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ressed in matrix potation as

These can be €Xp
alle + 6112X2 4+t alPXp a1 412 aip X1
alel + aszz 4o (lszp — a1 %22 azp Xz - AX
apn X1 T apX T +  agpip ag Gq2 agp X,
(3-38)

Taking the ith row of A, al, tobe b’ and the kcth row of A, a),, to be ¢, we see that
Equations (3-36) imply that the ith row of AX has sample mean a/X and the ith and
kth rows of AX have sample covariance a;S k- Note that a;S ax is the (i, k)th ele-
ment of ASA".
an vector AX

-38) have sample me
=

Result 3.6. The d linear combinations AXin (3
ASA’.

and sample covariance matrix

Exercises

/ 3.1.- Given the data matrix
v 9 1
X={53

1 2

ocate the sample mean on your diagram.

(a) Graph the scatter plotin p = 2 dimensions. L
resentation of the data, and plot the deviation

(b) Sketch the n = 3_dimensional rep

vectors y1 — % land Y2 ~ X1 ‘

(c) Sketch the deviation vectors in (b) em
of these vectors and-the cosine of the an;

S, and R.

apating from the origin. Calculate the lengths
gle between them. Relate these quantities t©

¢ 3.2. Giventhe data matrix
: 3 4
X=|6 2
| :‘ 3 1
‘\‘ ’ (a) Graph the scatter plotin p = 5 dimensions,and locate the sample mean on your diagra®
‘ (b) Sketch the n = 3-spacé representation of the data, and plot the deviation vector
[ w‘ Vi~ 3611 andyy — 3—621
N (c) Sketch the deviation vecto
i and the cosine of the angle

rs in (b) emanating from the origin. Calculate their lengt
between them. Relate these quantities t0 S, and R.
yumn of the 42

1andys — %;1using the first o

3.3. Perform the decomposition of y, into X1

matrix in Example 3.9-
£ millions, from Table 1.1.

n the variable X, in units 0

11,1,1,1,1,1]
— %,1. Relate its length to the sample stand

3.4. Usethe six observations O
(a) Find the projection 0D 1=
(b) Calculate the deviation vector ¥1
deviation.
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These can be expressed in matrix notation as

R A1 X]_

cee Tt a X ai a1z P

ek oo L ' Gy 0 @p || X2 | 2 AX
X 4+ oo F (lszp any 22 . 2 - _
[121X1 —+ Cl22. 2 ' : 2 : . : :
: : : Ny .

aq1 4q2 ap p

aqul -+ (1qu2 + + qqup q (3-38)

IaklIl 5 €y 9 ?

X ith and
3-36) imply that the ith row of AX has sample mean a/x and the

k ( 1 k- 1 k ( ’ )

ment of ASA'.

s AX in (3-38) have sample mean vector AX

Result 3.6. The g linear combination: =

M !
and sample covariance matrix ASA'.

Exercises
\/ 3.1. Giventhe data matrix

X =

- W \O

1
3
2

sions. Locate the sample mean on your diagram.

(a) Graph the scatter plotin p = 2 dimen and plot the deviation

(b) Sketch the n = 3-dimensional representation of the data,
X - %1
o o i the origin. Calculate the lengths
iati tors in (b) emanating from gin. lengie
© 51;6;0171 tg(::(?tz\r/;a;?; tzzccgzine cgf ‘Ehe angle between them. Relate these quantitt
of these

S, and R.
3.2. Giveri the data matrix . -
X=1|6 —2
3 1

(b) Sketch the n = 3-space representation O
Vi~ —.7211 and Yo~ 221 . .
(c) Sketch the deviation vectors in (b) em

and tklf COSINE :f ttle a‘Ilgle tEt cen ﬂlsln"E‘Elate EIIESS qU.aIltltlSS to Sn aIld I{'

3.3. Performthe decomposition of y; into %, 1andy,

matrix in Example 3.9. | . B _—
3.4. Use the six observations on the variable X, in units of millions, from
- (a) Find the projection on 1 =[1,1,111% 1].
(b) Calculate the deviation vector ¥i
deviation.

