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Questions
What is regression analysis?
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Regression Analysis
A statistical methodology 
–For predicting value of one or more 

response (dependent) variables
–Predict from a collection of predictor 

(independent) variable values 
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Example 7.1 Fitting a Straight Line
Observed data

Linear regression model

z1 0 1 2 3 4

y 1 4 3 8 9

110)(  responseMean zYE  
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Example 7.1 Fitting a Straight Line
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Questions
What is the classical regression 
model?
How to treat a one-way ANOVA 
problem as the classical regression 
model?
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Classical Linear Regression Model
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Classical Linear Regression Model
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Example 7.1
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Examples 6.7 & 6.8
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Example 7.2 One-Way ANOVA
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Outline
Introduction
The Classical Linear Regression 
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Model
Inference from the Estimated 
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Questions
What is the method of least squares?
What is the least square estimation 
about the assumed coefficients in the 
classical regression model? (Result 
7.1)
What is the coefficient of 
determination?
How to explain the results of the 
least square estimation through 
geometry?

18

Questions
What is the projection matrix?
What are the expectation of the 
estimated coefficients and the 
residual? What are the covariance 
matrix and the variance of the 
residual? (Result 7.2)
What is the Gauss least square 
theorem? (Result 7.3) 

19

Method of Least Squares
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Result 7.1
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Proof of Result 7.1
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Proof of Result 7.1
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Example 7.1 Fitting a Straight Line
Observed data

Linear regression model

z1 0 1 2 3 4

y 1 4 3 8 9

110)(  responseMean zYE  
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Example 7.3

 

 

 
 

6ˆ'ˆ equations of sum residual
'01210ˆˆ

'97531ˆˆ,21ˆ

2
1

''ˆ
ˆˆ,

70
25

'

1.02.0
2.06.0

',
3010
105

'

1

1

0

1



























































εε
yyε

βZy

yZZZβyZ

ZZZZ

zy






2011/11/22

7

25

Coefficient of Determination
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Geometry of Least Squares
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Geometry of Least Squares
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Projection Matrix
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Result 7.2 
 

   

        
   

eduncorrelat are ˆ and ˆ

)(,
1
)('

)1(
ˆ'ˆ

1ˆ'ˆ
''ˆCov,0ˆ

)(ˆˆ

')ˆCov(,ˆ
''ˆ,

222

2

212

12

1

εβ

YHIYεε
εε

HIZZZZIεε

YHIβZYε

ZZβββ

YZZZβεZβY


































sE
rnrn

s

rnE
E

E

30

Proof of Result 7.2*
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Proof of Result 7.2*
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Result 7.3
Gauss Least Square Theorem

βc
Ya'

βc
βc

IεεεZβY

'for  unbiased arethat 

form  theofestimator  all among
  variancepossiblesmallest   thehas ' of

estimator an as ˆˆˆˆ'

)Cov(,0)(,

2211

1100

2

nn

rr

YaYaYa

βcβcβc

E















2011/11/22

9

33

Proof of Result 7.3
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Outline
Introduction
The Classical Linear Regression 
Model
Least Square Estimation
Inference about the Regression 
Model
Inference from the Estimated 
Regression Function
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Questions
What are the maximum likelihood 
estimator to the coefficients and the 
assumed variance? (Result 7.4)
What are the confidence region and 
the simultaneous confidence 
intervals for the assumed coefficients? 
(Result 7.5) 
How to know that the number of the 
coefficients has been enough? 
(Result 7.6) 

36

Questions
How to modify Result 7.6 when the 
rank of the Z matrix is not full? 
How to generalize Result 7.6 to the 
case that the coefficient vector is 
multiplied by a matrix?
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Result 7.4
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Proof of Result 7.4*
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Proof of Result 7.4*
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Proof of Result 4.11*
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Proof of Result 7.4*
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Proof of Result 7.4*
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Result 7.5
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Proof of Result 7.5
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Example 7.4 (Real Estate Data)
20 homes in a Milwaukee, Wisconsin, 
neighborhood
Regression model

dollars) of (thousands  valueassessed:
feet) squared of (hundereds size dwelling total:

dollars) of (thousands price selling:

