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Example 6.1: Check Example 6.1: Check 
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Example 6.2: SleepingExample 6.2: Sleeping--Dog DataDog Data
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Example 6.2: Test of HypothesesExample 6.2: Test of Hypotheses
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Example 6.4: Electrical Usage of Example 6.4: Electrical Usage of 
Homeowners with and without ACsHomeowners with and without ACs
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Proof of Result 6.4Proof of Result 6.4
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Questions
Why paired comparisons are not 
good ways to compare several  good ways to compare several  
population means?
How to compute summed squares 
(between)?
How to compute summed squares 
( ithi )?

6161

(within)?
How to compute summed squares 
(total)?

Questions
How to calculate the degrees of 
f d  f  d  freedom for summed squares 
(between)?
How to calculate the degrees of 
freedom for summed squares 
(within)?

6262

(within)?
How to calculate the degrees of 
freedom for summed squares (total)? 

Questions
How to compute the F value for 
t ti  f th  ll h th i ?testing of the null hypothesis?
How are the three kinds of summed 
squares related?
How to explain the geometric 
meaning of the degrees of freedom 

6363

meaning of the degrees of freedom 
for a treatment vector?
What is an ANOVA table?

Scenarios
To test if the following statements 
are plausiblep
–Music compressed by four MP3 

compressors are with the same quality
–Three new drugs are all as effective as a 

placebo
–Four brands of beer are equally tasty

6464

– Lectures, group studying, and computer 
assisted instruction are equally effective 
for undergraduate students

6464
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Comparing Four MP3 Compressors
Test four brands, A, B, C, D
10 subjects each brand (40 in total) 
to provide a satisfaction rating on a 
10-point scale
Assume that the rating to each 
brand is a normal distribution  but 

6565

brand is a normal distribution, but 
all four distributions are with the 
same variance

Hypotheses
Null hypothesis

Alternative hypothesis

DCBAH  :0

equalarestheall: NotH

6666

equalarestheall:1 NotH

Problem of Using a t-Test
Must compare two brands at a time
There are 6 possible comparisons
Each has a 0.05 chance of being 
significant by chance
Overall chance of significant result, 
even when no difference exist  

6767

even when no difference exist, 
approaches 1-(0.95)6 ~ 0.26

Sample Data
Subject A B C D

1 4 5 7 2
2 4 5 8 12 4 5 8 1
3 5 6 7 2
4 5 6 9 3
5 6 7 6 3
6 3 6 3 4
7 4 4 2 5
8 4 5 2 4

6868

8 4 5 2 4
9 3 6 2 4

10 4 3 3 3
Mean 4.2 5.3 4.9 3.1

Grand mean: 4.375
*Adapted from: G. R. Norman and D. L. Streiner, Biostatistics, 3rd ed.
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Thinking in Terms of 
Signals and Noises

Signals
–Overall difference among the means of Overall difference among the means of 

the groups 
–Sum of all the squared differences 

between group means and the overall 
means

Noises

6969

–Overall variability within the groups
–Sum of all the squared differences 

between individual data and their group 
means
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Univariate ANOVAUnivariate ANOVA
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Comparing Several Multivariate 
Population Means (One Way Manova)Population Means (One-Way Manova)
Simultaneous Confidence Intervals 
for Treatment Effects
Testing for Equality of Covariance 
Matrices
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Two-Way ANOVA
Two-Way Multivariate Analysis of 
Variance

Questions
What is the one-way MANOVA table?
How to compute Wilk’s lambda for 
MANOVA?
How to test the equality of several 
mean vectors from the Wilk’s 
lambda?
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lambda?
How to test the equality of several 
mean vectors for large sample size?
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Questions
What are other statistics used in 
t ti ti l ft  k  f  statistical software package for one-

way MANOVA? 
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Scenario: Example 6.10, Scenario: Example 6.10, 
Nursing Home DataNursing Home Data

Nursing homes can be classified by Nursing homes can be classified by 
the owners: private (271)  nonthe owners: private (271)  non profit profit the owners: private (271), nonthe owners: private (271), non--profit profit 
(138), government (107)(138), government (107)
Costs: nursing labor, dietary labor, Costs: nursing labor, dietary labor, 
plant operation and maintenance plant operation and maintenance 
labor, housekeeping and laundry labor, housekeeping and laundry 
laborlabor
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laborlabor
To investigate the effects of To investigate the effects of 
ownership on costsownership on costs
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Test of Hypothesis for Large SizeTest of Hypothesis for Large Size
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Example 6.9Example 6.9
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Example 6.10: Nursing Home DataExample 6.10: Nursing Home Data
Nursing homes can be classified by Nursing homes can be classified by 
the owners: private (271)  nonthe owners: private (271)  non profit profit the owners: private (271), nonthe owners: private (271), non--profit profit 
(138), government (107)(138), government (107)
Costs: nursing labor, dietary labor, Costs: nursing labor, dietary labor, 
plant operation and maintenance plant operation and maintenance 
labor, housekeeping and laundry labor, housekeeping and laundry 
laborlabor