-

f the data, and plot the deviation vectors

anating from the origin. Calculate their lengths

— X;1using the first column of the data

ndard
— %,1. Relate its length to the sample sta

Exercises 145

(c) Graph (to scale) the triangle formed by y;, x11, and y; — X;1. Identify the length of
each component in your graph. '

(d) Repeat Parts a—c for the variable X, in Table 1.1.
(e) Graph (to scale) the two deviation vectors y; — X;1 and y, — X,1. Calculate the
value of the angle between them.

|’/ 3.5. Calculate the generalized sample variance | S| for (a) the data matrix X in Exercise 3.1
and (b) the data matrix X in Exercise 3.2.

(/3.6. Consider the data matrix

-1 3 -2
X = 2 4 2
5 2 3

(a) Calculate the matrix of deviations (residuals), X — 1x’. Is this matrix of full rank?
Explain.

(b) Determine S and calculate the generalized sample variance |S |. Interpret the latter
geometrically.

(c) Using the results in (b), calculate the total sample variance. [See (3-23).]

[/ 3.7. Sketch the solid ellipsoids (x — X)'S™}(x — X) =< 1 [see (3-16)] for the three matrices

5 4 .5 —4 30
(Note that these matrices have the same generalized variance |S|.)
3.8. Given

1 —

1
S=10
0

O = O

0
0| and S =
1

NI e
=

1
2
-1 _
2

(a) Calculate the total sample variance for each S. Compare the results.

(b) Calculate the generalized sample variance for each S, and compare the results. Com-
ment on the discrepancies, if any, found between Parts a and b.’

‘/ 3.9. The following data matrix contains data on test scores, with x; = score on first test,
X, = score on second test, and x; = total score on the two tests:

12 17 29
18 20 38
X =|14 16 30
20 18 38
16 19 35

(a) Obtain the mean corrected data matrix, and verify that the columns are linearly de-
pendent. Specify an a’ = [ay, a;, a3] vector that establishes the linear dependence.

(b) Obtain the sample covariance matrix S, and verify that the generalized variance is
zero. Also, show that Sa = 0, so a can be rescaled to be an eigenvector correspond-
Ing to eigenvalue zero.

(c) Verify that the third column of the data matrix is the sum of the first two columns.
That is, show that there is linear dependence, witha; = 1,4, = 1,and a3 = —1.
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3.10. When the generali

matrix A, =
matrix itself. Given

(a) Obtain the mean correct
dependent. Specify an a =

(b) Obtain the sample OV

Zex0.
(c) Show that the

3.11. Use the sample covarl

state that R =
312 Show that [S| =

Hint: From Equation

(S11522"'Spp)\R\‘

(3:30), =D

12RrpY/?. Taking determinants iV
Result 2A.11.) Now examine | DY 1-

es |S|=

metry and Random Sampling
zed variance is zero, it is the columns of the mean corrected data and
— 1%’ that are linearly dependent, not pecessarily those of the data
the data
310
6 4 6 |
42 2 anc
7 0 3
5 3 4
ed data matrix, and verify that the columns are linearly
[a1, a2s as) vector that establishes the dependence. 3.16. Il:ie
ariance matrix S, and verify that the generalized variance is (
3.17. Sh
columns of the Jata matrix are linearly independent in this case- in
ance obtained in Example 3.7 to verify (3-29) and (3-30), which o
p-2sD7/* and p!2RDY? = S. |
by

\DV2||R||DY? ] (See
3.13. Given 2 data matrix X and the resulting “sample correlation matrix R,
consider  the standardized observations (X% — 1)/ Skko k=1,2,..., P fc
ji= 1,2,.--5 1 Show -that these standardized quant‘ties have sample covariance \/3 18. E
matrix R. ‘ T
g 3.14. Consider the data rnatriXX in Exercise 3.1. Wehavern = 3 observations oo P = 2 vark
ables X; and X, . Form the linear combinations ;x
;

¢xX =[-1 2] Bﬂ = =Xy + 2%
i . 2

(a) Evaluate
princip

sample mean, variance, &
(b) Calculate the sample me
Compare

3.15. Repeat Exer

1es. That s, calculate the 0

p'X =1[2 3][?‘\ =2X, + 3%
2

means, yvariances, and covariance of

the sample
bserved values of b'X an

nd covariance formulas.

