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Questions
What is the univariate normal 
di t ib ti ?distribution?
What is the multivariate normal 
distribution?
Why to study multivariate normal 
distribution?distribution?

Multivariate Normal DistributionMultivariate Normal Distribution
Generalized from univariate normal Generalized from univariate normal 
densitydensitydensitydensity
Base of many multivariate analysis Base of many multivariate analysis 
techniquestechniques
Useful approximation to Useful approximation to ““truetrue””
population distributionpopulation distribution

66

Central limit distribution of many Central limit distribution of many 
multivariate statistics multivariate statistics 
Mathematical tractableMathematical tractable
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Questions
What is the formula for the 
probability density function of a probability density function of a 
univariate normal distribution?
What are the probability meaning of 
parameters  and ?
How much probability are in the 
i t l  ( ) d ( 2 2 )?intervals (-, +) and (-2, +2)?
How to look up the accumulated 
univariate normal probability in Table 
1, Appendix?
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Questions
What is the Mahalanobis distance for Mahalanobis distance for 

i i t  l di t ib ti ?i i t  l di t ib ti ?univariate normal distribution?univariate normal distribution?
What is the Mahalanobis distance for What is the Mahalanobis distance for 
multivariate normal distribution?multivariate normal distribution?
What are the symbol for and the What are the symbol for and the 
formula of the probability density of formula of the probability density of formula of the probability density of formula of the probability density of 
a a pp--dimensional multivariate normal dimensional multivariate normal 
distribution?distribution?

Questions
What are the possible shapes in a 
surface diagram of a bivariate surface diagram of a bivariate 
normal density?
What is the constant probability 
density contour for a pp--dimensional dimensional 
multivariate normal distribution?multivariate normal distribution?
Wh t  th  i l  d Wh t  th  i l  d What are the eigenvalues and What are the eigenvalues and 
eigenvectors of the inverse of eigenvectors of the inverse of ? ? 
(Result 4.1)(Result 4.1)

Questions
What is the region that the total 
probability inside equals 1 ? probability inside equals 1-? 
What is the probability distribution 
for a linear combination of p random 
variables with the same multivariate-
normal distribution? (Result 4.2)
H  t  fi d th  i l di t ib ti  How to find the marginal distribution 
of a multivariate-normal distribution 
by Result 4.2?

Questions
What is the probability distribution 
for a random vector obtained by for a random vector obtained by 
multiplying a matrix to a random 
vector of p random variables with the 
same multivariate-normal 
distribution? (Result 4.3)
What is the probability distribution of What is the probability distribution of 
a random vector of multivariate 
normal distribution plus a constant 
vector? (Result 4.3) 
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Questions
Given the mean and covariance 

t i  f  lti i t  d  matrix of a multivariate random 
vector, and the random vector is 
partitioned, how to find the mean 
and covariance matrix of the two 
parts of the partitioned random 
vector? (Result 4.4)

Questions
What are the if-and-only-if conditions 
for two multivariate normal vectors for two multivariate normal vectors 
X1 and X2 to be independent? (Result 
4.5)
If two multivariate normal vectors X1
and X2 are independent, what will be 
the probability distribution of the the probability distribution of the 
random vector partitioned into X1
and X2? (Result 4.5) 

Questions
A random vector X is partitioned into 
X d X  th  h t i  th  X1 and X2, then what is the 
conditional probability distribution od 
X1 given X2 = x2? (Result 4.6)
What is the probability distribution 
for the square of the Mahalanobis Mahalanobis for the square of the Mahalanobis Mahalanobis 
distance for a multivariate normal distance for a multivariate normal 
vector? (Result 4.7)vector? (Result 4.7)

Questions
How to find the value of the 
M h l bi  di t  f   M h l bi  di t  f   Mahalanobis distance for a Mahalanobis distance for a 
multivariate normal vector when the multivariate normal vector when the 
probability inside the corresponding probability inside the corresponding 
ellipsoid is specified? (Result 4.7)ellipsoid is specified? (Result 4.7)
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Questions
What is the shape of a chi-square 
distribution curve? distribution curve? 
How to look up the accumulated 
chi-square probability from Table 3, 
Appendix?
What is the joint distribution of two 

d  t  hi h  t  li  random vectors which are two linear 
combinations of n different 
multivariate random vectors? (Result 
4.8)
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pp--dimensional Normal Densitydimensional Normal Density
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Example 4.1 Bivariate DistributionExample 4.1 Bivariate Distribution
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Example 4.2 Bivariate ContourExample 4.2 Bivariate Contour
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Result 4.2Result 4.2
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Proof of Result 4.3: Part 2Proof of Result 4.3: Part 2
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Result 4.5Result 4.5
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Proof of Result 4.6Proof of Result 4.6
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Questions
What is the trace of a matrix?
How to compute the quadratic form 
using the trace of the matrix? (Result 
4.9)
How to express the trace of a matrix 
by its eigenvalues? (Result 4 9)by its eigenvalues? (Result 4.9)
Result 4.10

Questions
How to estimate the mean and 
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What is the sufficient statistics?What is the sufficient statistics?
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Likelihood FunctionLikelihood Function
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Proof of Result 4.11Proof of Result 4.11
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Questions
What is the distribution of sample 

 f  lti i t  l mean for multivariate normal 
samples?
What is the distribution of sample 
covariance matrix for multivariate 
normal samples?normal samples?

