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Questions
What is a statistical inference?
Give a sample scenario for making a 
statistical inference

InferenceInference
Reaching valid conclusions Reaching valid conclusions 

i   l ti   th  b i  i   l ti   th  b i  concerning a population on the basis concerning a population on the basis 
of information from a sampleof information from a sample

66

Scenarios
To test if the following statements 
are plausiblep
–A clam by a cram school that their 

course can increase the IQ of your 
children

–A diuretic is effective
–An MP3 compressor is with higher 

liquality
–A claim by a lady that she can 

distinguish whether the milk is added 
before making milk tea

77

Evaluating Normality of Univariate Evaluating Normality of Univariate 
Marginal DistributionsMarginal Distributions
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Evaluating Normality of Univariate Evaluating Normality of Univariate 
Marginal DistributionsMarginal Distributions
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Questions
What are the two-sided and the one-
id d t t  f h th ?sided tests of hypotheses?

How to reject or accept a null 
hypothesis? 
What is the Student’s t-statistics?
What are the differences between What are the differences between 
the normal distribution and the 
Student’s t-distribution?

Questions
What is the meaning of the 

fid  i t l f  th  l ti  confidence interval for the population 
mean 0?
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Tests of Hypotheses
Developed by Fisher, Pearson, 
Neyman  etcNeyman, etc.
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Student’s Student’s tt--distributiondistribution


Zt

2
1

2

2

1
)

2
1(

)(

/


















f

t
f

f

tf

f
t



1717

1
)

2
(

)( 






 fff
tf



Student’s Student’s tt--distributiondistribution
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Student’s Student’s tt--distributiondistribution

1919

Origin of the Name “Student”
Pseudonym of William Gossett at 
G i  B  i  D bli  d Guinness Brewery in Dublin around 
the turn of the 20th Century
Gossett use pseudonym because all 
Guinness Brewery employees were 
forbidden to publishforbidden to publish
Too bad Guinness doesn’t run 
universities

2020
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Test of HypothesisTest of Hypothesis
  offavor in  Reject 10 HH
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Often chosen as 0.05, 0.01, or 0.1
Actually, Fisher said in 1956:
–No scientific worker has a fixed level of 

significance at which year to year, and 
in all circumstances, he rejects 
hypotheses; he rather gives his mind to 
each particular case in the light of his 
evidence and hid ideas
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Statistically Significant vs. 
Scientifically Significant

The cram school claims that its course 
will increase the IQ of your child Q y
statistically significant at the 0.05 
level
Assume that 100 students took the 
courses were tested, and the 

l ti  t d d d i ti  i  15population standard deviation is 15
The actual IQ improvement to be 
statistically significant at 0.05 level is 
simply 94.296.15.1)/( 025.0  zn 2525
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Introduction
Inferences about a Mean for Inferences about a Mean for 
Univariate Normal Distribution
The probability of o as a value for a 
Normal Population Mean
Hotelling’s T2 and Likelihood Ratio 
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Confidence Regions and 
Simultaneous Comparison of 
Component Means

Questions
How to test a null hypothesis for a 

lti i t  l di t ib ti ?multivariate normal distribution?
How to convert Hotelling’s T2

distribution to the F distribution?
Is the Hotelling’s T2 distribution 
invariant with linear transformation?invariant with linear transformation?

Plausibility of Plausibility of 00 as a Multivariate as a Multivariate 
Normal Population MeanNormal Population Mean
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Test of HypothesisTest of Hypothesis
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Questions
What is the likelihood ratio test?
H  t  d i  th  H t lli ’  T2How to derive the Hotelling’s T2

distribution using the likelihood ratio 
test? (Result 5.1)
What is the general likelihood ratio 
method?
What is the behavior of the general 
likelihood ratio method when sample 
size n is large?

TT22--Statistic from Statistic from 
Likelihood Ratio TestLikelihood Ratio Test
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Result 4.10Result 4.10
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Proof of Result 5.1Proof of Result 5.1
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Outline
Introduction
Inferences about a Mean for Inferences about a Mean for 
Univariate Normal Distribution 
The probability of o as a value for a 
Normal Population Mean
Hotelling’s T2 and Likelihood Ratio 
TestsTests
Confidence Regions and 
Simultaneous Comparison of 
Component Means

Questions
How to find the confidence region for 
the population mean vector of a the population mean vector of a 
multivariate normal distribution?
What are the axes of the confidence 
ellipsoid?
What are the simultaneous 
confidence statements?

