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Classification vs. Clustering

» Classification
—Known number of groups
—Assign new observations to one of these
groups
« Cluster analysis
—No assumptions on the number of
groups or the group structure

—Based on similarities or distances
(dissimilarities)

Difficulty in Natural Grouping
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« Introduction
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» Hierarchical Clustering Methods

» Nonhierarchical Clustering Methods

« Clustering Based on Statistical
Models

» Multidimensional Scaling

Choice of Similarity Measure

- Nature of variables
—Discrete, continuous, binary
« Scale of measurement
—Nominal, ordinal, interval, ratio
« Subject matter knowledge

« Items: proximity indicated by some
sort of distance

- Variables: grouped by correlation
coefficient or measures of association




Some Well-known Distances

« Euclidean distance

d(x,y) =/ (x-y)'(x-y)

« Statistical distance

d(x,y) =y (x-y)A(x-y)

« Minkowski metric

9= S|

Two Popular Measures of
Distance for Nonnegative Variables

» Canberra metric

[y
d , — 1 I
(x,y) le Ty
» Czekanowski coefficient
P
2" min(x, y;)
d(x,y) =1-—1
D% +Y)
i=1

A Caveat

» Use “true” distances when possible
—i.e., distances satisfying distance
properties
» Most clustering algorithms will accept
subjectively assigned distance
numbers that may not satisfy, for
example, the triangle inequality

Example of Binary Variable

Variable
1 2 3 4 5
ltemii 1 0 0] 1 1

Item j 1 1 0 1 0




Squared Euclidean Distance for
Binary Variables

« Squared Euclidean distance
P
d(x;,x,) = Z(Xij — Xy )2
j=1

0,if x; =x,; =lorx; =x, =0
(Xij - ij)z = {1 if x,_J = X:J P
d ij i
» Suffers from weighting the 1-1 and 0-0
matches equally

—e.g., two people both read ancient Greek is
stronger evidence of similarity than the
absence of this capability

Contingency Table

ltem k
1 0

Totals

1 a b a+b

Some Binary Similarity Coefficients

| C——similarity Coefficients for Clustering liems®

" Coefficient Rationale

|y axd Equal weights for =1 matches and (-0 matches.
I
2a + d)
3, 24 Double weight for 1-1 matches and 0-0 matches.
Ha+dy s h+e
a+d .
3. - L ey Daouhle weight for unmatched pairs
a+d+2b+c) £
e No 0-0 matches in numerator,
r
- Mo (-0 matches in numerator or denominator,

FETEY (The 0-0 matches are treated as irrelevant.)
b —m No ih-0) matches in numerator or denominator
ath+o ouble weight for 1-1 matches.

a

7 3 N (-0 matches in numerator or denominator.
a+2(b+c)

Doubde weight for unmatched pairs.

8 —— Ratio of matches 1 mismatches with - matches |
| b+e cxelude

| binary variables: see {12-7)|

Item i
0 c d c+d
Totals atc | b+d | p=a+b+c+d
Eye Hair
Height  Weight color color Handedness  Gender
Individual 1~ 68in 140 Ib green blond right female
Individual 2 73in 185 Ib brown  brown right male
Individual 3 67 in 165 Ib blue blond right male
Individual4 64 in 120 b brown  brown right female
Individual 5 T6in 2101 brown  brown left male




Example 12.1

X ={1 height > 72in. X ={1 blond hair
710 height<72in. “7 10 not blond hair
X _{l weight >150 Ib _{l right handed
2710 weight<1501b  “~° |0 left handed
X _{1 brown eyes _{1 female

* |0 otherwise ®* 10 male

Example 12.1
| X X, X3 b X, e
Individual 1 | © 0 0 1 I 1
2 1 | 1 0 1 1]
Individual 2
1 0 ‘ lotal
2 3
Individual 1 . } .1 203
Totals 4 2 6

Example 12.1: Similarity Matrix
with Coefficient 1

1 2 3 4 5

1 -
1/6 1
4/6 3/6 1

4/6 3/6 2/6 1
0 5/6 2/6 2/6 1

g b W N -

Conversion of
Similarities and Distances

« Similarities from distances

~e9 5, =1/(1+d;)