2

1

22110

z
z
Y

zzY jjj  

48

Example 7.4
 

 

 
 647.0,556.0:for  interval confidence %95

285.0110.2045.0)ˆ(Var025.0ˆ

834.0,045.0634.2967.30ˆ
285.00067.0,785.00512.0,88.71523.5

473.3,
045.0
634.2
967.30

''ˆ

0067.00172.01463.0
0512.02544.0

1523.5
'

2

2

^

172

2
2)285.0(1)785.0()88.7(

1

1



















































 t

Rzzy
sss

syZZZβ

ZZ



2011/11/22

13

49

Result 7.6
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Effect of Rank
In situations where Z is not of full 
rank, rank(Z) replaces r+1 and rank(Z1)
replaces q+1 in Result 7.6
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Proof of Result 7.6
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Proof of Result 7.6
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Wishart Distribution
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Generalization of Result 7.6
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Example 7.5 (Service Ratings Data)
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Example 7.5: Design Matrix
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Outline
Introduction
The Classical Linear Regression 
Model
Least Square Estimation
Inference about the Regression 
Model
Inference from the Estimated 
Regression Function
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Questions
What is the unbiased estimator of 
E(Y0|z0) with minimum variance and 
its corresponding confidence 
intervals? (Result 7.7)
What are the unbiased predictor and 
its prediction intervals of Y0? (Result 
7.8)
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Proof of Result 7.7
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Result 7.8
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Proof of Result 7.8
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Example 7.6 (Computer Data)
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Outline
Model Checking and Other Aspects of 
Regression
Multivariate Multiple Regression
The Concept of Linear Regression
Comparing the Two Formulations of 
the Regression Model
Multiple Regression Models with Time 
Dependent Errors

67

Questions
How to know the adequacy of the 
linear regression model?
How to test independence of time?
What is the leverage?
What is the Mallow’s Cp Statistic? 
How to use it?
What is the stepwise regression?
How to treat colinearity?

68

Questions
What is the bias caused by a 
mis-specified model?
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Adequacy of the Model
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Residual Plots

71

Q-Q Plots and Histograms
Used to detect the presence of 
unusual observations or severe 
departures from normality that may 
require special attention in the 
analysis
If n is large, minor departures from 
normality will not greatly affect 
inferences about 
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Test of Independence of Time
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Example 7.7: Residual Plot

74

Leverage
“Outliers” in either the response or 
explanatory variables may have a 
considerable effect on the analysis 
and determine the fit
Leverage for simple linear 
regression with one explanatory 
variable z
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Mallow’s Cp Statistic
Select variables from all possible 
combinations

  )2(
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Usage of Mallow’s Cp Statistic
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Stepwise Regression
1. The predictor variable that 
explains the largest significant 
proportion of the variation in Y is the 
first variable to enter
2. The next to enter is the one that 
makes the highest contribution to 
the regression sum of squares. Use 
Result 7.6 to determine the 
significance (F-test) 

78

Stepwise Regression
3. Once a new variable is included, 
the individual contributions to the 
regression sum of squares of the 
other variables already in the 
equation are checked using F-tests.  
If the F-statistic is small, the variable 
is deleted
4. Steps 2 and 3 are repeated until 
all possible additions are non-
significant and all possible deletions 
are significant

79

Treatment of Colinearity
If Z is not of full rank, Z’Z does not have 
an inverse  Colinear
Not likely to have exact colinearity
Possible to have a linear combination of 
columns of Z that are nearly 0
Can be overcome somewhat by
– Delete one of a pair of predictor variables that 

are strongly correlated
– Relate the response Y to the principal 

components of the predictor variables
80

Bias Caused by a 
Misspecified Model
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Outline
Model Checking and Other Aspects of 
Regression
Multivariate Multiple Regression
The Concept of Linear Regression
Comparing the Two Formulations of 
the Regression Model
Multiple Regression Models with Time 
Dependent Errors

82

Questions
How to do multivariate multiple 
regression?
What are the expectation of the 
estimated matrix of coefficients and 
the covariance matrix of the 
residuals? (Result 7.9)
What is the forecast error?