ans, variances, and covariance ofb'X and ¢'X using

the results in (a) and (b)-

cise 3.14 using the data matrix

X::-

0w O
w N P
w W

p'X and ¢'X from firs
4 ¢'X, and then use th

(336
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| , and the linear combinations
| eralized variance is zero, it is the columns of the I.nean correfc‘i;d 32;2 |
3.10. Whep the genX 15’ that are linearly dependent, not necessarily those of the .
‘ i X =01 1 1]| X,
| matrix itself. Given the data :
1 3
\ | 310
\ and
| n
{ 42 2 y
\, { 70 3 eX=[1 2 -3]| %,
| 5 3 4 %

a ( H) a 16 mean corre te t a (l Velliy [:llat the COI.U.IIH].S are ]JxleaI].y
depsndSHL Sp?’:lfs ana ai, a23 a3 “eCtOI t a[ € tablls}les tlle dapen'detlce'

i i jance is
(b) Obtain the sample covariance matrix S, and verify that the generalized varl
Show i i i in this case.
(c) Show that the columns of the data matrix are linearly independent in this

i - 3-30), which
1 1. Use the sample covariance obtained in Elxgmple 37 to verify (3-29) and ( )
M state that R = D™28D /% and DI/2RDY* = 8.

| 1= (5522 Spr) R |

) \/3.12. Show that [S| = (s11822°" " Spp _ iPRDY?. Taking determinants gives |S| =
Hint: From Equation (3-30), 8 = D - DY2|
|D2||R| |DY/2]. (See Result 2A.11.) Now examine | ’

3.16. Let V be a vector random variable with mean vector E(V) = u, and covariance matrix
E(V — uy)(V = py)' = 3Z,. Show that E(VV’) = 3y + pvpuy.

3.17. Show that, if ( }§1) and < 51) are independent, then each component of X is
P q
independent of each component of Z.

Hint: P[X; = x1, X, < X3,..., X, = x,and Z; < z3,..., Z, < z,]

= P[Xl = xl,Xz = Xz,...,XP = xp]'P[Zl = zl,...,Zq = Zq]

by independence. Let x,, ..., x,, and z,, ..., z, tend to infinity, to obtain

P(X; = xjand Zy = z1] = P[X; = x;]* P[Z; < z4]

for all x1, z1. So X7 and Z; are independent. Repeat for other pairs.
! the standardized observations  (xjx — Xe)/ N Sk k1= ok 1'13.1,?1(}:76, o 1 ; : i ’
. ider e . e sample cova
‘f | ?O:Si 5.....n. Show that these standardized quantiies have samp
i ol e

matrix R.

- i = 2 vari-
d 3.14. Consider the data matrix X in Exercise'3.1.'We have n = 3 observations on p
o ables X and X,. Form the linear combinations

3.18. Energy consumption in 2001, by state, from the major sources

x; = petroleum X, = natural gas

x5 = hydroelectric power x4 = nuclear electric power

is recorded in quadrillions (10%°) of BTUs (Source: Statistical Abstract of the United
States 2006).

The resulting mean and covariance matrix are

] 0.766 -1 0.856 0.635 0.173 0.096

j vx <2 3] [Xl} = 2X, + 3% o | 0508 | o _|0635 0568 0128 0.067

ﬂ X

‘\‘ 2 0.438 0.173 0.127 0.171 0.039
il ‘ - 0.161 0.096 0.067 0.039 0.043
[ . ’ ! first
K ) : d covariance of b’X and ¢'X from
H‘ | \‘ (a) Evaluate the sample means, variances, and €O}

' then use the
rinciples. That is, calculate the observed values of b'X and ¢'X, and
Is)ample mean, variance, and covariance formulas.

i ! ! ing (3-36)-
(b) Calculate the sample means, variances, and covariance of b'X and ¢ X using (
Compare the results in () and (b).

3.15. Repeat Exercise 3.14 using the data matrix

X =

co o\
W N e
W A W

(a) Using the summary statistics, determine the sample mean and variance of a state’s
total energy consumption for these major sources.

(b) Determine the sample mean and variance of the excess of petroleum consumption

over natural gas consumption. Also find the sample covariance of this variable with
the total variable in part a.