« “True” distances from similarities

—Matrix of similarities must be
nonnegative definite

—e9 dik :\/Z(l_gik)’ gii =1




Contingency Table

Variable k
Totals
1 0
1 a b a+b
Variable i
0] c d c+d
Totals a+c | b+d n=a+b+c+d

Product Moment Correlation as
a Measure of Similarity

ad —bc
J(@+b)(c+d)(a+c)(b+d)

« Related to the chi-square statistic
(r? = ¥2In) for testing independence

—For n fixed, large similarity is consistent
with presence of dependence

Example 12.2
Similarities of 11 Languages

L ) Numersisin 11 Languages
| English

Norwegian Danish  Dutch  German  French  Spanish  Ttalian  Polish  Hungarian  Finnish

| (E) (N) (Da)  (Du) (G) (F) Sp) (P [il}] {F)
ong on en con cins un uno uno Jeden coy vhsi
wo 0 0 Twee  awel deux dos e dwa ketto kaksi
three tre e diie  drei frois tres e tazy harom kolme
four fire fire vier  vier quatre  cualo quallro celery ey nelji
fve fem fem vill  funf Gng o cinque  piec ol viisi
| six seks scks s sechs six scis sei 52050 hat kuusi
| seven u ED wmven  sichen sepl sicle selle  siedem  het seilseman
eight atle olte acht  acht huit ocho  otto  esiem  nyok kahdeksan
nine i i negen  neun neuf  nueve nmove  dmewiec  kilenc vhdeksan
ten i i tien  zehn dix diez dieci  dziesiec 12 kymmenen
23

Example 12.2
Similarities of 11 Languages

Concordant First Letters for Mumbers in 11 Languages

E M o Da Du G Fro Sp 1 P H |k |

e 10 |
I'N 8 10

Da 8 9 10

Du 3 5 4 10

G 4 i) 5 5 11}
| Fr 4 4 4 1 3 i

Sp 4 4 5 1 3 & 10

I 4 4 5 1 3 Y 9 10

P 3 3 4 0 2 5 7 6 10
it H 1 2 2 2 | () 0 0 1] 10
| Fi 1 1 1 1 1 1 1 1 1 210
!




Agglomerative Methods

» Initially a many clusters as objects

- The most similar objects are first
grouped

« Initial groups are merged according
to their similarities

» Eventually, all subgroups are fused
into a single cluster

Outlinet

« Introduction

- Similarity Measures

« Hierarchical Clustering Methods

- Nonhierarchical Clustering Methods

« Clustering Based on Statistical
Models

» Multidimensional Scaling

Divisive Methods

« Initial single group is divided into two
subgroups such that objects in one
subgroup are “far from” objects in
the other

» These subgroups are then further
divided into dissimilar subgroups

» Continues until there are as many
subgroups as objects

Inter-cluster Distance for
Linkage Methods




Example 12.3: Single Linkage
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Example 12.3: Single Linkage
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Example 12.3: Single Linkage
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Example 12.3: Single Linkage

(135) (24)

(135)[0
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Example 12.3: Single Linkage

Resultant Dendrogram
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Example 12.4

Single Linkage of 11 Languages

E N Da Du G Fr Sp | P H kR
E [0
N 20
Da (2 (D 0
Du |7 5 6 0
G 6 4 5 5 ]
Fr |6 6 6 9 7 0
Sp 6 6 5 9 7 2 0

6 5 9 7 MOO® o !

P 7 6 10 8 5 3 4 0
H Yy & & 8 9 10 10 10 10 0
Fio 9 9 9 9 9 9 9 9 9 g 0f

Example 12.4

Single Linkage of 11 Languages

Distance

o
0 & [ I 1 £ i l
E N Da Fr I 8 P Do G

Languages

F

Pros and Cons of
Single Linkage

Nonelliptical
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{a) Single linkage confused by near overlap

¢b) Chaining effect




Example 12.5:
Complete Linkage

2 3 4 5

0
7 0
5 90

D :{dik}:
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Example 12.5:
Complete Linkage

(35) 1 2 4
(35)[ 0

111 0

2 (10 9 0

419 6® 0]

