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What is the univariate normal 
distribution?
What is the multivariate normal 
distribution?
Why to study multivariate normal 
distribution?
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Outline
Introduction
The Multivariate Normal Density 
and Its Properties
Sampling from a Multivariate 
Normal Distribution and Maximum 
Likelihood Estimation
The Sampling Distribution of      and 
S
Large-Sample Behavior of      and S

X

X

Questions
What is the formula for the 
probability density function of a 
univariate normal distribution?
What are the probability meaning of 
parameters  and ?
How much probability are in the 
intervals (-, +) and (-2, +2)?
How to look up the accumulated 
univariate normal probability in Table 
1, Appendix?

Questions

What is the MahalanobisMahalanobis distance for distance for 
univariateunivariate normal distribution?normal distribution?
What is the What is the MahalanobisMahalanobis distance for distance for 
multivariate normal distribution?multivariate normal distribution?
What are the symbol for and the What are the symbol for and the 
formula of the probability density of formula of the probability density of 
a a pp--dimensional multivariate normal dimensional multivariate normal 
distribution?distribution?

Questions
What are the possible shapes in a 
surface diagram of a bivariate
normal density?
What is the constant probability 
density contour for a pp--dimensional dimensional 
multivariate normal distribution?multivariate normal distribution?
What are the What are the eigenvalueseigenvalues and and 
eigenvectors of the inverse of eigenvectors of the inverse of ? ? 
(Result 4.1)(Result 4.1)

Questions
What is the region that the total 
probability inside equals 1-? 
What is the probability distribution 
for a linear combination of p random 
variables with the same multivariate-
normal distribution? (Result 4.2)
How to find the marginal distribution 
of a multivariate-normal distribution 
by Result 4.2?

Questions
What is the probability distribution 
for a random vector obtained by 
multiplying a matrix to a random 
vector of p random variables with the 
same multivariate-normal 
distribution? (Result 4.3)
What is the probability distribution of 
a random vector of multivariate 
normal distribution plus a constant 
vector? (Result 4.3) 
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Questions

Given the mean and covariance 
matrix of a multivariate random 
vector, and the random vector is 
partitioned, how to find the mean 
and covariance matrix of the two 
parts of the partitioned random 
vector? (Result 4.4)

Questions
What are the if-and-only-if conditions 
for two multivariate normal vectors 
X1 and X2 to be independent? (Result 
4.5)
If two multivariate normal vectors X1
and X2 are independent, what will be 
the probability distribution of the 
random vector partitioned into X1
and X2? (Result 4.5) 

Questions

A random vector X is partitioned into 
X1 and X2, then what is the 
conditional probability distribution od
X1 given X2 = x2? (Result 4.6)
What is the probability distribution 
for the square of the MahalanobisMahalanobis
distance for a multivariate normal distance for a multivariate normal 
vector? (Result 4.7)vector? (Result 4.7)

Questions

How to find the value of the 
MahalanobisMahalanobis distance for a distance for a 
multivariate normal vector when the multivariate normal vector when the 
probability inside the corresponding probability inside the corresponding 
ellipsoid is specified? (Result 4.7)ellipsoid is specified? (Result 4.7)

Questions
What is the shape of a chi-square 
distribution curve? 
How to look up the accumulated chi-
square probability from Table 3, 
Appendix?
What is the joint distribution of two 
random vectors which are two linear 
combinations of n different 
multivariate random vectors? (Result 
4.8)
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Table 1, AppendixTable 1, Appendix
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Square of DistanceSquare of Distance
((MahalanobisMahalanobis distance) distance) 
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Example 4.1 Example 4.1 BivariateBivariate NormalNormal
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Example 4.1 Squared DistanceExample 4.1 Squared Distance
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Example 4.1 Density FunctionExample 4.1 Density Function
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Example 4.1 Example 4.1 BivariateBivariate DistributionDistribution

11 = 22, 12 = 0
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Example 4.1 Example 4.1 BivariateBivariate DistributionDistribution

11 = 22, 12 = 0.75

2727

ContoursContours

 

pi

c

c

contourdensityyprobabilitConstant

iii

i

,,2,1,

 :axes

at  centered ellipsoidan  of surface

 )-()'(such that   all

i

21






 

eΣe

e

μ

μxΣμxx




2828

Result 4.1Result 4.1
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Example 4.2 Example 4.2 BivariateBivariate ContourContour
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Example 4.2 Positive CorrelationExample 4.2 Positive Correlation
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Probability Related to Probability Related to 
Squared DistanceSquared Distance
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Probability Related to Probability Related to 
Squared DistanceSquared Distance
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Result 4.2Result 4.2
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Example 4.3 Marginal DistributionExample 4.3 Marginal Distribution
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Result 4.3Result 4.3
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Proof of Result 4.3: Part 1Proof of Result 4.3: Part 1
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Proof of Result 4.3: Part 2Proof of Result 4.3: Part 2
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Example 4.4 Linear CombinationsExample 4.4 Linear Combinations
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Result 4.4Result 4.4
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Example 4.5 Subset DistributionExample 4.5 Subset Distribution
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Result 4.5Result 4.5
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Example 4.6 IndependenceExample 4.6 Independence
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Result 4.6Result 4.6
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Proof of Result 4.6Proof of Result 4.6
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Proof of Result 4.6Proof of Result 4.6
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Example 4.7 Conditional Example 4.7 Conditional BivariateBivariate

