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Scenarios
To test if the following statements 
are plausible
–A clam by a cram school that their 

course can increase the IQ of your 
childrenchildren

–A diuretic is effective
–An MP3 compressor is with higher 

quality
–A claim by a lady that she can 

distinguish whether the milk is added 
before making milk tea
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Questions

What are the two-sided and the one-
sided tests of hypotheses?
How to reject or accept a null 
hypothesis? hypothesis? 
What is the Student’s t-statistics?
What are the differences between 
the normal distribution and the 
Student’s t-distribution?

Questions

What is the meaning of the 
confidence interval for the population 
mean 0?
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Tests of Hypotheses
Developed by Fisher, Pearson, 
Neyman, etc.
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)hypothesis (null: 00  H

One-sided
)hypothesis ve(alternati:

)yp(

01

00




H

)hypothesis ve(alternati:

)hypothesis (null:

01

00







H

H

1313

Assumption under Null Hypothesis

)/,(:

),(:
2

0

2
0

nNX

NX





)1,0(:
/

)/,(:

0

0

N
n

X
Z

nNX









1414

Rejection or Acceptance of 
Null Hypothesis

1515

Student’s t-Statistics

  






n

i
iX

n
X

ns

X
t

1

0 1
,

/



 






n

i
i XX

n
s

1

22

1

1

1616

Student’s Student’s tt--distributiondistribution

2

1

/


f

f

Z
t



1717

2

1
2

1
)

2
(

)
2

1
(

)(





















f

f

t
f

f

f

tf


Student’s Student’s tt--distributiondistribution

1818



2010/10/14

4

Student’s Student’s tt--distributiondistribution

1919

Origin of the Name “Student”

Pseudonym of William Gossett at 
Guinness Brewery in Dublin around 
the turn of the 20th Century
Gossett use pseudonym because all Gossett use pseudonym because all 
Guinness Brewery employees were 
forbidden to publish
Too bad Guinness doesn’t run 
universities
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Actually, Fisher said in 1956:
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in all circumstances, he rejects 
hypotheses; he rather gives his mind to 
each particular case in the light of his 
evidence and hid ideas
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Statistically Significant vs. 
Scientifically Significant

The cram school claims that its course 
will increase the IQ of your child 
statistically significant at the 0.05 
level
Assume that 100 students took the 
courses were tested, and the 
population standard deviation is 15
The actual IQ improvement to be 
statistically significant at 0.05 level is 
simply 94.296.15.1)/( 025.0  zn 2525
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Questions

How to test a null hypothesis for a 
multivariate normal distribution?
How to convert Hotelling’s T2

distribution to the F distribution?distribution to the F distribution?
Is the Hotelling’s T2 distribution 
invariant with linear transformation?

Plausibility of Plausibility of 00 as a Multivariate as a Multivariate 
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FF--DistributionDistribution

3131

Nature of Nature of TT22--DistributionDistribution

 
  

 
n

j
jj

n
n

nT








































1

0

1

1
0

2

randomWishart

1

'

'  X

XXXX

X

3232

  pnppp

pnpp

np

F
pn

pn
F

p

p

NW
n

N

T




















 









































,1 d.f.,

1,

2
1,

)(

)1(

1 d.f.

  d.f.
 calculus,by 

),0()(
1

1
)',0(

 vectorrandom

normal temultivaria

d.f.

matrix

randomWishart 

'
 vectorrandom

normal temultivaria

Test of HypothesisTest of Hypothesis

 if  level cesignificanat 

  offavor in  Reject 

12

10


HH

3333

)(
)1(

)()'(

,

12

pnpF
pn

pn

nT










 00 μxSμx

Example 5.1 Evaluating Example 5.1 Evaluating TT22

0

9/13/1

93

34
,

6

8

5

9
,

38

610

96

















































 SxμX

3434

 

1,223,2
2

2

1

4
)23(

2)13(
:

9

7

56

98

27/49/1

9/13/1
56983

27/49/1

9/13/1

FFT

T






































S

Example 5.2 Testing aExample 5.2 Testing a
Mean VectorMean Vector

   

628364058101

640.5788.199010.10

810.1010.10879.2

,

9659

400.45

640.4

normalitycheck  ,20 0.10. level aat Test 

10504':,10504': 10

 n 

HH








































Sx

μμ



3535level %10 at the Reject 18.874.9

18.8)1.0(
17

319
)10.0(

)(

)1(
 : valueCritical

74.9,

402.0002.0258.0

002.0006.0022.0

258.0022.0586.0

628.3640.5810.1965.9

0
2

17,3,

21

HT

FF
pn

pn

T

pnp

































 



S

Invariance of Invariance of TT22--StatisticStatistic

   
1

''
1

1
,

singular-non : ,

CSCyyyySdxCy

CdCXY

y 







n

n

j
jj

3636

   
   
