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Questions

What is the essential purpose of 
factor analysis?
What is a factor?
What is the difference between the 
principal component analysis and the 
factor analysis?

5

History

Early 20th-century attempt to define 
and measure intelligence
Developed primarily by scientists 
interested in psychometrics
Advent of computers generated a 
renewed interest
Each application must be examined 
on its own merits

6

Essence of Factor Analysis
Describe the covariance among 
many variables in terms of a few 
underlying, but unobservable, 
random factors.
A group of variables highly correlated 
among themselves, but having 
relatively small correlations with 
variables in different groups 
represent a single underlying factor
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Example 9.8
Examination Scores Outline
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Questions

What is the system of equations for a 
factor analysis model?
What is the orthogonal factor model?
What is the communality?
What is the specific variance?
Is the factor model unique? Why?
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Orthogonal Factor Model

 variablesrandom leunobservab

:,,,,,,,

factorth  on the eth variabl  theof loading:

2121

2211

2222212122

1121211111

pm

ij

pmpmpppp

mm

mm

FFF

ji

FFFX

FFFX

FFFX




















εFLμX 






11

Orthogonal Factor Model

loadingfactor  ofmatrix  :

components th  vector wirandom    

 variationof source factors, specificor  errors :

components th  vector wirandom     

 oft independen factors,common  :

 ofmatrix  covariance andmean :,

components th  vector wirandom :

L

ε

XF

XΣμ

X

p

m

p

12

Orthogonal Factor Model
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Orthogonal Factor Model
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Orthogonal Factor Model
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Example 9.1: Verification
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Example 9.2: No Solution

 

 

toryunsatisfac),Var(575.01

ioncontradict ,1|),(Co||),Cov(|||

1)Cov(,1)Cov(,575.1,7.0/4.0

1,4.0,1

7.0,9.0,1

00

00

00

14.07.0

4.019.0

7.09.01

,,

1
2
111

111111

11
2
111121

3
2
3131212

2
21

311121111
2
11

3

2

1

312111

31

21

11

313133212122111111































































































FXrrFX

XF

FXFXFX

Σ

17

Ambiguities of L When m>1
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Questions

How to use the principal component 
analysis to solve for the factors?
What is the residual matrix?
What is the upper limit for the sum 
of squared entries of the residual 
matrix?
How to determine the number of 
common factors?

Questions

How to apply the maximum 
likelihood method to solve for the 
factors?
What is the maximum likelihood 
estimates of the communalities?
What is the proportion of total 
sample variance due to the jth
factor?

Questions

How to conduct a large sample test 
for the number of common factors?
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Principal Component Solution
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Principal Component Solution
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Residual Matrix
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Determination of Number of 
Common Factors
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Example 9.3
Consumer Preference Data
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Example 9.3
Determination of m
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Example 9.3
Principal Component Solution
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Example 9.3
Factorization
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Example 9.4
Stock Price Data

Weekly rates of return for five stocks
– X1: J P Morgan
– X2: Citibank
– X3: Wells Fargo
– X4: Royal Dutch Shell
– X5: ExxonMobil
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Example 9.4
Stock Price Data
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Example 9.4
Principal Component Solution
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Example 9.4
Residual Matrix for m=2
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Maximum Likelihood Method
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Result 9.1
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Factorization of R
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Example 9.5: Factorization of
Stock Price Data
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Example 9.5
ML Residual Matrix
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Example 9.6
Olympic Decathlon Data
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Example 9.6
Factorization
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Example 9.6
PC Residual Matrix
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Example 9.6
ML Residual Matrix
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A Large Sample Test for 
Number of Common Factors
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A Large Sample Test for 
Number of Common Factors
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Example 9.7
Stock Price Model Testing
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Outline

Introduction
The Orthogonal Factor Model
Methods of Estimation
Factor Rotation
Factor Scores
Perspectives and Strategy for Factor 
Analysis

Questions

What is the factor rotation?
Why is the factor rotation important 
for interpretation of the factors?
Will the communality change under 
the factor rotation?
What is the varimax criterion?
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Example 9.8
Examination Scores
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Example 9.8
Maximum Likelihood Solution
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Example 9.8
Factor Rotation 
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Example 9.8
Rotated Factor Loading
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Example 9.9: Consumer-
Preference Factor Analysis
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Example 9.9
Factor Rotation
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Example 9.10 
Stock Price Factor Analysis

56

Example 9.11
Olympic Decathlon Factor Analysis

57

Example 9.11
Rotated ML Loadings Outline

Introduction
The Orthogonal Factor Model
Methods of Estimation
Factor Rotation
Factor Scores
Perspectives and Strategy for Factor 
Analysis

Questions

What is the factor scores?
How to solve the factor scores by the 
weighted least squares method?
How to solve the factor scores by the 
principal component analysis?
How to solve the factor scores by the 
regression model?
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Factor Scores
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Weighted Least Squares Method
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Factor Scores of Principal 
Component Method
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Orthogonal Factor Model
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Regression Model
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Factor Scores by Regression
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Example 9.12
Stock Price Data
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Example 9.12
Factor Scores by Regression

68

Example 9.13: Simple Summary 
Scores for Stock Price Data
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Outline

Introduction
The Orthogonal Factor Model
Methods of Estimation
Factor Rotation
Factor Scores
Perspectives and Strategy for Factor 
Analysis

Questions

Give a strategy for factor analysis?
What is the “Wow” criterion? 

71

A Strategy for Factor Analysis

1. Perform a principal component 
factor analysis
–Look for suspicious observations by 

plotting the factor scores
–Try a varimax rotation

2. Perform a maximum likelihood 
factor analysis, including a varimax
rotation

72

A Strategy for Factor Analysis
3. Compare the solutions obtained from 
the two factor analyses
– Do the loadings group in the same manner?
– Plot factor scores obtained for PC against 

scores from ML analysis

4. Repeat the first 3 steps for other 
numbers of common factors
5. For large data sets, split them in half 
and perform factor analysis on each part. 
Compare the two results with each other 
and with that from the complete data set



2011/12/27

13

73

Example 9.14
Chicken-Bone Data
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Example 9.14:Principal Component 
Factor Analysis Results
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Example 9.14: Maximum Likelihood 
Factor Analysis Results
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Example 9.14
Residual Matrix for ML Estimates
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Example 9.14
Factor Scores for Factors 1 & 2
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Example 9.14
Pairs of Factor Scores: Factor 1
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Example 9.14
Pairs of Factor Scores: Factor 2
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Example 9.14
Pairs of Factor Scores: Factor 3
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Example 9.14
Divided Data Set
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Example 9.14: PC Factor Analysis 
for Divided Data Set

83

WOW Criterion

In practice the vast majority of 
attempted factor analyses do not 
yield clear-cut results
If, while scrutinizing the factor 
analysis, the investigator can shout 
“Wow, I understand these factors,”
the application is deemed successful