Distribution of Sample MeanDistribution of Sample Mean
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Outline
Introduction
Th  M lti i t  N l D it  The Multivariate Normal Density 
and Its Properties
Sampling from a Multivariate 
Normal Distribution and Maximum 
Likelihood Estimation
The Sampling Distribution of      and 
S
Large-Sample Behavior of      and S

X

X

Questions
What is the univariate central limit 
th ?theorem?
What is the law of large numbers, for 
the univariate case and the 
multivariate case? (Result 4.12)
What is the multivariate central limit What is the multivariate central limit 
theorem? (Result 4.13)

Questions
What is the limit distribution for the 

 f t ti ti l di t ?square of statistical distance?

Univariate Central Limit TheoremUnivariate Central Limit Theorem
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Result 4.12 Law of Large NumbersResult 4.12 Law of Large Numbers
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Outline
Assessing the Assumption of 
N litNormality
Detecting Outliers and Cleaning Data
Transformations to Near Normality

Questions
How to determine if the samples 
f ll   l di t ib ti ?follow a normal distribution?
What is the Q-Q plot?  Why is it 
valid?
How to measure the straightness in a 
Q-Q plot?Q Q plot?

Questions
How to use Result 4.7 to check if the 

l   t k  f   samples are taken from a 
multivariate normal population?
What is the chi-square plot?  How to 
use it?
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Example 4.9Example 4.9
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Example 4.9Example 4.9

9494

Histogram of Histogram of MidTermMidTerm Scores of Scores of 
Students of This Course in 2006 Students of This Course in 2006 
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Example 4.10 Radiation Data of Example 4.10 Radiation Data of 
ClosedClosed--Door Microwave OvenDoor Microwave Oven

9797
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Evaluating Bivariate NormalityEvaluating Bivariate Normality
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Example 4.13 ChiExample 4.13 Chi--Square Plot Square Plot 
for Example 4.12for Example 4.12
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Example 4.13 ChiExample 4.13 Chi--Square Plot Square Plot 
for Example 4.12for Example 4.12
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ChiChi--Square Plot for Computer Square Plot for Computer 
Generated 4Generated 4--variate Normal Datavariate Normal Data
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Outline
Assessing the Assumption of 
N litNormality
Detecting Outliers and Cleaning Data
Transformations to Near Normality
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Steps for Detecting OutliersSteps for Detecting Outliers
Make a dot plot for each variableMake a dot plot for each variable
Make a scatter plot for each pair of Make a scatter plot for each pair of Make a scatter plot for each pair of Make a scatter plot for each pair of 
variablesvariables
Calculate the standardized values.  Calculate the standardized values.  
Examine them for large or small Examine them for large or small 
valuesvalues
Calculated the squared statistical Calculated the squared statistical 

109109

Calculated the squared statistical Calculated the squared statistical 
distance.  Examine for unusually distance.  Examine for unusually 
large values.  In chilarge values.  In chi--square plot, square plot, 
these would be points farthest from these would be points farthest from 
the origin.the origin.

Outline
Assessing the Assumption of 
N litNormality
Detecting Outliers and Cleaning Data
Transformations to Near Normality

Questions
How to transform sample counts, 
proportion  and correlation  such that proportion, and correlation, such that 
the new variable is more near to a 
univariate normal distribution?
What is Box and Cox’s univariate 
transformation?
H  t  t d B  d C ’  How to extend Box and Cox’s 
transformation to the multivariate 
case?

Questions
How to deal with data including large 

ti  l ? negative values? 
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Helpful Transformation to Helpful Transformation to 
Near NormalityNear Normality
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116116



2010/9/30

30

Transforming Multivariate Transforming Multivariate 
ObservationsObservations
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Example 4.17 Original Example 4.17 Original QQ--QQ Plot for Plot for 
OpenOpen--Door DataDoor Data
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Example 4.17 Example 4.17 QQ--QQ Plot of Plot of 
Transformed OpenTransformed Open--Door DataDoor Data
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Example 4.17 Contour Plot ofExample 4.17 Contour Plot of
for Both Radiation Datafor Both Radiation Data),( 21 
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Transform for Data Including Transform for Data Including 
Large Negative ValuesLarge Negative Values
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