Multivariate Statistical Analysis Final Exam
Reference Solution
1. (10%) Eq. (6-16), p. 280, Textbook

- 10 -6
Cx=[-1 -1 : CSC'= ,
-6 9
2 119 6 1/6 1/9 0.1667 0.1111
(csc)' == = ~
54|16 10| |1/9 5/27 0.1111 0.1852
T? =n(CX)'(CSC") 'Cx~17.222 larger  than  the  critical  value
D@D @)= 2F, 0~ 2x250~51785 . Thus the
(n—-g+1) ’ 28 ' 28

hypothesis H, : Cp = 0is rejected at 10% significance level.

2. (10%) Eq. (6-21), p. 285, Textbook

n -1 n,-1 1{/6 1] |10 3 8 2
pooled — Sl+ 82=_ + =
n,+n,—-2 n,+n, -2 2|1 4 3 6 2 5
Eq. (6-51)~(6-53), p. 311, Textbook
2 —_— —
=y 11 2p® +3p-1 {g_i}[zxusxz 1}:13 ~ 0.0722
~n,—-1 >.(n,-1) [ 6(p+1)(g-1) | [15 30 6x3x1 180
M = |:Z (n[ _1)i| In‘s pooled

C=@1-u)M =1.388, v =% p(p+1(g-1) =3, Cis smaller than the critical value

S

- [(n, ~1)Ins,|]=30xIn36 ~15x (In 23+ In51) ~ 1.4958
l

72(a) = y2(0.1) =6.25. Thus H, isnot rejected at 10% significance level.

3. (10%) slide 5, “Repeated Measures ANOVA”, g=4,b=3

Subject\System A B C Average
1 5 3 2 10/3

2 5 6 3 14/3

3 4 5 5 14/3

4 6 6 6 6
Average 5 5 4 14/3

b
SS(System) = g> (X, —X)* = 4[(5—14/3)2 +(5-14/3)? +(4—14/3)2]z 2.667
k=1

9
SS(Subject) =b>" (%, —x)* =3[10/3-14/3)% +0+0+ (6 —14/3)? | =10.667
=1



g b
SS(interaction) = > > (X, — X, — X, +X)’
k=1

(=1

2 2 2 2 2 2
:(i] +0+1+ E] +(g) +l+0+(1j +(Ej +1+1+(Z] :£z7.333
3 3 3 3 3 3 3

df (System)=b-1=2 : df (Subject)=g-1=3 :
df (interaction) = (b—-1)(g —1) =6, df (total)=bg-1=12-1=11=2+3+1

Source Sum of Squares | df Mean Square | F
System 2.667 1.334 1.092
Subject 10.667 3.557
Interaction 7.333 1.222
Total 20.667 11
Fysen =1.092 is smaller than the critical value: F, (0.05)~5.14. Thus the
hypothesis can not be rejected.
Try another solution, Eq. (6-16), p. 280, Textbook,
1 -1 0 5
cC=|0 1 -1 , X=|5 , Cx=|1 ,
-1 0 1 4 -1
0o -2 -2
0 0 -11 0 1 1 2/3 1/3 1/3
S==|-2 1 0 1 L =|11/3 2 5/3
-2 -1 1 2 1/3 5/3 10/3
1 1 2
1 -1 0¢(2/3 1/3 1/3|1 0 -1 1 -1 0| 1/3 0 -1/3
csC={0 1 -1y1/3 2 5/3|-1 1 O0|={0 1 -1|-5/3 1/3 4/3
-1 0 1|1/3 5/3 10/3| 0 -1 1 -1 0 1|-4/3 -5/3 3
2 -1/3 -5/3
=|-1/3 2 -5/3

-5/3 -5/3 10/3

1

2 -1/3 -5/3| |0
T?=40 1 -1]-1/3 2 -5/3| |1
-5/3 -5/3 10/3| |-1

Since CSC' is singular, we can not find its inverse, and this approach does not

work.



0 1 -1

cancheckonly u, =y and ug = py.,butnot g, =p,. Ithasbeenknown
that in statistics that the acceptance of hypotheses y, = ¢z and u, = g does not
always imply the acceptance of x. = 1, , because the acceptance of these
hypotheses are based on probability, not on strict logic.