)),(()|(

 thatshow

),(:

22

2
12

1122
22

12
121

2212

1211

2

1
2

2

1








































xNxxf

N
x

x

4747

Example 4.1 Density FunctionExample 4.1 Density Function
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Example 4.7Example 4.7
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22 DistributionDistribution
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22 Distribution CurvesDistribution Curves
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Table 3, AppendixTable 3, Appendix
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Proof of Result 4.7 (a)Proof of Result 4.7 (a)
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Proof of Result 4.7 (b)Proof of Result 4.7 (b)
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Result 4.8Result 4.8
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Proof of Result 4.8Proof of Result 4.8
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Example 4.8 Linear CombinationsExample 4.8 Linear Combinations
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Example 4.8 Linear CombinationsExample 4.8 Linear Combinations

0ΣVVXXXXV

ΣΣΣ

μμμ

ΣμXXXXV

V

V

VV






















































4

1
2143212

4

1

2

4

1

343211

)(),Cov(,3

201

011

113

)(

2

2

6

2

),(:
2

1

2

1

2

1

2

1

1

1

11

j
jj

j
j

j
jj

bc

c

c

N

Outline
Introduction
The Multivariate Normal Density 
and Its Properties
Sampling from a Multivariate 
Normal Distribution and Maximum 
Likelihood Estimation
The Sampling Distribution of      and 
S
Large-Sample Behavior of      and S

X

X

Questions
What are random samples?
What is the likelihood?
How to estimate the mean and 
variance of a univariate normal 
distribution by the maximum-
likelihood technique? (point 
estimates)
What is the multivariate normal 
likelihood?
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Questions

What is the trace of a matrix?
How to compute the quadratic form 
using the trace of the matrix? (Result 
4.9)
How to express the trace of a matrix 
by its eigenvalues? (Result 4.9)
Result 4.10

Questions

How to estimate the mean and 
covariance matrix of a multivariate 
normal vector? (Result 4.11)
What is the invariance property of 
the maximum likelihood estimates?
What is the sufficient statistics?
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MaximumMaximum--likelihood Estimationlikelihood Estimation
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Multivariate Normal LikelihoodMultivariate Normal Likelihood
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Trace of a MatrixTrace of a Matrix
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Proof of Result 4.9 (a)Proof of Result 4.9 (a)

)'tr()')tr(()'tr(

)tr()tr(

)tr(

)tr()tr(

matrix :,matrix :

1 11 1

1 1

AxxxAxAxx

BCCB

BC

CBBC

CB



































  

 

  

 

m

i

k

j
jiij

k

j

m

i
ijji

m

i

k

j
jiij

cbbc

cb

mkkm



6868

Proof of Result 4.9 (b)Proof of Result 4.9 (b)
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Likelihood FunctionLikelihood Function
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Result 4.10Result 4.10
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Proof of Result 4.10Proof of Result 4.10
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Result 4.11 Maximum Likelihood Result 4.11 Maximum Likelihood 
Estimators of Estimators of  and and 
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Proof of Result 4.11Proof of Result 4.11
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Invariance PropertyInvariance Property
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Outline
Introduction
The Multivariate Normal Density 
and Its Properties
Sampling from a Multivariate 
Normal Distribution and Maximum 
Likelihood Estimation
The Sampling Distribution of      and 
S
Large-Sample Behavior of      and S

X

X

Questions

What is the distribution of sample 
mean for multivariate normal 
samples?
What is the distribution of sample 
covariance matrix for multivariate 
normal samples?
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4.8Result cf.

)/,(:

:case teMultivaria

)/,(:

1 :case Univariate

),( from sample random:,,,

2

21

nN

nNX

p

N

p

pn

ΣμX

ΣμXXX









2011/9/28

14

7979

Sampling Distribution of Sampling Distribution of SS

 

)|)1((on distributiWishart :)1(

),(:

:case teMultivaria

),0(:,)1(

:)1(

1 :case Univariate

),( from sample random:,,,

1
1

'

2

1

222

2
1

2

1

22

21

ΣSZZS

Σ0XXZ

ΣμXXX

n-Wn-

N

NZZsn

XXsn

p

N

n

n

j
jj

pjj

j

n

j
j

n

n

j
j

pn































8080

WishartWishart DistributionDistribution
 

 

)'|'(:')|(:

)|(:

)|(:),|(:

:Properties

definite positive:

2
1

2

)|(

2121

2211

1

2/)1(4/)1(2/)1(

2/tr2/)2(

1

21

21

1

CCΣCACCACΣAA

ΣAAAA

ΣAAΣAA

A

Σ

A
ΣA

AΣ

mm

mm

mm

p

i

nppnp

pn

n

WW

W

WW

in

e
w













 



















