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Questions

What is the concept of the Principal 
Components?
What are the objectives of the 
Principal Components?
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Concept of Principal Components

x1

x2
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Principal Component Analysis
Explain the variance-covariance 
structure of a set of variables 
through a few linear combinations of 
these variables
Objectives
–Data reduction
– Interpretation
Does not need normality assumption 
in general
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Questions

How to find the Principal Components 
for a Random vector with a known 
probability distribution? (Result 8.1)
What is the relationship between the 
sum of all eigenvalues and the trace 
of the covariance matrix? (Result 8.2)
How to calculate the proportion of 

total population variance due to the 
kth principal component?
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Questions

What is the relationship between the 
ith principal component and the kth
variable? (Result 8.3)
What is the geometric interpretation 
of the principal components?
How to find the principal components 
for a standardized random vector? 
(Result 8.4)
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Questions

What are the principal components 
for a diagonal covariance matrix?
What are the principal components 
for the special covariance matrix 
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Principal Components
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Result 8.1
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Proof of Result 8.1
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Result 8.2
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Proof of Result 8.2
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Proportion of Total Variance due to 
the kth Principal Component
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Result 8.3
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Proof of Result 8.3
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Example 8.1
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Example 8.1
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Geometrical Interpretation

 

   

        

 

22
2

2

2
1

1

2

'

2'2'
2

2

2'
1

1

2

21

i

111

,,2,1

: of components Principal

111

'

ellipsoiddensity y probabilitconstant 

, pairsr eigenvecto-eigenvalue with is 

),(:

p
p

ii

p
p

i

p

yyyc

pi

y

c

c

N






















μ-xeμ-x

μ-xeμ-xeμ-xe

μ-xΣμ-x

eΣ

ΣμX

23

Geometric Interpretation
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Standardized Variables
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Result 8.4
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Proportion of Total Variance due to 
the kth Principal Component
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Example 8.2
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Principal Components for Diagonal 
Covariance Matrix
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Principal Components for a Special 
Covariance Matrix
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Principal Components for a Special 
Covariance Matrix
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Questions

What are the sample principal 
components?
How to compute the sample principal 
components?
How to decide the number of 
principal components required?
What is the geometric interpretation 
of the sample principal components?
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Questions

How to compute the sample principal 
components for standardized random 
vectors?
What does it mean for an unusually 
small value for the last eigenvalue
from either the sample covariance or 
correlation matrix?
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Sample Principal Components
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Sample Principal Components
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Example 8.3
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Scree Plot to Determine Number of 
Principal Components
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Example 8.4: Pained Turtles
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Example 8.4
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Example 8.4: Scree Plot
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Example 8.4: Principal Component

One dominant principal component
–Explains 96% of the total 
variance

Interpretation
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Geometric Interpretation
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Principal Components
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Proportion of Total Variance due to 
the kth Principal Component
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Example 8.5: Stocks Data

Weekly rates of return for five stocks
– X1: JP Morgan
– X2: Citibank
– X3: Wells Fargo
– X4: Royal Dutch Shell
– X5: ExxonMobil
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Example 8.5
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Example 8.6

Body weight (in grams) for n=150 
female mice were obtained after 
the birth of their first 4 litters
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Example 8.6
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Comment

An unusually small value for the last 
eigenvalue from either the sample 
covariance or correlation matrix can 
indicate an unnoticed linear 
dependency of the data set
One or more of the variables is 
redundant and should be deleted
Example: x4 = x1 + x2 + x3

Outline

Introduction
Popular Principal Components
Summarizing Sample Variation by 
Principal Components
Graphing the Principal Components
Large Sample Inferences
Monitoring Quality with Principal 
Components

54



12/20/2011

10

Questions

Why to check the normality of the 
first few principal components?
How to pinpoint suspect observation?

55 56

Check Normality and 
Suspect Observations

Construct scatter diagram for pairs of 
the first few principal components
Make Q-Q plots from the sample 
values generated by each principal 
component
Construct scatter diagram and Q-Q
plots for the last few principal 
components
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Example 8.7: Turtle Data
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Example 8.7

Outline

Introduction
Popular Principal Components
Summarizing Sample Variation by 
Principal Components
Graphing the Principal Components
Large Sample Inferences
Monitoring Quality with Principal 
Components

59

Questions
What are the large sample 
distribution for eigenvalues and 
eigenvectors?  
How to determine the confidence 
interval for an eigenvalue?
What is the approximate distribution 
for estimated eigenvectors?
How to test for equal correlation 
structure?

60
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Large Sample Distribution for 
Eigenvalues and Eigenvectors

 

 

 

 

ii

ipii

kk

p

ik
k ik

k
ii

p

ip

p

p

Nn

Nn

λdiag

e

E0ee

eeE

Λ0λλ

ΣΛ

eee

λS

ˆ associated of elements  theoft independen is ˆ

),(ely approximat :ˆ

Let 

)2,(ely approximat:)ˆ(

 of seigenvalue are s' ,,,Let 

ˆ,,ˆ,ˆ rseigenvecto

 and ˆˆ'ˆ eseigen valu with is 

'

1
2

2

1

21

1































62

Confidence Interval for i
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Approximate Distribution of 
Estimated Eigenvectors
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Example 8.8
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Testing for Equal Correlation
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Example 8.9
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Outline

Introduction
Popular Principal Components
Summarizing Sample Variation by 
Principal Components
Graphing the Principal Components
Large Sample Inferences
Monitoring Quality with Principal 
Components

67

Questions

How to monitor a stable process 
using the first two principal 
components?
How to monitor a stable process 
using the T2 chart from the principal 
components?
How to control future values by 
principal components?

68

Questions

Why avoiding Computation with 
Small Eigenvalues?

69 70

Monitoring Stable Process: Part 1
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Example 8.10
Police Department Data

*First two sample cmponents explain 82%
of the total variance 72

Example 8.10:
Principal Components
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73

Example 8.10:
95% Control Ellipse
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Monitoring Stable Process: Part 2
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Example 8.11
T2 Chart for Unexplained Data

76

Example 8.12 
Control Ellipse for Future Values

*Example 8.10 data after dropping out-of-control case

77

Example 8.12  
99% Prediction Ellipse
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Avoiding Computation with Small 
Eigenvalues
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