. 1 -1 0 . L. . . . .
The choice of C= or similar form is inappropriate, either, since it

(10%)
Use the approach of Example 6.8 in pp. 300-302, Textbook. Arrange the
observation pairs in rows to have

7

2| |4
g1 7]
3] 3]
41 |3
4| 2]

w I\)”OO w
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=
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Sum of squares for variable 1:

6 5 7 5 5 5 1 1 1 0 -1 1

8 7 3|=|555[+/1 1 1 +/2 1 -3
4 3 2 555 |\-2 -2 -2 1 0 -1
(observation) (mean) (treatment effect) (residual)

SSobs = SSmealn + SStr + SSres
261=225+(1x6+4x3)+(1x5+4+9)=225+18+18
Total SS (corrected) =SS, —SS, .., = 261—225 =36

mean

Sum of squares for variable 2:

2 4 3 3 3 3 0 0O -1 1 0
3 3 3|=|3 3 3|+/0 0 0|+ 0 O O
4 2 3 3 3 3 0 00 1 -10

(observation) (mean) (treatment effect) (residual)

SS, =SS, 0+ 5SS, + SS,
85=81+0+1x4=81+0+4
Total SS (corrected) =SS, — SS
Sum of cross products

=85-81=4

mean



SCP,, =6x2+5x4+7x3+8x3+7x3+3x3+4x4+3x2+2x3=135
SCP..... =(6x3)x9=135

SCP, =0

SCP, =(-1)x1+1=0

SCP,, =SCP,,., + SCP, +SCP,

135=135+0+0

Total SCP (corrected) =SCP,,, —SCP,,.,, =135-135=0

mean

MANOVA Table:
1

Treatment B = 80 df.=3-1=2
0 O

Residual W = {306 ﬂ df.=9-3=6

54 0
Total (corrected) B+ W = { 0 4} df.=9-1=8

. W 36x4

“B+W| 54x4 ~0.667

Comparing (Table 6.3, p=2, g = 3)

1-VA [ 20 -9-1) 1-40667 9-3-1
JA g-1 Joee7 ~ 3-1

with F

~ 0.561

252 g0 (@) = Fap (0.1) = 2.61,

we can not reject the hypothesis that the mean vectors of those three populations
are the same at 90% significance level

5. (10%) Result 7.1, p. 364, Textbook

v I =[2 13 4], y,=[8 6 5 2]
“le2 101 1T 2T

. [10 Sy 21 — 4 -2 (Z'Z)’l—O'B 0.1
izl 4| Y2=| ool =2 6| 101 02

~ o1 o 2.9 ~ S 4.3
By =(Z2'2)" 2y, = 08| B =(Z22)"Zy,= 19

,=2ZBy =[L.3 21 29 3.7}, §,=ZB, =[81 62 43 24]



Ey=Y,-¥,=[07 -11 01 03], &,=y,-¥,=[-01 -02 07 -04]

By =18, EpEp =07
6. (10%) Eq. (7.-40), p. 399, Textbook

100(1-2)% confidence region for E([Y,,Y,]'|z,) =Bz, is provided by the

inequality
~ nooa\" ~ m(n—r-1)
(B'ZO _ﬁlzo)l(n _r _1Ej (Blzo _B'Zo) < Zo(Z'Z)lzo{(m]Fm,n—r-m (a)}
ﬁ—[ﬁ ﬁ ]_ 29 43 , 1
R I - ’ ° |-05
~ 29 0.8 1 2.5
Bz, = =
43 -19|-05 5.25
07 -01
$ 1.. 107 -11 01 03 |-11 -02| 1|18 01 0.45 0.025
n 4/-0.1 -0.2 0.7 -04| 01 0.7 410.1 0.7 0.025 0.175
03 -04
. 3 03 01] 1 0.25
z,(22)"z, =1 -05 =[L -05 =0.25
0.1 0.2]|-05 0

90% confidence region for E([Y,,Y,]|z,) =Bz, is

. [257]( a4 [045 0025\  ~ [25 2(4-1-1)
(Fz, _5.25}){4—1—1[0.025 0.175D 'z, {5.25}“0'25[[ 4-1-2 jF“(O'l)}

ie.,

L _[25)[112 -o016) [25] , .
¢ °__5.25) 016 288 |P707|525) "