3.19. Using the summary statistics for the first three variables in Exercise 3.18, verify the
relation

[S| = (s11 522 533) [R]
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)y) for the radiation data.

Figure 4.15 Contour plot of £ (M

ative values and have a single long tail, a
4.5.

If the data includes some large Deg
d Johnson [14]) should be applied.

Voo more general transformation (see Yeo an:

Lo o o ({x DA X =0 A%0
A : LW = In(x + 1) x=0,A=0
‘ —{(—x + 12 = 1H(E2 - A) x<O0,AF 2
—n(—x +1) <0, A=2
45

Exercises
: \ \/ 4.1. Consider a bivariate pormal distribution with g =1L 2 7= 3, 011 = 2, 022 =1 and
C o pp= "%
‘ o (a) Write out the bivariate normal density-
ression (X — p) 2 (x p)asad

ed statistical distance exp

) (b) Write out the squar
dratic function of x; and X2-
¢ normal population with gy = 0, B2 = 2, 011 = 2, 0227 1,

; 4.2. Consider a bivariat

pi2 = 5.

(a) Write out the bivariate normal density.
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(b) Write out the squared generalized distance expression (x — p)'2 7 (x — ) as a
function of x; and x,.
7\‘2

221

(c) Determine (and sketch) the constant-density contour that contains 50% of the
probability.

4.3. LetXbeNs(p,3) withp' = [—3,1, 4] and

1 -2 0
04 ’ s=|-2 50
’ 0 0 2
\ Which of the following random variables are independent? Explain.

| ’ (a) X;and X,
‘g 03 (b) X, and X
(¢) (X1, X;) and X;
_|..
@Kk
0.2
(e) Xpand X, — 2X; — X;

/4-4. LetXbe Ny(p, %) with p’ = [2,-3,1] and

and X,

0.1 111
3=|13 2
1 2 2

(a) Find the distribution of 3X; — 2X, + X;.

“2 X o 02 .03 ) (b) Relabel the variables if necessary, and find a 2 X1 vector a such that X, and
L i - ’ . . X
I T A,) for the radiation data. _ g 1 i
E“ - Figure 4.15 Contour plot of £(A1, 2) X, —a X, are independent.
i
i

ave a single long tail, a
| : If the data includes some large negati e values and b St gl !
Ik !

S ()1“]3“4) )1 (See e0 a SOon 1 )Sh

(a) The conditional distribution of X;, given that X, = x, for the joint distribution in

Exercise 4.2.
*0
] {(x + 1 — 1}/A . x= ?\’ )\\ o (b) The conditional distribution of X, given that X; = x; and X3 = x; for the joint dis-
vln (x + 1) X ="V, Y o E tribution in Exercise 4.3.
xW = —{(- X+ 1)2—A -1} - A x<0,A *2 (c) The conditional distribution of X3, given that X; = x; and X, = x, for the joint dis-
: In(—x + 1) x<0,A=2 t/ tribution in Exercise 4.4.
P ' —In{(—Xx : o
i/ “ 4.6. Let X be distributed as N5(u, ), where u’ = [1, —1,2] and
it ; | o
| Lo 4 0 -1
| Exercises i =] 05 0 |
I S 1w =3 0 =2 =120 10 2 :
“\ ;| - ider a bivariate normal distribution with gy = 1, H2 ’ . ‘
L “ ] i/ 4-1. Const er8 Which of the following random variables are independent? Explain. |
IR o p12 T T L density. (a) Xj and X i
o ! Write out the bivariate normal density. ) 3 -1l _ asaqua 1 2 i
‘\ | “ - \‘ ((?))) W]:ite out the squared statistical distance expression (x — 1) 37 (x - #) (b) X; and X; |
| .
o [

N dratic function of x; and X;. =1, and () X; and X;
(!

