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Questions

~What is the essential purpose of
factor analysis?

-What is a factor?

~What is the difference between the
principal component analysis and the
factor analysis?
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History

r Early 20t-century attempt to define
and measure intelligence

- Developed primarily by scientists
interested in psychometrics

» Advent of computers generated a
renewed interest

» Each application must be examined
on its own merits

Essence of Factor Analysis

~ Describe the covariance among
many variables in terms of a few
underlying, but unobservable,
random factors.

~A group of variables highly correlated
among themselves, but having
relatively small correlations with
variables in different groups
represent a single underlying factor

Example 9.8
Examination Scores

Gaelic English  History  Arithmetic  Algebra  Geometry

(10 439 410 288 39 248
‘ 10 351 34 30 39
R= 10 164 190 a8l

1.0 464

' 1.0 505 470
L L0

1
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Questions

~What is the system of equations for a
factor analysis model?

~What is the orthogonal factor model?
»What is the communality?

- What is the specific variance?

-~ Is the factor model unique? Why?

Orthogonal Factor Model
X~y =l i+l B4+l F +&

Im™ m

Xy—py =Lyl + L+ 4L, F, + &,

X, —p, =t B+l Fy++l F +¢&,
X-p=LF+g
¢, *loading of the ith variable on the jth factor

Fi,Fz,“-,Fm,gl,gz,--',gpZ

unobservable random variables

10

Orthogonal Factor Model

X :random vector with p components

i, X : mean and covariance matrix of X

F :common factors, independent of X
random vector with m components

g :errors or specific factors, source of variation
random vector with p components

L : matrix of factor loading

11

Orthogonal Factor Model
E(F)=0, Cov(F)=E(FF')=I
E(e)=0, Cov(e)=E(se')=Y

w, 0 - 0
0 e 0
Y= ‘//:2 . :
0 0 - y,

Cov(_s, F)=E(eF')=0 )

12
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Orthogonal Factor Model
(X-p)X~p)=(LF+e)LF +¢)
= LFF'L'+¢F' L'+LFg'+¢¢’
X =Cov(X)=E(X-p)X—n)
= LE(FF')L'+E(¢F")L'+LE(Fg') + E(g€")
=LL+¥Y
(X-p)F'=(LF +¢)F'= LFF'+¢F'
Cov(X,F) = E(X—p)F'=LE(FF') + E(sF') =L

Orthogonal Factor Model
Cov(X)=LL'+¥
Var(X,)=c, =3 + 02 +-+ 12 +y,
communality = h% = (% + 02, +---+ 0%
Var(X,) =communality + specific variance
Cov(X, X,)=0l, b ++0, 0,
Cov(X,F)=L
Cov(X,,F,))=1,

Example 9.1: Verification

19 30 2 12
5_[30 57 5 23

2 5 38 47

12 23 47 68

4 1 2000

7 2[4 7 -11] |0 400
e 6{1 2 6 S}FOO 10

1 8 000 3
W =811 =17, o} =19=17+2=h +y’

Example 9.2: No Solution

Xy—p =l F +8, Xy — gty =y Fi+ 6, Xy — ps = (31 F + &,
1 09 07] [, w, 0 0

=09 1 04|=|l,|[fy ly lu]¥| 0 w, O
L.? 04 1 LJ 0 0 y/j

1=02 4y, 09=/(,0,, 07=/(,(,

1=05+y,, 04=(,0y, 1=(5+y,

(,,=(04/07)¢,, (% =1575 Cov(F)=1 Cov(X,)=1

| £, |5l Cov(X,, F}) |=| Corr(X,, F;)|<1, contradiction

w, =1- 1%, =-0.575 = Var(e,), unsatisfactory
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Ambiguities of L When m>1

T : m x m orthogonal matrix, TT'=1
X-p=LF+e=LTT'F+&=LF +¢
E(F)=TE(F)=0
Cov(F)=T'Cov(F)T=T'T=1
L =LL+¥=LTT'L'+¥ = (L' (L' }+¥
communalities are unaffected by the choice of T
orthogonal matrix T : rotation of factorsin the
coordinate system for X

17

Outline

~ Introduction

~The Orthogonal Factor Model
~Methods of Estimation

~ Factor Rotation

r Factor Scores

~ Perspectives and Strategy for Factor
Analysis

Questions

» How to use the principal component
analysis to solve for the factors?