107107107107

laborlabor
To investigate the effects of To investigate the effects of 
ownership on costsownership on costs

Example 6.10Example 6.10

108108108108
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Example 6.10Example 6.10
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Outline
Comparing Several Multivariate 
Population Means (One Way Manova)Population Means (One-Way Manova)
Simultaneous Confidence Intervals 
for Treatment Effects
Testing for Equality of Covariance 
Matrices

111111

Two-Way ANOVA
Two-Way Multivariate Analysis of 
Variance

Questions
What are the Bonferroni Intervals for Bonferroni Intervals for 
T t t Eff t ?T t t Eff t ?Treatment Effects?Treatment Effects?

112112
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Bonferroni Intervals for Bonferroni Intervals for 
Treatment EffectsTreatment Effects
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Example 6.11: Example 6.10 DataExample 6.11: Example 6.10 Data
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Outline
Comparing Several Multivariate 
Population Means (One Way Manova)Population Means (One-Way Manova)
Simultaneous Confidence Intervals 
for Treatment Effects
Testing for Equality of Covariance 
Matrices
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Two-Way ANOVA
Two-Way Multivariate Analysis of 
Variance
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Questions
How to test if the covariance 

t i  f l l ti   matrices of several populations are 
equal? (Box’s M-Test)

117117

Test for Equality of Covariance 
Matrices

With g populations, null hypothesis
H0: 1 = 2 = . . . = g = 

Assume multivariate normal 
populations
Likelihood ratio statistic for testing 
H

118118
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Example 6.10 - nursing home data
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Example 6.13: Plastic Film DataExample 6.13: Plastic Film Data

121121121121

Outline
Comparing Several Multivariate 
Population Means (One Way Manova)Population Means (One-Way Manova)
Simultaneous Confidence Intervals 
for Treatment Effects
Testing for Equality of Covariance 
Matrices

122122

Two-Way ANOVA
Two-Way Multivariate Analysis of 
Variance

Questions
How to determine if a factor and its 
i t ti  ith th  th  f t  i  interaction with the other factor is 
significant if two factors are involved 
in an experiment?
What are the four types of 
interactions of two factors?

123123

interactions of two factors?
What is the two-way ANOVA table?

Scenarios
To observe if effects of factors in the 
following scenarios are significantg g
–Ratings of music compressed by MP3 

compressors: brands vs. ages of the 
subjects

–Performance of Teaching: methods 
(Lectures, group studying, and 
computer assisted instruction) vs  

124124

computer assisted instruction) vs. 
genders of undergraduate students

124124
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Teaching Methods vs. Gender:
Knowing only Overall Mean

Gender CAI Lecture Group 
St d i MeanGender CAI Lecture Studying Mean

Boys 50 50 50 50

Girls 50 50 50 50

125125

Girls 50 50 50 50

Mean 50 50 50 50

Teaching Methods vs. Gender:
Knowing Overall Mean and Row Effects

Gender CAI Lecture Group 
St d i MeanGender CAI Lecture Studying Mean

Boys 40 40 40 40

Girls 60 60 60 60

126126

Girls 60 60 60 60

Mean 50 50 50 50

Teaching Methods vs. Gender:
Knowing Overall Mean, Row Effects, and Column Effects

Gender CAI Lecture Group 
St d i MeanGender CAI Lecture Studying Mean

Boys 50 40 30 40

Girls 70 60 50 60

127127

Girls 70 60 50 60

Mean 60 50 40 50

Teaching Methods vs. Gender:
Including Interaction Terms

Gender CAI Lecture Group 
St d i MeanGender CAI Lecture Studying Mean

Boys 65 40 15 40

Girls 55 60 65 60

128128

Girls 55 60 65 60

Mean 60 50 40 50
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Comparing Four MP3 Compressors
Test four brands, A, B, C, D
10 subjects, 5 young and 5 senior, 
each brand (40 in total) to provide a 
satisfaction rating on a 10-point 
scale
Assume that the rating to each 

129129

Assume that the rating to each 
brand is a normal distribution, but 
all four distributions are with the 
same variance

Sample Data

A B C D Mean

Young
Subjects

1~4 4 5 7 2

5.05

5~8 4 5 8 1
9~12 5 6 7 2

13~16 5 6 9 3
17~20 6 7 6 3
Mean 4 8 5 8 7 4 2 2

130130

Mean 4.8 5.8 7.4 2.2

*Adapted from: G. R. Norman and D. L. Streiner, Biostatistics, 3rd ed.