Questions
How to find the confidence interval 
for a linear combination of for a linear combination of 
multivariate normal random 
variables?  
How to find the maximum of the t
value for all linear combination 
coefficients?coefficients?
How to determine the T2 intervals? 
(Result 5.2)

Questions
What are the difference of trends for 

d T2 i t l   th  l  i  t and T2 intervals as the sample size n
increases?
How to determine simultaneous T2

intervals? 
How to determine one-at-a-time How to determine one at a time 
intervals?
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Questions
What is the Bonferroni inequality?Bonferroni inequality?
How to find the simultaneous How to find the simultaneous 
Bonferroni intervals?Bonferroni intervals?
What is the trend of the ratio What is the trend of the ratio 
between the length of Bonferroni between the length of Bonferroni 
interval to the length of interval to the length of TT22--Interval Interval interval to the length of interval to the length of TT Interval Interval 
with increasing sample size with increasing sample size nn under under 
different different mm??
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Example 5.3 :Example 5.3 :
Microwave Oven RadiationMicrowave Oven Radiation

dithdi tid

closeddoor with radiation  measured
4

4
1 x

391.163018.203

0146.00117.0
0117.00144.0

,
603.0
564.0

opendoor with radiation  measured

1

4
2





 
























S

Sx

x

5757

 
 704.0710.0,002.0

710.0704.0,026.0

228.200391.163

'
22

'
11











e

e





Example 5.3 :Example 5.3 :
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Example 5.3 : Example 5.3 : 
95% Confidence Ellipse for 95% Confidence Ellipse for 
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Simultaneous Simultaneous 
Confidence StatementsConfidence Statements

Sometimes we need confidence Sometimes we need confidence 
t t t  b t th  i di id l t t t  b t th  i di id l statements about the individual statements about the individual 

component meanscomponent means
All if the separate confidence All if the separate confidence 
statements should hold statements should hold 
simultaneously with a specified high simultaneously with a specified high 

6161

simultaneously with a specified high simultaneously with a specified high 
probabilityprobability

Concept of Simultaneously Concept of Simultaneously 
Confidence StatementsConfidence Statements
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Confidence Interval of Linear Confidence Interval of Linear 
Combination of VariablesCombination of Variables
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Maximization LemmaMaximization Lemma
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Example 5.4: Shadows of the Example 5.4: Shadows of the 
Confidence EllipsoidConfidence Ellipsoid
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Example 5.5Example 5.5
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OneOne--atat--aa--Time IntervalsTime Intervals
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Example 5.6Example 5.6
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(Length of Bonferroni Interval )/(Length of Bonferroni Interval )/
(Length of (Length of TT22--Interval)Interval)
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Outline
Large Sample Inferences about a 
P l ti  M  V tPopulation Mean Vector
Multivariate Quality Control Charts
Inferences about Mean Vectors When 
Some Observations Are Missing
Difficulties Due to Time Dependence Difficulties Due to Time Dependence 
in Multivariate Observations

Questions
What is the limit distribution of the 

 f th  t ti ti l di t ?square of the statistical distance?
How to reject or accept a null 
hypothesis when n-p is large?
How to find the confidence interval 
and the simultaneous confidence and the simultaneous confidence 
statements for large n-p? (Result 5.5)
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Limit Distribution of the Square ofLimit Distribution of the Square of
Statistical DistanceStatistical Distance
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Example 5.7: Musical Aptitude Example 5.7: Musical Aptitude 
Profile for 96 Finish StudentsProfile for 96 Finish Students
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Example 5.7: Simultaneous 90% Example 5.7: Simultaneous 90% 
Confidence LimitsConfidence Limits
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95% Intervals for Example 5.795% Intervals for Example 5.7
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Outline
Large Sample Inferences about a 
P l ti  M  V tPopulation Mean Vector
Multivariate Quality Control Charts
Inferences about Mean Vectors When 
Some Observations Are Missing
Difficulties Due to Time Dependence Difficulties Due to Time Dependence 
in Multivariate Observations

Questions
What is the control chart?
How to monitor a sample for 
stability?
How to draw an quality control 
ellipse?
How to draw an    chart?XHow to draw an    chart?
How to draw a T2 chart

X

Questions
What is the distribution of T2 for an 
individual future observation? (Result individual future observation? (Result 
5.6)
How to find the control region for an 
individual future observation?
How to draw TT22--chart for future chart for future 
b ti ?b ti ?observations?observations?