 0

1
0

0
1

0

0,
1

0,
2

00,

)'(

'')'(

'

,)(

μxSμx

μxCCSCCμx

μySμy

dCμμdCμYμ

YyY

YY















n

n

nT

E



2010/10/14

7

Outline
Introduction
Inferences about a Mean for 
Univariate Normal Distribution 
The probability of o as a value for a 
Normal Population Mean
Hotelling’s T2 and Likelihood Ratio 
Tests
Confidence Regions and 
Simultaneous Comparison of 
Component Means

Questions
What is the likelihood ratio test?
How to derive the Hotelling’s T2

distribution using the likelihood ratio 
test? (Result 5.1)( )
What is the general likelihood ratio 
method?
What is the behavior of the general 
likelihood ratio method when sample 
size n is large?
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Outline
Introduction
Inferences about a Mean for 
Univariate Normal Distribution 
The probability of o as a value for a 
Normal Population Mean
Hotelling’s T2 and Likelihood Ratio 
Tests
Confidence Regions and 
Simultaneous Comparison of 
Component Means

Questions
How to find the confidence region for 
the population mean vector of a 
multivariate normal distribution?
What are the axes of the confidence a a e e a es o e co de ce
ellipsoid?
What are the simultaneous 
confidence statements?

Questions
How to find the confidence interval 
for a linear combination of 
multivariate normal random 
variables?  
How to find the maximum of the t
value for all linear combination 
coefficients?
How to determine the T2 intervals? 
(Result 5.2)

Questions

What are the difference of trends for 
t and T2 intervals as the sample size n
increases?
How to determine simultaneous T2How to determine simultaneous T2

intervals? 
How to determine one-at-a-time 
intervals?

Questions

What is the Bonferroni inequality?Bonferroni inequality?
How to find the simultaneous How to find the simultaneous 
Bonferroni intervals?Bonferroni intervals?
Wh t i  th  t d f th  ti  Wh t i  th  t d f th  ti  What is the trend of the ratio What is the trend of the ratio 
between the length of Bonferroni between the length of Bonferroni 
interval to the length of interval to the length of TT22--Interval Interval 
with increasing sample size with increasing sample size nn under under 
different different mm??
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Simultaneous Simultaneous 
Confidence StatementsConfidence Statements

Sometimes we need confidence Sometimes we need confidence 
statements about the individual statements about the individual 
component meanscomponent means
All if the separate confidence All if the separate confidence 

6161

All if the separate confidence All if the separate confidence 
statements should hold statements should hold 
simultaneously with a specified high simultaneously with a specified high 
probabilityprobability

Concept of Simultaneously Concept of Simultaneously 
Confidence StatementsConfidence Statements
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Confidence Interval of Linear Confidence Interval of Linear 
Combination of VariablesCombination of Variables
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Comparison of Comparison of tt-- and and TT22--IntervalsIntervals
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Simultaneous Simultaneous TT22--IntervalsIntervals
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OneOne--atat--aa--Time IntervalsTime Intervals
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Outline

Large Sample Inferences about a 
Population Mean Vector
Multivariate Quality Control Charts
I f  b t M  V t  Wh  Inferences about Mean Vectors When 
Some Observations Are Missing
Difficulties Due to Time Dependence 
in Multivariate Observations

Questions

What is the limit distribution of the 
square of the statistical distance?
How to reject or accept a null 
hypothesis when n p is large?hypothesis when n-p is large?
How to find the confidence interval 
and the simultaneous confidence 
statements for large n-p? (Result 5.5)

Limit Distribution of the Square ofLimit Distribution of the Square of
Statistical DistanceStatistical Distance
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Example 5.7: Musical Aptitude Example 5.7: Musical Aptitude 
Profile for 96 Finish StudentsProfile for 96 Finish Students
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Example 5.7: Simultaneous 90% Example 5.7: Simultaneous 90% 
Confidence LimitsConfidence Limits
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Questions

What is the control chart?
How to monitor a sample for 
stability?
H  t  d   lit  t l How to draw an quality control 
ellipse?
How to draw an    chart?
How to draw a T2 chart

X

Questions
What is the distribution of T2 for an 
individual future observation? (Result 
5.6)
How to find the control region for an g
individual future observation?
How to draw TT22--chart for future chart for future 
observations?observations?
How to draw control chart based on How to draw control chart based on 
subsample means?subsample means?