83

Questions
What is the maximum likelihood 
estimator of the matrix of 
coefficients? (Result 7.10)
How to know that number of 
variables is enough in the 
multivariate multiple regression? 
(Result 7.11)
How to do Predictions from 
Regressions?

84

Example 7.8
Observed data

Regression model

2112022

1111011





zY
zY

z1 0 1 2 3 4

y1 1 4 3 8 9

y2 -1 -1 2 3 2
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Multivariate Multiple Regression
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Multivariate Multiple Regression
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Multivariate Multiple Regression
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Multivariate Multiple Regression
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Multivariate Multiple Regression
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Multivariate Multiple Regression
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Example 7.8
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Result 7.9
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Proof of Result 7.9
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Proof of Result 7.9
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Proof of Result 7.9
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Forecast Error
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Forecast Error
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Result 7.10
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Result 7.11
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Other Multivariate Test Statistics
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Predictions from Regressions
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Predictions from Regressions
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Predictions from Regressions
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Example 7.10
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Example 7.10
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Example 7.10
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Outline
Model Checking and Other Aspects of 
Regression
Multivariate Multiple Regression
The Concept of Linear Regression
Comparing the Two Formulations of 
the Regression Model
Multiple Regression Models with Time 
Dependent Errors
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Questions
What are the results if the response 
Y is also treated as random in 
regression? (Result 7.12) 
What is the Population Multiple 
Correlation Coefficient?
What is the maximum likelihood 
eatimator if the response Y is also 
treated as random in regression? 
(Result 7.13, 7.14)
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Questions
What is the partial correlation 
coefficient?
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Linear Regression
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Result 7.12
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Proof of Result 7.12
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Proof of Result 7.12
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Population Multiple 
Correlation Coefficient
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Example 7.11
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Linear Predictors and Normality
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Result 7.13
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Proof of Result 7.13
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Invariance Property
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Example 7.12
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Example 7.12
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Prediction of Several Variables
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Result 7.14
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Example 7.13
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Example 7.13
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Partial Correlation Coefficient
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Example 7.14
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Outline
Model Checking and Other Aspects of 
Regression
Multivariate Multiple Regression
The Concept of Linear Regression
Comparing the Two Formulations of 
the Regression Model
Multiple Regression Models with Time 
Dependent Errors
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Questions
What is the mean corrected form for 
multivariate multiple regressions?
Compare the classical regression 
model and the approach that treats 
the result as a conditional 
expectation? 
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Mean Corrected Form of the 
Regression Model
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Mean Corrected Form of the 
Regression Model
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Mean Corrected Form for 
Multivariate Multiple Regressions
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Relating the Formulations
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Example 7.15
Example 7.6, classical linear 
regression model
Example 7.12, joint normal 
distribution, best predictor as the 
conditional mean
Both approaches yielded the same 
predictor of Y1

21 42.008.142.8ˆ zzy 
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Remarks on Both Formulation
Conceptually different
Classical model
– Input variables are set by experimenter
–Optimal among linear predictors

Conditional mean model
–Predictor values are random variables 

observed with the response values
–Optimal among all choices of predictors
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Outline
Model Checking and Other Aspects of 
Regression
Multivariate Multiple Regression
The Concept of Linear Regression
Comparing the Two Formulations of 
the Regression Model
Multiple Regression Models with Time 
Dependent Errors
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Example 7.16 Natural Gas Data

140

Example 7.16 : First Model
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Example 7.16 : Second Model
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