- What is the residual matrix?

~ What is the upper limit for the sum
of squared entries of the residual
matrix?

» How to determine the number of
common factors?

Questions

~How to apply the maximum
likelihood method to solve for the
factors?

r What is the maximum likelihood
estimates of the communalities?

~What is the proportion of total

sample variance due to the jth
factor?
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Questions

~ How to conduct a large sample test
for the number of common factors?

Principal Component Solution

Y=lee +1ee,+-+1e.e,

\/Zell v, O 0

e ey e VR O 0

JAe,] [0 0 oy,
—LL'+Y¥
Wi:Gii_iffj‘
j=1

22

Principal Component Solution
(/i,. , él.): eigenvalue - eigenvector pairs of S or R

A2h22, m<p
matrix of estimated factor loadings:

Ez{zﬁ}:[\/zél ‘/Zéz \/Zé”i

estimated specific variance:
V= diag{l/llil//z""’l//p}'l//t =i _Z E;
j=1

estimated communalities : h? = (3 + 05 +-+ 02

Residual Matrix
S—(ﬂi'#f’): residual matrix
sum of squared entities of residual matrix

<2

b
contribution to s, from the first common factor : 7
contribution to the total sample variance

S+ Sy +oets, =1(S)

from the first common factor :

T+ T T =(VAE (VA& - 4

24
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Determination of Number of
Common Factors

. A,
Proportion of total L for S
Syt Sy e ts,,

sample variance due | =
to jth factor i for R
p

number of common factors retained is increased

until a "suitable proportion™ of the total sample
variance has been explained

Another criterion : set m equal to the number of
eigenvalues of R greater than 1if R is factored 2

Example 9.3
Consumer Preference Data

Example 9.3
Determination of m

ﬁl =2.85, /”Atz =1.81are the only eigenvalues
greater than 1
They account for a cumulative proportion

At% 093
p
of the total (standard) sample variance

c.takem =2

27

Attribute (Variable) 1 2 3 4 5

Taste 11 02 (96) 42 01

Good buy for money 21 .02 1.00 3 N (&ﬁ;‘

Flavar 5 b6 43 L0050 11

Suitahle for snack 4y 42 7 50 100 (79

Provides lotsof energy 51 01 85 A1 .79 100
Example 9.3

Principal Component Solution

Estimated factor ‘ |

loadings S
- = | . N | Specific
| L= VAE; | Communalitics { VATIENCCs
Variable | Fo £ i ol E=1-F
E [ 1
1. Taste | 56 | 82 98 in)
2. Good buy ‘
{or money T8 | -53 B8 A2
3. Flavor 65 i s Ay J Rirl
4. Suitable | i
Tor snack 04 | —.10 89 | A1
5. Provides
lots of ensrgy 80 | -54 93 | o7
Figenvalues 285 | 181
Cumnulative
proportion
of total
{standardized)
sample variance )| i 832

28
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Example 9.3

Example 9.4

Stock Price Data

-~ Weekly rates of return for five stocks
- X;: J P Morgan
- X,: Citibank
- X;: Wells Fargo
- X,: Royal Dutch Shell
- X;: ExxonMobil