Sample Data
A B C D Mean

21~24 3 6 3 4

Senior
Subjects

21 24 3 6 3 4

3.70
25~28 4 4 2 5
29~32 4 5 2 4
33~36 3 6 2 4
37~40 4 3 3 3
Mean 3.6 4.8 2.4 4.0

131131*Adapted from: G. R. Norman and D. L. Streiner, Biostatistics, 3rd ed.

A B C D Mean
Brand Mean 4.2 5.3 4.9 3.1 4.375

Sum of Squares (Young/Senior)
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Sum of Squares (Brands)
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Sum of Squares (Total)
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Two-way ANOVA Summary
Source Sum of

Squares
df Mean

square
F

Squares square
Brand 27.875 3 9.29 11.99

Young/
Senior

18.225 1 18.23 23.52

Brand X

140140

Brand X
Y/S

58.475 3 19.49 25.15

Within 24.80 32 0.78

Total 129.375 39
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Hypothesis Testing
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de Groot’s Experiment (1965) 
Observed the ability of chess masters 
and novices to recall piece positions  p p
Experts
– Recalled about 90% of the pieces in a typical 

mid-game
Novices
– Recalled about 20%
Man  facto s might ha e been int od ced

145145

Many factors might have been introduced
Randomized piece positions
– Everybody recalled about 20% 
– No effect of expertise

Interpretation by Adjusted Data
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TwoTwo--Way ANOVAWay ANOVA
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Outline
Comparing Several Multivariate 
Population Means (One Way Manova)Population Means (One-Way Manova)
Simultaneous Confidence Intervals 
for Treatment Effects
Testing for Equality of Covariance 
Matrices

151151

Two-Way ANOVA
Two-Way Multivariate Analysis of 
Variance

Questions
What is the two-way MANOVA table?
How to determine if the interaction 
effect exists?
How to test the effect of each factor 
by the two-way MANOVA?
How to determine the Bonferroni How to determine the Bonferroni 

152152

How to determine the Bonferroni How to determine the Bonferroni 
confidence intervals if the interaction confidence intervals if the interaction 
effect is negligible?effect is negligible?
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TwoTwo--Way MANOVAWay MANOVA
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Bonferroni Confidence IntervalsBonferroni Confidence Intervals
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Outline
Profile Analysis
ANOVA for Repeated Measures
Repeated Measures Designs and 
Growth Curves
Perspectives and Strategy for 
Analyzing Multivariate Models

161161

Analyzing Multivariate Models

Questions
What is the profile analysis?
How to carry out the profile analysis?

162162

Profile AnalysisProfile Analysis
A battery of p treatments (tests, A battery of p treatments (tests, 
questions  etc ) are administered to questions  etc ) are administered to questions, etc.) are administered to questions, etc.) are administered to 
two or more group of subjectstwo or more group of subjects
The question of equality of mean The question of equality of mean 
vectors is divided into several vectors is divided into several 
specific possibilitiesspecific possibilities

A  th  fil  ll l?A  th  fil  ll l?

163163163163

––Are the profiles parallel?Are the profiles parallel?
––Are the profiles coincident?Are the profiles coincident?
––Are the profiles level?Are the profiles level?

Example 6.14: Example 6.14: 
Love and Marriage Data Love and Marriage Data 

164164164164
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Population ProfilePopulation Profile
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Test for Level ProfilesTest for Level Profiles
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Example 6.14: Example 6.14: 
Test for Coincident ProfilesTest for Coincident Profiles
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Outline
Profile Analysis
ANOVA for Repeated Measures
Repeated Measures Designs and 
Growth Curves
Perspectives and Strategy for 
Analyzing Multivariate Models

174174

Analyzing Multivariate Models

Questions
What are repeated measures?
How to view the data for repeated 
measures in a two-way ANOVA view?
How to test the null hypothesis in 
repeated measures?

