The difference is that since X is independent of
S conditioned on U , the corresponding power Q(U) in (137) is
also independent of S1. In this case, the bound corresponding
to (137) becomes

E
[
log
(
1 + |h1|2Q(U)

)
− log

(
1 + |h2|2Q(U)

)]
. (150)

From the average power constraint E[Q(U)] ≤ 1 and Jensen
inequality we have (149). Substituting (149) into (148), we
have

R1 ≤ p (r + C(SNR1)− C(SNR2)) + p(1− p)r
= p(2− p)r + p (C(SNR1)− C(SNR2))

Together with (146), constraint (18) is obtained.
For (17), let us give Y1 in (104) to receiver B2, we have

a static physically degraded channel X → {Y1, Y2, S} →
{Y1, S}, and having

R1 ≤ p C(SNR1)− pr′, (151)

where r′ = I(X;Y1|U, S1 = 1). The inequality above can
be obtained by following steps to reach (146). Also following
steps to reach (148)

R2 ≤ pr′ + p2I(X;Y2|Y1, U, S1 = 1, S2 = 1)

+ p(1− p)(X;Y2|U, S2 = 1, S1 = 0)

≤ pr′ + p2 · 0 + p(1− p)r′ (152)
= pr′(2− p), (153)

where (152) comes from (104), and (105) and the indepen-
dence of (U,X) and S2 (also S1) as

I(X;Y2|U, S2 = 1)

=I(X;X +
Z1

h1
+ Z ′|U)

≤I(X;X +
Z1

h1
|U)

=I(X;Y1|U, S1 = 1) = r′,

with inequality resulting from the data processing inequality.
From (151) and (153), we have (17), and then Rout (D,D) is
a capacity outer bound region.

By the way, for the binary expansion model (6), by giving
Y2 in (6) to B1 we have

R1

p(2−p) + R2

p ≤
1

(2−p) (n1 − n2) + n2. (154)

from aforementioned degraded channel arguments. By revers-
ing the role of B1 and B2, one get

R1

p + R2

p(2−p) ≤ n1, (155)

Then the corner point (23) comes from the intersection of
(154) and (155).
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D. Proof of Corollary 3.1 for scenario DN

When SNR2 ≥ SNR1 ≥ 2, one can exchange to roles of two
users in Section V-B. Now in Phase I, the transmitter sends
super-imposed symbols, the one for B1 is encoded by Gaussian
codebook, and the other one for B2 is encoded by no-CSIT
DPC in Lemma 3.1. The corresponding power allocations are
1 − 1

SNR1
and 1

SNR1
. In Phase II, the transmitter sends coded

symbols for B2. The opportunistic retransmission strategy in
Phase III is the same as that for SNR1 ≥ SNR2 ≥ 2 in Section
V-B, except that now receiver B1 decodes common index while
B2 decodes both common and refinement indexes. Now the
MSE distortions of the reconstructions at B1 and B2 are

D1 ≤
8

SNR1
and D2 ≤

2

SNR2
(156)

respectively. From D2 in (156) and (79), the achievable rate
for B2 using received symbols during all three phases is

R2 =
p2(1− p)2

2− p
C
(

1
2

SNR2
+ 1

SNR2

)
+
p(1− p)

2− p
C
(
SNR2

)
+

p2

2− p

(
log

(
SNR2

SNR1

)
− log

(
2πe

12

))
≥
(
p(1− p)

2− p
(
1 + p− p2

))
C
(
SNR2

)
+

p2

2− p
log

(
SNR2

SNR1

)
−∆2.

Also, from D1 in (156), the achievable rate R1 for B1 using
received symbols in Phase III and I is

p(1− p)
2− p

C

(
1− 1

SNR1

8
SNR1

+ 1
SNR1

+ 1
SNR1

)

+
p2

2− p
C

(
1− 1

SNR1

1
SNR1

+ 1
SNR1

)

≥ p

2− p
C(SNR1)−

p(1− p)
2− p

log(10)− p2

2− p
.

Achievement for (32)(33) is then proved.
Finally, the corner point of Rin (DN) from (31) with i = 1

and (30) is R1 = pC(SNR1)−p,R2 = p(C(SNR2)−C(SNR1)),
which can be achieved similar to the achievement of (85). Note
that for both schemes aforementioned, receiver B1 only needs
local CSIR S

[1:T ]
1 . It concludes the proof.
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