(d) (Xl, X3) and Xz
(e) Xl and Xl + 3X2 - 2X3

i i = =2,011=2 022
| '4.2. Consider 2 bivariate normal population with uy = 0, 12 ,

Ty p12 = - ) .
‘\ ' n “\ (a) Write out the bivariate normal density.
; ] ‘
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4.7. Referto Exercise 4.6 and specify each of the following. :
(a) The conditional distribution of X1, given that X5 = X3. (b)
(b) The conditional distribution of X1, given that X, =X and X3 = X3-
\5/.8. (Example of a nonnormal n with normal marginals.) Let X, be ‘
N(0,1), and let

bivariate distributio

X"—= “".Xl lf“llesl
2 X, otherwise

Show each of the following. ’
(a) X, also hasan N(0,1) distribution. Hin
y (b) X1 and X, do not have 2 bivariate normal distribution. |
: : (a) Since Xj i N(0,1), P[-1 < X, = x] '
(X, < %) = P[X,= -1
_pxy=-1]+ Plon= Xy

= P[-x = X, <1] for any X. When
+ P[-1<Xp = x,) = PlXy = —1]
Tak

1<x<LP
<1).ButP[-x = X, <1]
thir

+ Pl-1<—X1 =)
= pP-1<X1= x,] from the symmetry argument in the first line of this hint.
i ThUS,P[XZ = XZ] = P[Xl = —‘1] + P["l < X]_ = X2] = P[X]_ = xz], which is f0r|
a standard normal probability. i
i (b) Consider the linear combination X, — X,, which equals zer0 with probability
PlIX,| > 1] = 3174
\/ 4.9. Refer to Exercise 4.8, but modify the construction by replacing the break point 1 by 4.12
) ¢ so that . +12. Sho
. _x, ffme=X=¢
Rt ? X, elsewhere
Show that ¢ can be chosen so that Covi(X1, X2) = 0, but that the tWo random variables Th
P are not independent. ' : !
g ‘\ Hint: Hir
‘ o ' For ¢ = 0, evaluate Cov (X1, X,) = E[Xl(Xl)]
For ¢ very large, evaluate Cov (X1, X2) = E[Xl(—le)].
0
\/ 4.10. Show each of the following. pos
(a) 4.13. Shc
T & ol =1atm @
! \“ 0 B ;
Lo / (®) (b}

\‘3‘, §\=\A\\B\ for |A|#0

: '
‘ ! A0 A oOljx O 1 0 ] k.
Cot = . ding the d i by the first T8
¥ @ g B \ D \0, B Expanding the eterminant |, y i
| (see Definition 2A24) gives 1 times 2 determinant of the same form, with the or
e is repeated until 1 X |B|is obtained. ST g

| ‘ of I reduced by one. This procedur
A0
= Al

‘ ‘Zﬁ“j“ 0
expanding the determinant \: I\ by the last TOW gives \ o I
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4.7. Referto Exercise 4.6 and specify each of the following.

s

(a) The conditional distribution of X7, given that X3 = X3-
(b) The conditional distribution of X, given that X, = X3 and X3 = X3.

(Example of a nonnormal bivariate distribution with normal marginals.) Let X3 be
N(0,1), and let
_ X1 f-1=X=1
2 X; otherwise

Show each of the following.

(a) X, also hasan N(0,1) distribution.

(b) Xy and X, do not have a bivariate normal distribution.

Hint:

(a) Since Xj is N(0,1), P[-1 < X1 = x] = P[-x =X < 1] for any x. When
1<x<lPXy= x,] = P[X2= -1] + P[-1< X, =x)) = P[Xi = -1]
+ P[-1<-X1= x,) = P[X1= ~1] + P[-x = X, <1].But P[-x; = X; <1
=P[-1<X; = %] from the symmetry argument in the first line of this hint.
ThUS,P[XZ = xz] = P[Xl = '—1] + P[_l < X1 = X2] = P[Xl = JC2],WhiChiS
a standard normal probability.

(b) Consider the linear combination Xj — X,, which equals zero with probability

P[|X| > 1] = 3174.

. Refer to Exercise 4.8, but modify the construction by replacing the break point 1 by

¢ so that

2 X; elsewhere

Show that ¢ can be chosen so that Cov (X1, X5) = 0, but that the two random variables
are not independent. :

Hint:
For ¢ = 0, evaluate Cov (X1, %) = E[X;(X1)]

\/4.10.

For-c very large, evaluate Cov (X, Xp) = E[X (- X))

Show each of the following.