How to draw control chart based on How to draw control chart based on 
subsample means?subsample means?
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Control ChartControl Chart
Represents collected data to evaluate Represents collected data to evaluate 
th  biliti  d t bilit  f th  th  biliti  d t bilit  f th  the capabilities and stability of the the capabilities and stability of the 
processprocess
Identify occurrences of special Identify occurrences of special 
causes of variation that come from causes of variation that come from 
outside of the usual processoutside of the usual process

9393

outside of the usual processoutside of the usual process

Example 5.8: Overtime Hours for Example 5.8: Overtime Hours for 
a Police Departmenta Police Department
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Example 5.8 Example 5.8 
Univariate Control ChartUnivariate Control Chart
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Example 5.9: Example 5.9: 
99% Ellipse Format Chart99% Ellipse Format Chart
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Example 5.9:   Example 5.9:   --Chart for Chart for XX22X
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Example 5.10: Example 5.10: TT22 Chart Chart 
for for XX11 and and XX22
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Example 5.11: Robotic WeldersExample 5.11: Robotic Welders

(volts)Voltage:1X

reasonableisassumptionNormal
(cfm) flow Gas (inert):

(in/min) speed Feed:
(amps)Current :
( )g

4

3

2

1

X
X
X

100100

bleeach variaon  nsobservatio
successivefor n correlatio serial eappreciabl No

reasonableisassumptionNormal



2010/10/14

26

Example 5.11: Example 5.11: TT22 Chart Chart 
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Example 5.11: 99% Quality Control Example 5.11: 99% Quality Control 
Ellipse for ln(Gas flow) and voltageEllipse for ln(Gas flow) and voltage
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Example 5.11:    Example 5.11:    --Chart for Chart for 
ln(Gas flow)ln(Gas flow)
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Control Regions for Future Control Regions for Future 
Individual ObservationsIndividual Observations

Set for future observations from Set for future observations from 
ll t d d t  h   i  t blll t d d t  h   i  t blcollected data when process is stablecollected data when process is stable

Forecast or prediction regionForecast or prediction region
–– in which a future observation is in which a future observation is 

expected to lieexpected to lie
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TT22--Chart for Future ObservationsChart for Future Observations
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Control Chart Based on Control Chart Based on 
Subsample MeansSubsample Means
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Outline
Large Sample Inferences about a 
P l ti  M  V tPopulation Mean Vector
Multivariate Quality Control Charts
Inferences about Mean Vectors When 
Some Observations Are Missing
Difficulties Due to Time Dependence Difficulties Due to Time Dependence 
in Multivariate Observations

Questions
What is the EM algorithm?
Wh t  ffi i t t ti ti ?What are sufficient statistics?
What are sufficient statistics for 
multivariate normal distribution?
How to estimate the mean and 
variance-covariance matrix for 
multivariate normal distribution 
when some observations are 
missing?

EM AlgorithmEM Algorithm
Prediction stepPrediction step

Given some estimate of the unknown Given some estimate of the unknown ––Given some estimate of the unknown Given some estimate of the unknown 
parameters, predict the contribution of parameters, predict the contribution of 
the missing observations to the the missing observations to the 
sufficient statistics sufficient statistics 

Estimation stepEstimation step
h d dh d d
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––Use the predicted statistics to compute Use the predicted statistics to compute 
a revised estimate of the parametersa revised estimate of the parameters

Cycle from one step to the otherCycle from one step to the other
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Example 5.13: EM AlgorithmExample 5.13: EM Algorithm
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Example 5.13: Estimation StepExample 5.13: Estimation Step
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in Multivariate Observations

Question
What is the confidence region for a 
ti i  lti i t  l time-varying multivariate normal 
distribution following AR(1) model?

Time Dependence in ObservationsTime Dependence in Observations
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Coverage Probability of Coverage Probability of 
the 95% Confidence Ellipsoidthe 95% Confidence Ellipsoid
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