Eq. (7-42), p. 399, Textbook

100(1- )% prediction region for Y, =[Y,,Y,]" is provided by the inequality

(Yo _ﬁlzo)l( n _1ij_ (Yo _ﬁlzo) < (1+ Zé(zlz)lzo{(M]Fm,n—r-m (0‘)}

n-r n-r—m

Thus, 90% prediction region for Y, =[Y,,Y,]" is

2571 [ 112 -0.16 2.5
(Y, - ) (Y, - )< 2475
525[ |-0.16 2.88 5.25



7. (10%) Eq. (7-49), Textbook

C -l D
Oy — Oz X7,0 _ |EZZ| (o —0 X0, )

1-pl, =
e Ovy |Zzz| Ovy

Exercise 4.11, |A=|A,[Ay - ALALZAL|, < [E, (0w —onZho,) =[E

=]

_ 2 -1 1
' Pre |ZZZ|O-YY

Result 2A.8(c): A™ hasj, ithentry (=1)""’

AylIAl. Thus, o™ =[Z,,|/|Z| is

. . . 1
the entry of £ in the first row and first column. 1—pY2(Z) =—5
Oyy
Exercise 2.23: p=(VY?)'Z(VY?))?, pt=VY2Z VY2 the entry in the (1,1)
- . 1
Position of p™ is p" =c" oy, . Hence, 1-py, =—+.
p’
Another proof:
oo _ZY
4, |0 ©
Let X _|:GZY Ezz}
yyi_| 9w 6 | c” 6| [1 O
- )y 2 320 |
Ozy zz | ©
6,67 "+X, X% =1,thus £ =X (1-06,06""").
Oy 6 10, ' 2% = 0,67 46, ' 2, (1 - 6,67 ") =0
6”'=—(0y — 0, L7606, )76, 'L,
oo +6, 6" =1, thus
_ . 6,.,'X 6 1
6" =0y (1-0,'6") = ( = Z,ZZ_?Y j: =5
Yy Oyy =Ozy &7zz0zy Oyy =Ozy &7zz0zy
Ovyy

Because p—l —Vl2pyrz pYY =0, oV =

O
2 _ Oy —06xX;,6, 1

Thus 1-py ., = =—-
Ovyy P




8. (10%) For use of the result in p. 442, Textbook, eigenvalues and the first
eigenvector have to be found.

12-4 6 0

12-4 6]
6 7-4 0 |=0=(5-4)=0o0r S |74 1ea+48=0,
0 0 5-1 b
A, =16,1,=51,=3
-4 6 0 e, . 3
i, =166 -9 0 [6é,|=0=8=—"1|2
0 0 -11|é, Vi3 0
. 1
Y, =e,X=—(3x, +2X, )= 0.832x, + 0.555x
1 1 \/E( 1 2) 1 2
. . A, 16
proportion of the total sample variancedueto Y, = ——=——=— = 0.667
A+A,+4, 24
y) y)

Eq. (8-33) in p. 456, Texthook: ! <A < ! .
| 1+ 2(al2)¥2/n 1-2(al2)¥2/n

Hnece the 95% confidence interval for the first eigenvalue is

A A

( X Y Jo( 16 16
1+2(0.025)4/2/200 '1-2(0.025)4/2/200° 1196 0.804

) = (13.378,19.900)

9. (10%) From Equations (9-15) and (9-16) in p. 490, Textbook

3
I::\/Zélz E 2
13
0
3 v, 0 07 [11.077+y, 7385 O
S~il+¥-203 2 o]+|0 &, 0|~ 7385 4923+, 0
13 N N
0 0 0 wy, 0 0 7
o, ~12-11.077=0.923, 7, ~ 7—4.923=2.077, 7, =5
0923 0 O 0 -1385 0
W=| 0 2077 Ofresidual=S—LL-¥=|-1385 0 0
0 0 5 0 0 0

Eqg. (9-51) in p. 515, Textbook, factor score by unweighted least square



procedur:  f, = —Aéi(xj—?) _ e'z(xj—i)
Ji Ji
. 2-1
Thus, f=———[3 2 0] 3-0 [~0.624
RN Bt

10. (10%) Depend on your comments and suggestions..