(a) ‘
A O
\0, B\—\AHB!
()
A
_ # 0
\0’ B\ |A|BI for 1A
Hint: A
A 0] |A o1 0O 1o i
) . . t TOW
@ g B \ , IHO' g |- Expanding the determinant |, B\ by the 5

(see Definition 2A.24) gives 1 times 2 determinant of the same form, with the ordet
of I reduced by one. This procedure is repeated until 1 X |B | is obtained. Similarly:

A0
(I’ bythelastrowgives\o, il = AL

- expanding the determinant

0/
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b) A c‘: A OHI AlC , .
0 B o Bllo I . But expanding the determinant a”c
0/
by the last row gives . A~C =1 I
0o | Tt Now use the result in Part a.

(/l.l l. Show that, if A is square,

Al = 5
|A] =]Az][A1; — Aj,A55A, | for]|Agy| #0

| = [A11][Az; — AyjATIA | for|Aq;| # 0
Hint: Partition A and verify that

22 11 12 - A 0
, ApA A A I 0 A, A 2A221 2
0 I Az Ap Az%Au I 1 1 :

q f

11 12 I !
i 114312 '
214*11 I 21 22 0’ I 0%1 A2 - A A_lA
Az A A A 2 2142114312
4.12. Show that, for A symmetric,

A—1=|: I 0] (A — ApAYA,)™

- 0 B 2

~AZA,; 1 0’ ) A‘l} [OI’ AIIZAZ%:'
22

Th - S1A,) |
us, (Aqq A12A2%A21) Lis the upper left-hand block of A™%.
H. . - i . .
int: Premultiply the expression in the hint to Exercise 4.11 by l: I —A ZAE%:I_l
| 0 I and
, I 0]
postmultiply by [ i
tmultipl _ADA, I Take inverses of the resulting expression.

4.13. Show the following if X is N,(p, ) with | %] # 0

(a) Check that = 5
[2] = |20 ]| 211 — 312373%,1|. (Note that |3 | can be factored into

(x— ) INx — p) =[x — g — 2305(x, — pa))’

X - s, ‘
(Bi1 = 212323%01) 7 (X1 — p1 — 210333(%p — )]
+ (% = p2) ' 225(% — p2)
(Thus, the joint densi
X ensity exponent can b i
gt . e written as the sum i
ntributions from the conditional and marginal distribut?ofr;[:V)O ferms comesponding

(C) Gi ven the I'esul[s 1‘11 arts a all(] ]) (lel t |y 1 a
- P i i i i i
> N ; I s m l’glnal dlStIlblltiOn Of X2 al’ld the
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Hint: ond
(2) Apply Exercise 4.11-
(b) Note from Exercise 412 that we can write (X — u)’2’1 (x - ) as i te
K X { ][(211 - 212222221)—1 0 & ranc
X, — P2 272271 25% ' \/4-'8. Finc
% [ —SoEm || BT R cove
0 I Xy — M2
1f we group the product SO that
{1 ‘212222}{ M‘X - X’H - P 212255(7‘2 - P«z)]
w2 , Xy — K2
the result follows. 419 IEOI
.19. Let
4.14. EXis distributed as Np(ms with | =1 # 0 show that the joint density can be written Spe
as the product of margmal densmes for @)
1 and 2 if 212 = 0 3 (b)
(ax1) ((p=2*D) (gx(p—a) ©
Hint: Show by block multiplication that 4.20. Fo
37 3y 0 B(
[ 01,1 ;EA is the inverse ofZ = [ 01,1 222‘\ o
Then write _ ’
e~ - ”’
(x—m)'= Yx— M) = [(xq — M) (xo— #2)'1 g ! (b
0 222
= (%, — #1)’ (s~ py) (27 pa)' 222(?‘2 Mz) 4.21. L«
Note that | =1 = |21 11222 | from Exercise 4. 10(a). Now fac tor the joint density. )
- 4:15:-Show that >, (% ~ X~ p) and 2 X - p) (X~ X)' are bothp X P matrices of
o _ &
zer_os.Herex} = [le,sz,..‘,xjp],] =1, 2 ,n,and
L i 4.22, I;
n 2 a
4.16. Let X1, X,, X3, and X4 be independent Np(m 3,) random yectors.
(a) Find the marginal distributions for each of the random vectors 4.23.
"’X_’—_Xz‘*‘ X3‘2X4 ‘
and
v, = 1% 3% T X, - 1%

d the joint density of the random vectors v, and V2 defined in (a)-
and X5 be be independent and identically distributed randomn Vecm
d covariance matrix 3. Find the mean vector and cO varianc® g
linear combinations s of random vectors