Example 12.5:
Complete Linkage

(35) (24) 1
(35[0
(24)/10 0

1 (11 (9) 0

Example 12.5:
Complete Linkage

Distance

10



Example 12.6
Complete Linkage of 11 Languages

Distance
=]
3 5

0 e i [ e o l e =
E N Da G Fr 1 Sp P Du H I

Languages

Example 12.7
Clustering Variables

N Trublic Uity Diata (1922

Example 12.7
Correlations of Variables

X X, X X, Xs ) X X3 Ay
1.000
643 1.000

=103 =348 1.000

—.082 086 100 1000

259 2600 435 34 1.0

52 =010 028 288 1760 1000

045 211 L1 d64 —-019 —374 1000

-.013 A28 005 A8 =007 =561 —.1BS I_INH]J

Example 12.7:
Complete Linkage Dendrogram
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Average Linkage

(UV)W
N (V) Nw

Example 12.8
Average Linkage of 11 Languages

10 —

Example 12.9
Average Linkage of Public Utilities

Table 12.6 Distances Between 2 Uniities o ]

)l - _|
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o
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Languages
Example 12.9

Average Linkage of Public Utilities

12



Ward’s Hierarchical Clustering
Method

» For a given cluster k, let ESS, be the
sum of the squared deviation of
every item in the cluster from the
cluster mean

» At each step, the union of every
possible pair of clusters is considered

« The two clusters whose combination
results in the smallest increase in the
sum of Ess, are joined

49

Example 12.10
Ward’s Clustering Pure Malt ScotchWhiskies

Final Comments

~ Sensitive to outliers, or “noise
points”

- No reallocation of objects that may
have been “incorrectly” grouped at
an early stage

» Good idea to try several methods
and check if the results are roughly
consistent

» Check stability by perturbation

Inversion

13



Outlinet

» Introduction

- Similarity Measures

» Hierarchical Clustering Methods

» Nonhierarchical Clustering Methods

» Clustering Based on Statistical
Models

» Multidimensional Scaling

K-means Method

« Partition the items into K initial
clusters

« Proceed through the list of items,
assigning an item to the cluster
whose centroid is nearest

- Recalculate the centroid for the
cluster receiving the new item and
for the cluster losing the item

- Repeat until no more reassignment

54

Example 12.11
K-means Method

Example 12.11
K-means Method

Coordinates of Centroid

Cluster x1 X2

(AB) | (5+(-1))/2 =2 [(3+1)/2 =2

Observations

Item Xy X
A 5 3
B -1 1
C 1 -2
D -3 -2

(CD) |(@+(-3))/2=-1 |(-2+(-2))/2=-2

14



Example 12.11
K-means Method

Xi ,new =

n+1
if the jth item isadded to a group

nx. — X
X. S B L
I,new n _1
if the jth item is removed from a group

Example 12.11
Final Clusters

F Score

_mean square percent nuclear between clusters

nuc

mean square percent nuclear within clusters

Squared distances to group
centroids
Item
Cluster A B C D
A 0] 40 41 89
(BCD) 52 4 5 5
Outlinet

« Introduction

» Similarity Measures

« Hierarchical Clustering Methods

» Nonhierarchical Clustering Methods

» Clustering Based on Statistical
Models

» Multidimensional Scaling

15



Normal Mixture Model Likelihood

K
Fiix (X) ZZ Py fi (x) LOPy -y P By 20 By 2 )
k=1
N
P 20, ZkK=1 pe=1 f(x):N, (n, %) :H P O 1, B i, B
j=1

Faie (X Ty 2oy, ) N K D 1 .
K =112 ——r—mexp = (x; ) B (x; — )
_ Py [ 1 R j ! o2l 2 ( i ) & (X T y
=) — K ____exp| —=(x— Xo(x— Jia (7)) xZ 2

;(Zﬂ)p,zmkrlz Y 2( p)'E (x-p) j=1 k=1 | k|

Statistical Approach BIC for Special Structures

Obtain the maximum likelihood estimates and

Lmax = L( ﬁl’”" ﬁk’ﬁl’ill""l’iK yiK) F— [ — T

Determine K via maximizing R | S —

X =7l Kip+1) In Lo n{NIK(p + 1}

1 P | Kip+2)—-1 L A— zln[.\'_}-:x[,n * 2]_ 1)

AIC=2InL,,, -2N (K Z(p+1)(p+2) _1) 52 Dlhbohy) K52 p 1 o 2K 2 2) 0 - 1)
2

or

BIC=2InL,, —2In(N)(K%(p+1)(p+2)—l)




Software Package MCLUST

- Combines hierarchical clustering, EM
algorithm, and BIC

»In the E step of EM, a matrix is
created whose jth row contains the
estimates of the conditional
probabilities that observation x;
belongs to cluster 1, 2, . . ., K

~ At convergence x; is assigned to
cluster k for which the conditional
probability of membership is largest .