30

Factorization
056 0.82
0.78 -0.53
.~ 056 078 0.65 094 0.80
LL'+¥=[065 0.75 { }
082 -053 075 -0.10 -0.54
0.94 -0.10
0.80 -0.54
002 0 0 0 O 1 001 097 044 0.00
0 0122 0 0 O 1 011 079 091
+| 0 0 002 O 0 |= 1 053 011
0 0 ©0 o011 o0 1 o081
0 0 0 0 0.07 1
Example 9.4
Stock Price Data
x'=[0.0011 0.0007 0.0016 0.0040 0.0040]
1
0632 1
R=[0511 0574 1
0115 0332 0183 1
0.155 0.213 0.146 0.683 1
1,=2437, & =[0.469 0532 0.465 0.387 0.361]
1,=1.407, &, =[-0368 -0.236 —0.315 0.585 0.606]
J,=0501, & =[-0604 —-0.136 0.772 0.093 -0.109]
1,=0.400, & =[0.363 —0.629 0.289 -0.381 0.493]
Js=0.255 ¢ =[0.384 —0.496 0.071 0595 -—0.498]

Example 9.4

Principal Component Solution

One-factor solution

Two-factor solution

explained

Estimated factor [ _ Specilic Estimated factor Specilic
loadings variances loadings | wvariances

Variable F g=1-h F F oo=1-h
1. JP Morgan 732 Ab 732 437 | 27|
2 Citibank K31 | M | 831 — 280 23
3. Wells Fargo 726 | A7 126 374 33
4. Royal Dutch Shell 605 63 £05 694 5
5. ExxonMobil 563 8 563 J19 | I
Cumulative ) |
praportion of total |
(standardized)
sample variance {

A87 487 | 769

32
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Maximum Likelihood Method

Assume that F; and ¢, are jointly normal
X, —p=LF, +¢, are then normal, the likelihood is

4{2—1[2(&7i)(x,fg)-j]/z
L(u,x) = (27) "2 g P LA
% (27[)-1;/2|2‘—1/2 e_n(x_p)'zfl(i-p)/z
where X = LL'+¥
Uniqueness condition

L' 'L=A adiagonal matrix

Example 9.4
Residual Matrix for m=2
R-LL'-¥
[0 -0.099 -0.185 -0.025 0.056 |
0 ~0.134 0.014 -0.054
= 0 0.003  0.006
0 -0.156
— O -
Result 9.1

X, X,, -+, X, rrandomsamplefrom N, (n, £), X =LL'+¥
The maximum likelihood estimators L, ¥, and pn=x
maximize the likelihood function subject to L' ¥ 'L

being diagonal

The maximum likelihood estimates of the communalities are

72 %2 2 52
hf =0+ 0, ++ 05

im

SO

: 92 92 92
Proportion of total sample _ U+ 0+t 0,
variance due to jth factor

Sj+ Sy teets,,

35

Factorization of R
standardized variable: Z = V*(X —p)

p= v Vipy 2 _ (V—lIZLXV—IIZL);+V—1/2TV—1/2
=L, L +¥,
maximum likelihood estimator

p= VSV _ (\A”l/zf‘X\A”l/ZI:)+\A7’1’2‘i’{7’”2
=LL +¥,

W =0+ 0%+ + 02

im

Proportion of total (standardized) ) ?fj +?§, +---+?ij
sample variance due to the jth factor - p

36
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Example 9.5: Factorization of
Stock Price Data

| Maximum likelibood Prnincpal componeots
© Lstimated factor Specific Estimated factor Specific
loadings variances Inadings vATANCEs
Varable R r.El,- <1 - ! F | F d=1
1 Morgan s Al T -4 n I
2. Citibank A2 21 | 3 | — 280 B
1 Welks Fargo 182 34 6 | 3 1|
4. Royal Dutch Shell |10 o s 694 Bt |
5. Texaco | 653 a2 l 63 w07
Cumulative i
propun lion of total | :