+ X3 + X4 + X 5

v (b) Fin
T 4.117. Let X1, X2, X3, X4
with mean vector g an

trices for each of the tWo
'5‘X1 + ng
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Hint:
Apply Exercise 411. ‘ N i
((i)) szeyfrom Exercise 4.12 that we can write (x — )" > (x - n)

- 53 O ]
X1~ B _11 0] [(211 102, 2 o
X; — B2 -373%n 1 .

I -3 || X M1]
“lo 1 X — M2
If we group the product sO that

(g, —
1 -S23 || %T Ml] [X1 2 21,302(%2 ”2)]
-3 = =~
[01 1 X, — M2 . *2 2
1t follows. . . ; be written
e reSI;. ‘buted as Np(p; %) with | 5| # 0, show that the joint density can be
is distribw e i

4.14. ixfs)t(hi product of marginal densities for

and X if =2

= 0
((p—q%xn (g% (=)

}
3 22
Then write

| >'1[Eﬁ y ][Xl - M]
_pysix-p) = p)s (K2~ B2l o 33 %2 "2
o = (%1~ pa) BT py) T (%27 o) 273(%2 1)

4 W joi sity.
121111222 | from Exercise 4.10(a). No factor the joint den
1

p)(E; — %) areboth p X P matrices of

X,
(gx1)

Hint: Show by block multiplication that

- D2
[21% 20_1] is the inverse of % = [ o

0’ 22

Note that | %] =

g - 5) (& — ) and X (R
/415, Show that 3 ()~ DE ~ B %!
jEL

v i=1,2,....n,and
zeros. Here Xj = [leaxi27""xJP]’] ’ ’

o BV 4 H N, p( ’ ) o
4 16 Let X Ii2 ? }(3 aIld }(4 be Hldependent [l 2 IaIldOIn veCctors.
(a) E md the mar, glnal distr! the I'andonl vectors

1 _ 1
v, = 1%, - 1%+ i Xs i Xe

1
. v, = 1%, + 4% - 15 4%
and V, defined in (a).

7S
at and identically distributed random vecto

. ; .
4.17. Let X, X2, X3, X,, and X5 be indepence .. Find the mean vector and covariance ™" ¢

it oo Wi ¥ i ¢ ; ombintartlions of random vectors
1 the two hnear C
trices for each of

1 . i
1 i i, +:Xs
IX, + £Xp + 35X T 52 TS i

(b) Find the joint density of the random vectoIs Vi

butions for each of
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and .
Xl_X2+X3_X4+X5

in terms of s and . Also, obtain the covariance between the two linear combinations of
random vectors.

‘\/4.]8. Find the maximum likelihood estimates of the 2 X 1 mean vector s and the 2 X 2
covariance matrix ¥ based on the random sample

from a bivariate normal population.
vV 4.19. Let X1,X,,...,X5q be a random sample of size # = 20 from an Ng(p, ) population.
Specify each of the following completely.
(a) The distribution of (X; — p)' T (X, — )
(b) The distributions of X and Vn(X — p)
(c) The distribution of (n — 1) §

4.20. For the random variables X;,Xo,..., X5, in Exercise 4.19, specify the distribution of
B(198)B' in each case.

([t -3 -3 0 00
(a)B_[o 0 0 -1 -1

100000
(b)B_[OOIOOOJ

4.21. Let X1,..., X4, be a random sample of size 60 from a four-variate normal distribution
having mean p and covariance . Specify each of the following completely.
(a) The distribution of X
(b) The distribution of (X; — p)' 37X, — )
(c) The distribution of n(X — u)' T Y(X — u)
(d) The approximate distribution of n(X — p)’'S™H(X — u)

4.22, Let X4,X,,...,X75 be a random sample from a population distribution with mean p

and covariance matrix 3. What is the approximate distribution of each of the following?
@ X
®) n(X = u)sHX — p)

v 4.23. Consider the annual rates of return (including dividends) on the Dow-Jones
industrial average for the years 1996-2005. These data, multiplied by 100, are
-0:6- 31 253 -16.8 =71 -62 252 226 2640
Use these 10 observations to complete the following.
(a) Construct a Q-Q plot. Do the data seem to be normally distributed? Explain.