175175

Repeated-Measures ANOVA
Drugs A, B, C are tested to see if 
they are equally effective for pain they are equally effective for pain 
relief
Subjects are to take all of the drugs, 
in turn, suitably blinded and after a 
suitable washout period 
S bj t  t  th  d  f i  

176176

Subjects rate the degree of pain 
belief on a 1 to 6 scale (1: no relief, 
6 complete relief)
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Avoiding Order Effects
Randomize the order of treatment
–1/3 get drug A first, 1/3 get drug B first, 

1/3 get drug C first

People in a long, natural healing 
course may grow tolerant of the 
irritant and learn to tune them out

177177

– The last medication may work the best
–Order effects

Sample Data
Subject A B C Average

1 5 3 2 3.33
2 5 4 3 4.00
3 5 6 5 5.33
4 6 4 2 4.00
5 6 6 6 6.00
6 4 2 1 2.33
7 4 4 3 3.67

178178

8 4 5 5 4.67
9 4 2 2 2.67
10 5 3 1 3.00

Means 4.80 3.90 3.00 3.90

*Adapted from: G. R. Norman and D. L. Streiner, Biostatistics, 3rd ed.

Two-Way ANOVA View
Individual subjects as one factor
Pain reliever as a second factor
Cells are defined by
–Subjects: 10 levels
–Drug: 3 levels

O  b ti   ll

179179

One observation per cell
Special case of two-way ANOVA
– n = 1, g = 10, b = 3
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Signal vs. Noise
To determine if there is any 
significant difference in relief from significant difference in relief from 
different pain relievers
–Main effect of Drug
SS(within) = 0
Choose SS(interaction) as error term

185185

–Reflects the extent to which different 
subjects respond differently to the 
different drug types

ANOVA Table
Source Sum of df Mean F

Squares square
Drug 16.2 2 8.100 9.225

Subject 36.7 9 4.078

Drug X
15 8 18 0 878

186186

g
Subject

15.8 18 0.878

Totals 68.7 29

Hypothesis Testing

level cesignifican 05.0at 
exists) difference (i.e.,t significan iseffect  Drug

55.3)05.0(225.9 18,2  FFDrug

187187

ANOVA Table for Same Data as a 
One-Way ANOVA Test

Source
Sum of

df
Mean

FSource
Squares

df
square

F

Drug 16.2 2 8.100 4.107

Error 52.5 27 1.944

188188

Error 52.5 27 1.944

Totals 68.7 29
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Outline
Profile Analysis
ANOVA for Repeated Measured
Repeated Measures Designs and 
Growth Curves
Perspectives and Strategy for 
Analyzing Multivariate Models

189189

Analyzing Multivariate Models

Questions
How to compare growth curves?

190190

Example 6.15: Ulna Data, Example 6.15: Ulna Data, 
Control GroupControl Group

191191191191

Example 6.15: Ulna Data, Example 6.15: Ulna Data, 
Treatment GroupTreatment Group

192192192192
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Comparison of Growth CurvesComparison of Growth Curves
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Comparison of Growth CurvesComparison of Growth Curves
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Outline
Profile Analysis
ANOVA for Repeated Measured
Repeated Measures Designs and 
Growth Curves
Perspectives and Strategy for 
Analyzing Multivariate Models

196196

Analyzing Multivariate Models
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Questions
What are the strategies in 

lti i t  l i ?multivariate analysis?
Why is the experimental design 
important?

197197

Example 6.16: Comparing Example 6.16: Comparing 
Multivariate and Univariate TestsMultivariate and Univariate Tests

198198198198

Example 6.16: Comparing Example 6.16: Comparing 
Multivariate and Univariate TestsMultivariate and Univariate Tests

18,11 01.3)10.0(46.2:on  test Univariate  FFx

21

18,12

: testsHotelling'

Accept 
01.3)10.0(68.2:on  test Univariate

μμ 

 FFx

199199199199

21

17,2
22

Reject 

94.12)01.0(
17

21829.17

μμ 




 FcT

Strategy for Multivariate Strategy for Multivariate 
Comparison of TreatmentsComparison of Treatments

Try to identify outliersTry to identify outliers
Pe fo m calc lations ith and itho t Pe fo m calc lations ith and itho t ––Perform calculations with and without Perform calculations with and without 
the outliersthe outliers

Perform a multivariate test of Perform a multivariate test of 
hypothesishypothesis
Calculate the Bonferroni Calculate the Bonferroni 
i lt  fid  i t li lt  fid  i t l

200200200200

simultaneous confidence intervalssimultaneous confidence intervals
––For all pairs of groups or treatments, For all pairs of groups or treatments, 

and all characteristicsand all characteristics
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Importance of Experimental DesignImportance of Experimental Design
Differences could appear in only one Differences could appear in only one 
of the many characteristics or a few of the many characteristics or a few yy
treatment combinationstreatment combinations
Differences may become lost among Differences may become lost among 
all the inactive onesall the inactive ones
Best preventative is a good Best preventative is a good 
experimental designexperimental design

201201201201

experimental designexperimental design
––Do not include too many other variables Do not include too many other variables 

that are not expected to show that are not expected to show 
differencesdifferences


