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Proof of Result 7.7Proof of Result 7.7
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QuestionsQuestions

How to know the adequacy of the How to know the adequacy of the 
linear regression model?linear regression model?
How to test independence of time?How to test independence of time?
Wh t i  th  l ?Wh t i  th  l ?

6767

What is the leverage?What is the leverage?
What is the MallowWhat is the Mallow’’s s CCpp Statistic? Statistic? 
How to use it?How to use it?
What is the stepwise regression?What is the stepwise regression?
How to treat colinearity?How to treat colinearity?

QuestionsQuestions

What is the bias caused by a What is the bias caused by a 
mismis--specified model?specified model?

6868

Adequacy of the ModelAdequacy of the Model
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Residual PlotsResidual Plots
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QQ--QQ Plots and HistogramsPlots and Histograms

Used to detect the presence of Used to detect the presence of 
unusual observations or severe unusual observations or severe 
departures from normality that may departures from normality that may 
require special attention in the require special attention in the 
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require special attention in the require special attention in the 
analysisanalysis
If If nn is large, minor departures from is large, minor departures from 
normality will not greatly affect normality will not greatly affect 
inferences about inferences about 
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Example 7.7: Residual PlotExample 7.7: Residual Plot
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LeverageLeverage

““OutliersOutliers”” in either the response or in either the response or 
explanatory variables may have a explanatory variables may have a 
considerable effect on the analysis considerable effect on the analysis 
and determine the fitand determine the fit

7474

and determine the fitand determine the fit
Leverage for simple linear Leverage for simple linear 
regression with one explanatory regression with one explanatory 
variable variable zz
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Stepwise RegressionStepwise Regression
1. The predictor variable that 1. The predictor variable that 
explains the largest significant explains the largest significant 
proportion of the variation in proportion of the variation in YY is the is the 
first variable to enterfirst variable to enter

7777

2. The next to enter is the one that 2. The next to enter is the one that 
makes the highest contribution to makes the highest contribution to 
the regression sum of squares. Use the regression sum of squares. Use 
Result 7.6 to determine the Result 7.6 to determine the 
significance (significance (FF--test) test) 

Stepwise RegressionStepwise Regression
3. Once a new variable is included, 3. Once a new variable is included, 
the individual contributions to the the individual contributions to the 
regression sum of squares of the regression sum of squares of the 
other variables already in the other variables already in the 
equation are checked using equation are checked using FF--tests   tests   

7878

equation are checked using equation are checked using FF--tests.  tests.  
If the If the FF--statistic is small, the variable statistic is small, the variable 
is deletedis deleted
4. Steps 2 and 3 are repeated until 4. Steps 2 and 3 are repeated until 
all possible additions are nonall possible additions are non--
significant and all possible deletions significant and all possible deletions 
are significantare significant
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Treatment of ColinearityTreatment of Colinearity
If If ZZ is not of full rank, is not of full rank, Z’ZZ’Z does not have does not have 
an inverse an inverse  ColinearColinear
Not likely to have exact colinearityNot likely to have exact colinearity
Possible to have a linear combination of Possible to have a linear combination of 

7979

Possible to have a linear combination of Possible to have a linear combination of 
columns of columns of ZZ that are nearly 0that are nearly 0
Can be overcome somewhat byCan be overcome somewhat by
–– Delete one of a pair of predictor variables that Delete one of a pair of predictor variables that 

are strongly correlatedare strongly correlated
–– Relate the response Relate the response YY to the principal to the principal 

components of the predictor variablescomponents of the predictor variables

Bias Caused by a Bias Caused by a 
Misspecified ModelMisspecified Model
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Model Checking and Other Aspects of Model Checking and Other Aspects of 
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Multivariate Multiple RegressionMultivariate Multiple Regression
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The Concept of Linear RegressionThe Concept of Linear Regression
Comparing the Two Formulations of Comparing the Two Formulations of 
the Regression Modelthe Regression Model
Multiple Regression Models with Time Multiple Regression Models with Time 
Dependent ErrorsDependent Errors

QuestionsQuestions

How to do multivariate multiple How to do multivariate multiple 
regression?regression?
What are the expectation of the What are the expectation of the 
estimated matrix of coefficients and estimated matrix of coefficients and 

8282

estimated matrix of coefficients and estimated matrix of coefficients and 
the covariance matrix of the the covariance matrix of the 
residuals? (Result 7.9)residuals? (Result 7.9)
What is the forecast error?What is the forecast error?

QuestionsQuestions
What is the maximum likelihood What is the maximum likelihood 
estimator of the matrix of estimator of the matrix of 
coefficients? (Result 7.10)coefficients? (Result 7.10)
How to know that number of How to know that number of 

8383

variables is enough in the variables is enough in the 
multivariate multiple regression? multivariate multiple regression? 
(Result 7.11)(Result 7.11)
How to do Predictions from How to do Predictions from 
Regressions?Regressions?

Example 7.8Example 7.8
Observed dataObserved data

zz11 00 11 22 33 44

yy11 11 44 33 88 99
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Regression modelRegression model
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Multivariate Multiple RegressionMultivariate Multiple Regression
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Example 7.8Example 7.8
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Example 7.15Example 7.15

Example 7.6, classical linear Example 7.6, classical linear 
regression modelregression model
Example 7.12, joint normal Example 7.12, joint normal 
distribution  best predictor as the distribution  best predictor as the 

136136

distribution, best predictor as the distribution, best predictor as the 
conditional meanconditional mean
Both approaches yielded the same Both approaches yielded the same 
predictor of predictor of YY11

21 42.008.142.8ˆ zzy 

Remarks on Both FormulationRemarks on Both Formulation

Conceptually differentConceptually different
Classical modelClassical model
–– Input variables are set by experimenterInput variables are set by experimenter

O ti l  li  di tO ti l  li  di t

137137

––Optimal among linear predictorsOptimal among linear predictors

Conditional mean modelConditional mean model
––Predictor values are random variables Predictor values are random variables 

observed with the response valuesobserved with the response values
––Optimal among all choices of predictorsOptimal among all choices of predictors

OutlineOutline

Model Checking and Other Aspects of Model Checking and Other Aspects of 
RegressionRegression
Multivariate Multiple RegressionMultivariate Multiple Regression
Th  C t f Li  R iTh  C t f Li  R i

138138

The Concept of Linear RegressionThe Concept of Linear Regression
Comparing the Two Formulations of Comparing the Two Formulations of 
the Regression Modelthe Regression Model
Multiple Regression Models with Time Multiple Regression Models with Time 
Dependent ErrorsDependent Errors
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Example 7.16 Natural Gas DataExample 7.16 Natural Gas Data
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Example 7.16 : First ModelExample 7.16 : First Model
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Example 7.16 : Second ModelExample 7.16 : Second Model

DHDLag1 426DHD5 8102 130Sendout

as model fitted aget   toSASApply 

noisesiveautoregresan with errorst independen  theReplace
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negligible all are residuals  theof nscorrelatio auto

89.228ˆ

240.0470.0
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