(b) Carry out a test of normality based on the correlation coefficient 5. [See (4-31).]
Let the significance level be a = .10. :

4.24. Exercise 1.4 contains data on three variables for the world’s 10 largest companies as of
April 2003. For the sales (x;) and profits (x,) data:

(a) Construct Q-0 plots. Do these data appear to be normally distributed? Explain.
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(b) Carry out 2 test of normality based on the correlation coefficient rg- [See (4-31).] 431
Set the significance level at @ = .10 Do the results of these tests corroborate the re- 31 E
sults in Part a2 . I
g
4.25. Refer to the data for the world’s 10 largest companies i Exercise 1.4. Construct a chi- Z]
square plot using all three variables. The chi-square quantiles are 4.32. F
0.3518 0.7978 12125 1.6416 21095 2.6430 32831 4.1083 53170 7.8147 I
Y|
4.26. Exercise 1.2 gives the age X1, measured in years, as well as the selling price X2, measured 4.33. F
in thousands of dollars, for n = 10 used cars. These data are reproduced as follows: 3
4.34. E
% 1 2 3 3 4 s ¢ 8 9 H N
18.95 19.00 1795 1554 1400 12.95 894 749 600 3.99 4.35. F
v
(a) Use the results of Exercise 12 to calculate the squared statistical distances 4.36. F
(x; — g)sHx —%),] = 1,2,...,10, where x; = [xj1, %2 Lt
(b) Using the distances in Part a, determine the proportion of the observations falling 4.37. K
within the estimated 50% probab'ﬂity contour of 2 bivariate normal distribution. i | 8!
(c) Order the distances in Part a and construct a chi-square plot. L ] D
(d) Given the results in Parts b and ¢, are these data approximately bivariate normal? 4.38. I
Explain. 0
4.27. Consider the radiation data (with door closed) in Example 4.10. Construct a Q-0 plot 4.39.1
for the natural logarithms of these data. [Note that the natural 10 garithm transformation S
corresponds tO the value A = 011 (4-34).] Do the natural logarithms appear to be nor- v
ed? Compare your results with Figure 4.13. Does the choice A = % or f
S
(

mally distribut
A = 0 make much

The follo
Consider the air-pollution dat

d

\/i »»4.28.

1adiat»ien_meas.u1;emc_1}t_s an
coefficient rg

wing exercises may require

[see (4-31)]- Leta = -

difference I this case?

a computer.

a in Table 1.5. Construct 2 O—
ut a test for normality based on
e entry corr_espond'mg to

a give

carry O
05 and use-th

n==4

Q plot for the solar
the correlation
0in

= 03 for

Table 4.2.
g/ 4.29. Given the air-pollution data in Table 1.5, examine the pairs X5 = NO; and X
bivariate normality. )
(x; — 2)'Ss7Hx; — 5, j=L2 42, wher

(a) Calculate statistical ~distances

x;= [xj5,%j6l-
(b) Determine the prop
within the approximate 50%

(¢) Constructa chi-

= [ijaxjéL j= ;

ortion of observations X;
probability contour of 2 bivariate 0

square plot of the ordered distances in Part a.

the used-car datain Exercise 426.

4.30. Consider
(a) Determine the powel transformation Ay that makes the X1
normal. Construct 2 0-Q plot for the transformed data.
(b) Determine the power transformations A, that makes the X2 values approxllﬂz?t
normal. Construct Q-Q plot for the transformed data.
(c) Dete ine the powex transformations A = [\, Ag] that make the [¥15 %2 ‘le
e the results with those obtained 1B Parts

jointly normal using (4-40). Compar

1,2, , 42 fallin,
ormal distributio

values approximat