Control ChartControl Chart

Represents collected data to evaluate Represents collected data to evaluate 
the capabilities and stability of the the capabilities and stability of the 
processprocess
Identify occurrences of special Identify occurrences of special 

9393

Identify occurrences of special Identify occurrences of special 
causes of variation that come from causes of variation that come from 
outside of the usual processoutside of the usual process

Example 5.8: Overtime Hours for Example 5.8: Overtime Hours for 
a Police Departmenta Police Department

9494

Example 5.8 Example 5.8 
Univariate Control ChartUnivariate Control Chart

9595

Monitoring a Sample for StabilityMonitoring a Sample for Stability
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Example 5.9: Example 5.9: 
99% Ellipse Format Chart99% Ellipse Format Chart
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Example 5.9:   Example 5.9:   --Chart for Chart for XX22X
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Example 5.10: Example 5.10: TT22 Chart Chart 
for for XX11 and and XX22
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Example 5.11: Robotic WeldersExample 5.11: Robotic Welders
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Example 5.11: 99% Quality Control Example 5.11: 99% Quality Control 
Ellipse for ln(Gas flow) and voltageEllipse for ln(Gas flow) and voltage
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Example 5.11:    Example 5.11:    --Chart for Chart for 
ln(Gas flow)ln(Gas flow)

X
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Control Regions for Future Control Regions for Future 
Individual ObservationsIndividual Observations

Set for future observations from Set for future observations from 
collected data when process is stablecollected data when process is stable
Forecast or prediction regionForecast or prediction region

i  hi h  f t  b ti  i  i  hi h  f t  b ti  i  
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–– in which a future observation is in which a future observation is 
expected to lieexpected to lie

Result 5.6Result 5.6
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TT22--Chart for Future ObservationsChart for Future Observations
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Questions
What is the EM algorithm?
What are sufficient statistics?
What are sufficient statistics for 
multivariate normal distribution?multivariate normal distribution?
How to estimate the mean and 
variance-covariance matrix for 
multivariate normal distribution 
when some observations are 
missing?

EM AlgorithmEM Algorithm
Prediction stepPrediction step
––Given some estimate of the unknown Given some estimate of the unknown 

parameters, predict the contribution of parameters, predict the contribution of 
the missing observations to the the missing observations to the 

116116

sufficient statistics sufficient statistics 

Estimation stepEstimation step
––Use the predicted statistics to compute Use the predicted statistics to compute 

a revised estimate of the parametersa revised estimate of the parameters

Cycle from one step to the otherCycle from one step to the other

CompleteComplete--Data Sufficient StatisticsData Sufficient Statistics
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Example 5.13: EM AlgorithmExample 5.13: EM Algorithm

4~,1~,6~,
215

627

30

321 













 X

121121

       

1~,
4

3~,
4

1~,
2

5~,
2

1~

2

1

4

66656766~

5

1323123322

2222

11












 





Example 5.13: Prediction StepExample 5.13: Prediction Step

~
|

~

~
|

~

~~|~

~~|~

~~|~

~

~

~

~

~

~

~

2221

1211

232212

131211

)2(

)1(

2

1













































































ΣΣ

ΣΣ

Σ

μ

μ













122122

 

     18.170~

99.32~~~~~

73.5'~~~~~~
|

131211

~

131211

2
1121

1
221211

~
2
11

313212
1

2212111

3323133












xxxxxx

xx

xxx

ΣΣΣ

ΣΣ







Example 5.13: Prediction StepExample 5.13: Prediction Step















































































~
|

~

~
|

~

~|~~

~|~~

~|~~

~

~

~

~

~

~

~

2221

1211

332313

232212

131211

)2(

)1(

3

2

1












ΣΣ

ΣΣ

Σ

μ

μ

123123

 









































































5.6

0.32
,

97.127.8

27.806.41

3.1

4.6~~~
~

~

|

43
42

41
~
2
42

~

4241

~

4241

~
2
41

343
1

2212
2

1

~

42

41

3323133

x
x

x

xxx

xxx

x
x

x







ΣΣ

Example 5.13: Prediction StepExample 5.13: Prediction Step







































0016

30.4

13.24
~

~~
~

42322212

41312111

1T xxxx

xxxx

124124


















 

00.7450.2018.101

50.2097.627.27

18.10127.2705.148
~

00.16

2

43332313

T

xxxx

Example 5.13: Estimation StepExample 5.13: Estimation Step


















004

08.1

03.6
~1~

1Tμ
n

125125




















50.283.017.1

83.059.033.0

17.133.061.0

'~~~1~

00.4

2 μμTΣ
n

Outline

Large Sample Inferences about a 
Population Mean Vector
Multivariate Quality Control Charts
I f  b t M  V t  Wh  Inferences about Mean Vectors When 
Some Observations Are Missing
Difficulties Due to Time Dependence 
in Multivariate Observations



2010/10/14

22

Question

What is the confidence region for a 
time-varying multivariate normal 
distribution following AR(1) model?

Time Dependence in ObservationsTime Dependence in Observations
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