(standardized) |
sample variance |
| explained | 23 | | 487 769 1

Example 9.5
ML Residual Matrix

~

R-LL'-¥
0 0.001 -0.002 0.000 0.052 ]
0 0002 0.000 -0.033
= 0  0.000 0.001
0  0.000
0

38

37
R=
i 1000 6386 4752 3227 S50 3262 509 AR 821 0352 |
H386 10000 AY53 668 ATD6 3520 uas S167 302 012
ATS2 A953 10000 4357 2539 2812 J926 4AT2R A6H2 —N20 |
27 S668 AZST O LAKNND 344 3503 3657 S04 2344 2380
55200 4706 2530 3449 LOODD 1546 21000 4213 2116 4125
3262 3520 2812 3503 1546 LOODD 2553 4163 1712 ANz
As09 3998 J9260 3657 21000 L2553 LOODO 4036 4179 RHGY
A008 5167 AT2R 6040 A213 4163 A036 1NN 3151 2395 i
JA821 3102 A6K2 2344 2116 1712 AT S151 LANNN) AR
=.0352 1002 AN20 2380 A125 02 BT 2395 AMEI LK |
39

Example 9.6
Factorization

_ _r'rlr.:'rul cumpHImEnl haxirmam likiibood

T Eximared
Ioading=

factor

. w3 o]
TR nz it el
| 240 o) 4
1 28] s
W ¥ s H
ik T —
|
45 M L
| I L. S —
40
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Example 9.6
PC Residual Matrix

R-LL - W=
[ 0 —082 —006 —021 —068 031 016 003 039 062
~.82 0 =046 033 107 -078 —AdE —059 (42 006
=006 —.046 0 006 -010 —014 —003 —013 —151 055
021 033006 0 —038 —204 —-015 —-078 —064 —.086
-068 —.107 —-010 -038 0 w6 025 —006 030 —.074
031 078 —014 =204 096 0 05 —024 19 S
016 —48 —003 -5 025 NS 0 —29 =210 064
003 —059 —013 —078 ~006 —.024 (29 0 =26 —.084
039 042 151 —.064 030 119 =210 —026 0 -.078
062 06 055 086 — 074 085 004 -84 — T8 0

a1

Example 9.6
ML Residual Matrix

R-LL -¥%=

r 1} Ay 00 —.000 A0 LR N R 00 [111]
000 0 -.002 023 A5 017 =003 030 47 024
00 2 0 N4 A0 —009 D00 001 =00 A0

=N 023 4 =002 030 -4 006 042 o

— 00K} 05 001 -2 ] 2 A 01 A0 ool |
VLY 017 008 —030 M2 0 022 069 029 -y
A0 =003 00 A4 AWl 22 4] kUL ANK) LK)
AN 130 01 —06 KLU 069 —.000 1] 021 A1
A0l 047 = 42 A 29 000 021 0 AN3

L0000 024 (L] ] oo -.019 AN AH D03 1

42

A Large Sample Test for
Number of Common Factors

(pxp)  (pxm)(mxp) (pxp)
H,: Xany other positive definite matrix

Maximum likelihood function for general case:
S, 2 gmiz, S, =(m-1S/n

Maximum likelihood function under H,, : E=LL“+¥

proportional to

3 A A ~|-nl2 n A A ~ -1
proportional to ‘LL'+‘I" exp —Etr[(LL'vI') an
likelihood ratio statistic for testimg H,,
maximized likelihood under HO}

maximized likelihood
-nl2

—2InA:—2In[

=-2In Si + n[tl’()ifls”)— p]

n

A Large Sample Test for
Number of Common Factors

~ pY
tr():‘lsn)z 0=-2InA=nlin S

‘ n

Barlett's chi - square approximation
reject H, at the & level of significance if

‘I:I:'+‘i" ,
(n-1-(2p+4m+5)/6)In ST > Kirmy—pmi2 ()

‘ n

provided that » and n— p are large and

m <%(2p +1-,8p+1)

2011/1/4

11



Example 9.7
Stock Price Model Testing

5 ‘\}71/2‘ ‘££.+.i,‘ ‘\",71/2‘ ) ““,-uzl:ﬁ.\}-uz +\‘,-1/z\i,\‘,-1/z‘

S, - “}—1/2‘ S, ‘\‘,-112‘ - “‘,-yzsﬂ\}-l/z‘
_JLE+¥, 017808 L onie
R| 0.17519
LL'+¥

[n-1-(2p+4m+5)/6]In

=[103-1-(10+8+5)/6]In(1.0216) = 2.10
;([fpfm)zﬂz]/z(0.05) = »7(0.05)=3.84

fail to reject H,, (two - factor model)

45

Outline

~ Introduction

~The Orthogonal Factor Model
~Methods of Estimation

~ Factor Rotation

r Factor Scores

~ Perspectives and Strategy for Factor
Analysis

Questions

~ What is the factor rotation?