Outline
Introduction
The Multivariate Normal Density 
and Its Properties
Sampling from a Multivariate 
Normal Distribution and Maximum 
Likelihood Estimation
The Sampling Distribution of      and 
S
Large-Sample Behavior of      and S

X

X

Questions

What is the univariate central limit 
theorem?
What is the law of large numbers, for 
the univariate case and the 
multivariate case? (Result 4.12)
What is the multivariate central limit 
theorem? (Result 4.13)

Questions

What is the limit distribution for the 
square of statistical distance?
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Result 4.12 Law of Large NumbersResult 4.12 Law of Large Numbers
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Result 4.12 Multivariate CasesResult 4.12 Multivariate Cases
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Outline

Assessing the Assumption of 
Normality
Detecting Outliers and Cleaning Data
Transformations to Near Normality

Questions

How to determine if the samples 
follow a normal distribution?
What is the Q-Q plot?  Why is it 
valid?
How to measure the straightness in a 
Q-Q plot?
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Questions

How to use Result 4.7 to check if the 
samples are taken from a 
multivariate normal population?
What is the chi-square plot?  How to 
use it?
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Example 4.9Example 4.9

9494

Example 4.9Example 4.9

Histogram of Histogram of MidTermMidTerm Scores of Scores of 
Students of This Course in 2006 Students of This Course in 2006 

9595

QQ--Q Plot of Q Plot of MidTermMidTerm Scores of Scores of 
Students of This Course in 2006Students of This Course in 2006

9696
n = 33, rQ = 0.946652
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Example 4.10 Radiation Data of Example 4.10 Radiation Data of 
ClosedClosed--Door Microwave OvenDoor Microwave Oven
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Table 4.2 Table 4.2 QQ--QQ Plot Correlation Plot Correlation 
Coefficient TestCoefficient Test
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Evaluating Evaluating BivariateBivariate NormalityNormality

 )5.0()()'(such that   all

bygiven  ellipse in the lie

 nsobservatio sample of 50%roughly  ifCheck 

2
2

1   xxSxxx

102102

Example 4.12Example 4.12



2011/9/28

18

103103

Example 4.12Example 4.12
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ChiChi--Square PlotSquare Plot
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Example 4.13 ChiExample 4.13 Chi--Square Plot Square Plot 
for Example 4.12for Example 4.12
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Example 4.13 ChiExample 4.13 Chi--Square Plot Square Plot 
for Example 4.12for Example 4.12
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ChiChi--Square Plot for Computer Square Plot for Computer 
Generated 4Generated 4--variate Normal Datavariate Normal Data Outline

Assessing the Assumption of 
Normality
Detecting Outliers and Cleaning Data
Transformations to Near Normality
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Steps for Detecting OutliersSteps for Detecting Outliers
Make a dot plot for each variableMake a dot plot for each variable
Make a scatter plot for each pair of Make a scatter plot for each pair of 
variablesvariables
Calculate the standardized values.  Calculate the standardized values.  
Examine them for large or small Examine them for large or small 
valuesvalues
Calculated the squared statistical Calculated the squared statistical 
distance.  Examine for unusually distance.  Examine for unusually 
large values.  In chilarge values.  In chi--square plot, square plot, 
these would be points farthest from these would be points farthest from 
the origin.the origin.

Outline

Assessing the Assumption of 
Normality
Detecting Outliers and Cleaning Data
Transformations to Near Normality

Questions
How to transform sample counts, 
proportion, and correlation, such that 
the new variable is more near to a 
univariate normal distribution?
What is Box and Cox’s univariate
transformation?
How to extend Box and Cox’s 
transformation to the multivariate 
case?

Questions

How to deal with data including large 
negative values? 
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Helpful Transformation to Helpful Transformation to 
Near NormalityNear Normality

Original ScaleOriginal Scale Transformed ScaleTransformed Scale

Counts, Counts, yy

Proportions, Proportions, 

Correlations, Correlations, rr
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Box and CoxBox and Cox’’s s 
UnivariateUnivariate TransformationsTransformations
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Example 4.16     (Example 4.16     () vs. ) vs. 
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Example 4.16 Example 4.16 QQ--QQ PlotPlot
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Transforming Multivariate Transforming Multivariate 
ObservationsObservations
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More Elaborate ApproachMore Elaborate Approach
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Example 4.17 Original Example 4.17 Original QQ--QQ Plot for Plot for 
OpenOpen--Door DataDoor Data

120120

Example 4.17 Example 4.17 QQ--QQ Plot of Plot of 
Transformed OpenTransformed Open--Door DataDoor Data
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Example 4.17 Contour Plot ofExample 4.17 Contour Plot of
for Both Radiation Datafor Both Radiation Data),( 21 
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Transform for Data Including Transform for Data Including 
Large Negative ValuesLarge Negative Values
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