Example 12.13
Clustering of Iris Data

K=3
p=4, L, =nl k=123

5, =0.076, 7,=0.163, 7,=0.163
p,=0.3333, p,=0.4133, p,=0.2534
BIC = -853.8

Example 12.13
Clustering of Iris Data

_'." _'_\ 0 35 40 05 10 15 2o 238
I LA | EC | LI PP
| Sepul Lens || - A | . v_ || i : : _].O‘
L . wt |iF | ]
C | s " ]
L [ _ || _ [
. o= | Scpal Widih |-§ s | e ;L |
L I | S | _
| -ll awe |l '
T i ctal Length _4‘
| | mE
it | jeashen - ._l |[sat 43
i NE1 ] = A0 |

5.01 (5907 [6.85
343 _|275 | 307
B 1l #*T |asol ® |aB]
| 0.25 1.43 1207]
Example 12.13
Clustering of Iris Data
K = 2 s the best solution F-“' [6.26
R . 343 2.87
pl = 03333, p2 = 06667 = 146 | Lo 4901
L 025 I 1.68
1218 0972 0160 .ﬂll]]—! |-.453il 1209 4489 1655

0972 1408 0115 0091

< _ | 1209 1096 1414 0792

D160 0115 0296 .Il[lS‘JJ ST 44Ky 1414 6748 2858

L0100 0091 0059 0109

Llﬁﬁﬁ 0792 2858 1786 |

17



Example 12.13
Clustering of Iris Data

Sepal Widih

Outlinet

« Introduction

- Similarity Measures

« Hierarchical Clustering Methods

- Nonhierarchical Clustering Methods

« Clustering Based on Statistical
Models

» Multidimensional Scaling

Multidimensional Scaling (MDS)

« Displays (transformed) multivariate
data in low-dimensional space
- Different from plots based on PC
—Primary objective is to “fit” the original
data into low-dimensional system
—Distortion caused by reduction of
dimensionality is minimized
» Distortion
— Similarities or dissimilarities among data

71

Multidimensional Scaling

« Given a set of similarities (or
distances) between every pair of N
items

« Find a representation of the items in
few dimensions

- Inter-item proximities “nearly” match
the original similarities (or distances)

18



Non-metric and Metric MDS

» Non-metric MDS
—Uses only the rank orders of the N(N-1)/2
original similarities and not their
magnitudes

» Metric MDS
—Actual magnitudes of original similarities
are used

—Also known as principal coordinate
analysis

Objective

N items, M = N(N —1)/2 similarities
Assume no ties, and arrange

Sig, < Sik, <7< Sik,

Find a q - dimensional configuration, such that

(9) (9) (9)
dilkl > dizkz S>> diMkM

igky

Kruskal's Stress

¥ la -df |
Stress(q) = { &=

() ZZ[di(kq’
k

i<k

d{? are numbers known to satisfy the ordering
They are not distances, and merely reference numbers

Takane's Stress

R 2
Sz -dzf |
SStress = < K<k
2.2 di
k

i<k

19



Basic Algorithm
» Obtain and order the M pairs of
similarities
» Try a configuration in q dimensions

—Determine inter-item distances and
reference numbers

—Minimize Kruskal’s or Takane’s stress
«~ Move the points around to obtain an
improved configuration

» Repeat until minimum stress is
obtained 7

Example 12.14
MDS of U.S. Cities

Example 12.14
MDS of U.S. Cities
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Example 12.14
MDS of U.S. Cities
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Example 12.15
MDS of Public Utilities
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Example 12.15
MDS of Public Utilities

Example 12.16
MDS of Universities
— — l.—|

|T;| Dt

Example 12.16
Metric MDS of Universities

21



Example 12.16
Non-metric MDS of Universities

22