»Why is the factor rotation important
for interpretation of the factors?

» Will the communality change under
the factor rotation?

-What is the varimax criterion?

Example 9.8
Examination Scores

Gaelic English  History  Arithmetic  Algebra  Geometry

(10 439 410 288 39 248 "‘
‘ 10 351 34 30 39
R= 10 164 190 a8l

1.0 464

' 1.0 505 470
L L0

48
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Example 9.8

Maximum Likelihood Solution

Example 9.8
Factor Rotation

E, £t
¥ ff
S
/ e} ai
/-’ .
4 i
) -
~%F 5 1.0 Fi
~ L34}
\_\ .5 .
Al
™
-
— 5 \F’f"

L 50

Estimated
factor loadings Communalities

Variable i F £, b

I. Gaclic I 553 429 490
2. English 568 288 406
3. History o392 A50 356
4. Arithmetic | 740 -273 H23
5. Algebra P74 —.211 569
6. Geometry o9 - 132 372

Example 9.8
Rotated Factor Loading
Estimated rotated i
factor loadings ! Communalitics
Variable F} F¥ | W o= B

1. Gaelic 360 594) | 490
2. English 433 467 | 406
3. History 211 {.558) ! 356
4. Arithmetic J89 001 623
5. Algebra 752 | 034 | 568
6. Geometry 604 ) 083 372

51

Varimax Criterion

L =LT, TT'=1, 7, =0,/h,
select T that makes

1 &&= 2L\
03 DI DI R

ey ) i=1
as large as possible
Interpretation :

= (variance of squares of (scaled)

oc z i

‘= \loadings for jth factor
i.e.,"spreading out" the squares of the loadings on each factor
as much as possible w2

2011/1/4
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Example 9.9: Consumer-
Preference Factor Analysis

Attribute (Variable) 1 2 3 4 5
Taste 1o 02 (9) 42 01
Good buy for money 21 .02 1.00 3 N (@
Flavar 5 b6 43 L0050 11
Suitable for snack 41 42 71 .50 1.00 @
Provides lots of energy 5| 0L 85 11 .79 1.00

Example 9.9
Factor Rotation

53
Example 9.10
Stock Price Factor Analysis
l gdxunum likelihond -
estimates of Factor Rotated estmated | Srlf-.‘mﬁc
| loadings factor leadings A v:mances‘
Variable 'i E I i Fio| w=-#
* Morg e i TRE] 024 | 47
ZI‘:rilnw:lr.]é' “ e | F ' 27 | 27
Wells Fargo B2 52 KD 104 | 54
Royal Dutch Shell | 1000 — 00 18 .9‘33] | "
ExxonMobil | ex3 o2 | Lers
Cumnlative I |
proportion
of tatal | |
sample varnancy ~ . R
cxplained | 323 047 346 LAl |
55

56

2011/1/4
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Example 9.11
Rotated ML Loadings

57

Outline

~ Introduction

~The Orthogonal Factor Model
~Methods of Estimation

~ Factor Rotation

r Factor Scores

~ Perspectives and Strategy for Factor
Analysis

Questions

« What is the factor scores?

» How to solve the factor scores by the
weighted least squares method?

- How to solve the factor scores by the
principal component analysis?

~How to solve the factor scores by the
regression model?

) Factor Scores
f, =estimate of the valuesf; attained by

F; (jth case)

used for diagnostic purposes and inputs to
next analysis

Essences of our estimations

1. Treat Qij and y; as the true values

2. Involvelinear transformations of the
original data

60

2011/1/4
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Weighted Least Squares Method
X-p=LF+¢
P 2
minimize > £ ='W g = (x—p— Lf) ¥} (x—p - Lf)
=4
f=(L'Y'L)'L'Y(x—p)
use maximul likelihood estimates
f,=(LPL)'L'??(x,-X) =A"L'¥P(x, - X)
for correlation matrix
f,=(L,¥'L,)"'L,¥,'z, =A

J
-1/2 < r 1’
z;=D""(x,-X), p=L,L,+

Factor Scores of Principal
Component Method

Use unweighted least square method (v, are nearly equal)

(L'i)ﬁll:’(xj —i)or fj = (I:'ZI:Z )7lizzj

i -
iz[\/zél Jie, - \/Te}

1A éll(xj —i)

=

>

&0 -%) | 1&: 1 Zaa
., , n;“o’ i =1

\
Il
[EY
=

é'm(xj—i)

=

Orthogonal Factor Model
E(F)=0, Cov(F)=E(FF')=I
E(e)=0, Cov(e)=E(se')=Y

w, 0 - 0
0 e 0
Y= ‘//:2 . :
0 0 - y,

Cov(_s, F)=E(eF')=0 )

Regression Model
X-p=LF+g:N,(0,LL'+¥)
X-pandF jointnormal: N, (0,X°)
5 {2 =LL'+¥ L}

L' I
E(F|x)=L'Z'(x—p)=L'"(LL'+¥) " (x—p)
Cov(F|x)=I-L'X'L=1-L'(LL'+¥)"'L
f, =L'(LL+¥)*(x, -%), L'(LL+¥)*=1+L¥ L) Ly
25 = (L"YL) 'L (x, -X) = (LY L) (L + L P L)f
= ([+(LL) O = (T+A)EF

2011/1/4
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Factor Scores by Regression

PP B
f,=L'S"(x, -X)

Example 9.12
Stock Price Data

maximum likelihood solution from R

0.763 0.024 042 0 0 0 0
0821 0.227 0 027 0 0 0
L, =|0669 0104|,%,=| 0 0 054 0 0
0.118 0.993 0 0 0 000 O
0.113 0.675 0 0 0 0 053

7'=[050 -1.40 -0.20 -0.70 1.40]
weighted least squares

f= (LWL ) Lz =[-0.61 —061]
regression
f=L'R%z=[-05 -0.64]

or
¢ ' p-l
f,=L,R7z,
z,=D"*(x,-X), p=LL +¥,
Example 9.12
Factor Scores by Regression
o . : ;‘-"‘:os’. -.. ’ ..'.
E 4 —— -...‘.'n“-"h.. . .- . 0

67

Example 9.13: Simple Summary

Scores for Stock Price Data
principal component factor loading

[0.732 —0.437] [0.852 0.030]

0.831 -0.280 0.851 0.214
L=[0726 -0374|, L' =LT=|0.813 0.079

0.605 0.694 0.133 0.911

10563 0.719 | 10.084 0.909 ]
summary scores

fi=x X+ X+ X, + X, f,=x,+x;—x, (L)

fi=X+X,+X,, [, =X, + X (L)

2011/1/4
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Outline

» Introduction

~» The Orthogonal Factor Model
-~ Methods of Estimation

» Factor Rotation

r Factor Scores

» Perspectives and Strategy for Factor
Analysis

Questions

~ Give a strategy for factor analysis?
~What is the “Wow” criterion?

A Strategy for Factor Analysis

- 1. Perform a principal component
factor analysis

—Look for suspicious observations by
plotting the factor scores

—Try a varimax rotation

» 2. Perform a maximum likelihood
factor analysis, including a varimax
rotation

71

A Strategy for Factor Analysis

» 3. Compare the solutions obtained from
the two factor analyses
— Do the loadings group in the same manner?
— Plot factor scores obtained for PC against

scores from ML analysis

~ 4. Repeat the first 3 steps for other
numbers of common factors

- 5. For large data sets, split them in half
and perform factor analysis on each part.
Compare the two results with each other
and with that from the complete data set

72

2011/1/4
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Leg:

Example 9.14

Chicken-Bone Data
n = 276 measurements on bone dimensions

Head: X, =skull length, X, =skull breadth

X, =femur length, X, = tibia length

Wing: X, =humerus length, X, = ulna length

1

1 0505 0.569 0.602

0.422 0.467
1 0.926
1

0.621

0.482

0.877

0.874
1

0.603

0.450

0.878

0.894

0.937
1

73

Example 9.14:Principal Component
Factor Analysis Results

| Estimated factor loadings | Rotated estimated loadings s
Variable | R F F, Fi Ft FoL
1. Skull length 741 350 ST 355 244 (902) | 00
2. Skull breadth 604 720 -340 | 235 (949 20T | .0
3. Femur length 929  -233  -.075 |' 921 164 218 | 08
4. Tibia length 943 -.175 -=.067 | .904 | 212 252 | 08
5. Humerus length 048 —143  -(M5 i 888 | 228 283 | .08
6. Ulna length 945 -189  -047 | 908 192 264 | 07
Cumulative .
proportion of |
total (standardized) !
sample variance |
explained 743 873 450 576 T63 950 |

74

Example 9.14: Maximum Likelihood
Factor Analysis Results

Estimated factor loadings

Rotated estimated loadings %

Variable F F Fy Ft F3 Fi i,
1. Skull length 602 214 286 46T 506 128 S1
2. Skull breadth 467 A77 652 211 J92) 050 33
3. Femur length 926, 145 =057 | B90 289 (084 A2
4. Tibia length 1.000 000 —000 | | 936 345 —073 00
5. Humerus length 874 463 012 | | .831 | 362 396 02
6. Ulna length 894 336 -039 | | 857) 325 272 .09
Cumulative
proportion of i
total (standardized) i
sample variance |
explained | 667 738 823 559 179 823

75

z 'z _‘P
0.000
—0.000
—-0.003
0.000
—-0.001

| 0.004

R-

1=

z

Example 9.14
Residual Matrix for ML Estimates

0.000
0.001
0.000
0.000
—-0.001

0.000
0.000 0.000
0.000 0.000

—0.001 0.000

0.000

-0.000 0.000 |

76

2011/1/4
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Example 9.14
Factor Scores for Factors 1 & 2
1 |
‘]

Example 9.14
Pairs of Facto_r Scores: Factor 1

Urincipal. |

Example 9.14

Pairs of Factor Scores: Factor 2

Principsl |

p——
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Example 9.14
Pairs of Factor Scores: Factor 3
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Example 9.14
Divided Data Set
1

06% 1
0588 0540 1

n =137, R, =
0.639 0575 0901 1
0.694 0.606 0.844 0.835 1
|0.660 0.584 0.866 0.863 0.931 1|
g -
0.366 1
0.572 0.352 1

n,=139, R, =

0.587 0.406 0.950 1
0.587 0.420 0.909 0911 1
10.598 0.386 0.894 0.927 0940 1] =

Example 9.14: PC Factor Analysis

for Divided Data Set

First set | Second set

(ny = 137 observations) | (rn; = 139 observations)
Rotated estimated factor i Rotated estimated factor
| Ioadings | loadings

Variable | F ¥ F? F* @
1. Skull length | 360 [ o | (921) 67 o0
2. Skull breadth  ~| 303 g |weo | 203 a5 (@s8) 00
3. Femur length [(o1d) " 238 a7s i o0 | 230 A30 06
4, Tibia length [|-877) 270 242 | 0 |lea5f 248 187 05
5. Humerus length || 830 247 395 | AT jpe2) 282 208 06
6. Ulna length | 871 251 532 |68 |l 94)  am A68 06
Cumulative | : i
proportion of | [ |
total (standardized) | | |
sample variance | | |
explained | 546 743 40 | | 593 780 962
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WOW Ciriterion

- In practice the vast majority of
attempted factor analyses do not
yield clear-cut results

 If, while scrutinizing the factor
analysis, the investigator can shout
“Wow, | understand these factors,”
the application is deemed successful
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