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Questions

-How to represent a sample of size n
from a p-variate population?

»What is the geometrical
representation of sample mean and
deviation?

»How to calculate lengths and angles
of deviation vectors?

-What is the geometric meaning of
the correlation coefficient?
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Example 3.2

Geometrical Interpretation of

Sample Mean and Deviation
1'=[11--- 1]
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Example 3.3

4 1
X=|-1 3% =2%,=3

3 5
x1=2[1,11'=[2,2,2]
x,1=3[1,1,1]'=[3,3,3]'
d, =y, -%1=[4,-13]'12 2 2]'=[2,-3,1]
d,=y,-%X1=[13,5]'[33,3]'=[-20,2]




Lengths and Angles of
Deviation Vectors

L, =did, = Z”;(in =% f =ns,
=

dd, = Z(in _Xixxjk _Xk): NSy,

=

=L, Ly, cOSO,

Example 3.4

4 1
X=/-1 3
3 5

d,=[2,-31, d,=[-2,02]
dd, =14=3s,, d,d,=8=3s,,

dd,=-2=3s,
SlZ
r, = =-0.189
Vsuv/sz

S_14/3 ~2/3 R 1 -0.189
"1-2/3 8/3[  |-0.189 1
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Questions

-What are random samples?

-What is the geometric interpretation
of randomness?

«Result 3.1




Random Matrix

_X11 X12 le_ _X'l_
x| %n Ka Xa| 1%
_an Xn2 an_ _Xln_

Random Sample

»Row vectors X;’, X, ..., X,/
represent independent
observations from a common joint
distribution with density function
fx)=f(xy, Xps .-+, X))

- Mathematically, the joint density
function of X;’, X', ..., X,]' is

n
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Random Sample

- Measurements of a single trial, such
as X;"=[X;,X,-...Xj,], will usually be
correlated

«» The measurements from different
trials must be independent

- The independence of measurements
from trial to trial may not hold when
the variables are likely to drift over
time

Geometric Interpretation of
Randomness

- Column vector Y, '=[X;. Xy.....Xy] regarded
as a point in n dimensions

» The location is determined by the joint
probability distribution f(y,) = f(Xy, Xok-- - Xm0

» For a random sample, f(y,)=fi(Xy)f(*20 - - fil(X)

~ Each coordinate x; contributes equally to
the location through the same marginal
distribution f,(x;)

20




Result 3.1

X, X,, -, X, area random sample from a joint
distribution that has mean vector p and covariance
matrix X, then

E(X)=p, (Xasanunbiased point estimate of p)

covX) =1y, E@s,)=-""1x
n n
n
E(——S, )=X
("s)

n . . .
(S= _1S” as an unbiased point estimate of X)
n -
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Proof of Result 3.1

E(X)= E(£X1+1X2 +-~-+1Xn)
n n n

1 1 1
=—EX)+-EX,)+--+=EX,)=p
n n n

(XWX = [iz(x —u)jﬁg(xf —u)j'

n

:%]Z:,Z,(X] _"XX/ _ll)'

n

n

Cov(X) = E(X - W)X -p)'=—5 3 S E(X, )X, -p)

N ==
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Proof of Result 3.1

E(X; -m)(X,—n)=0 for j= ¢ because of independence.

- 13 ,1 1
COV(X):FZE(XJ -n)(X;—p) =Fnzzﬁ>:

=1

E(S,)= E(%i(xj -X)x,-X))

=

i(XJ -X)x; - X}
= i(xj _X)X‘j _i(XJ -X)X = Zn:XjX'j —nXX'

=

E(XjX'j): E((Xj —p,+p.XXj —p.+u)):2+p,p.'
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Proof of Result 3.1

E(XX') = E((X—u+u)(i—u+u))=%2+uu'

1,9 S—
E(S,) = HE(lejxj -nXX")
J=

= i(n(ﬁww)—nﬁﬁ—uu'n - nT_lz
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Some Other Estimators

The expectation of the (i, k)th entry of Llsn
n —

LS

Z(in_iixxjk_ik))zo'ik

n-19=

E(\/g)ix/ff_n, E(r) # o

Biases E(\/g) —\/o-_iiand E(r,) — pi can usually
be ignored if size nis moderately large

E(ﬁsm E(
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Questions

- How to define a generalized sample
variance?

-What is the geometric interpretation
of a generalized sample variance for
bivariate cases?

«What is the geometric interpretaion
of a generalized sample variance for
multivariate cases?

Questions

»What is the equation for points
within a constant statistical
distance ¢ from the sample
mean?

-Example 3.8

- Result 3.2

»Example 3.9

- Examples causing zero generalized
variance




Questions

- Example 3.10
« Result 3.3
« Result 3.4

» Generalized Sample Variance of
Standardized Variables

- Example 3.11
- Total Sample Variance

Generalized Sample Variance
Generalized Sample Variance =|S|
Example 3.7 : Employeesand profits
per employee for 16 largest publishing
firmsin US

252.04 -68.43
{— 68.43 123.67}

S| = 26.487

Geometric Interpretation for
Bivariate Case

Area generated by two deviation vectors d, =y, -X1, d,=y,—-X,1

isarea=L, L, sind=L, L, V1-cos’6

Ly = Zn:(le_xl)zzm‘ L, = Z”:(ij_xz)zzm

j=L j=1
cos@=r,, area=(n-1)/s,S,1-r2)

‘S‘ = =85, (1~ ré)

Sll V Sll S22 r12
V Sll 822 r12 S22

= (area)?/(n—1)*

Generalized Sample Variance for
Multivariate Cases

S| = (n—1)""(volume)*

d
&
Y d
d Y 'l
Wk
d AU
s d \\‘.{.




Interpretation in
p-space Scatter Plot
- Equation for points within a

constant distance ¢ from the
sample mean

(x-x)'S'(x-x) <c?

Volume of {(x—i)‘S‘l(x—i) < cz}
= kp|s|llzcp

A large volume corresponds to a

large generalized variance

Example 3.8: Scatter Plots

Example 3.8: Sample Mean and
Variance-Covariance Matrices

5 4
S= ,r=0.8
_4 5_
e
S= ,r=0
_O 3_
5 -4
S= }rz—QS
-4 5

X'=[2,1],[S| = 9 for all three cases

Example 3.8:
Eigenvalues and Eigenvectors

5 4
_4 5_
e, =[1/~2, 1/2]e,=[1/N2, -1/2]
& o

_O 3_
e,=[1, Ole,=[0, 1]
> _4}zl=az?=1

-4 5

e, =[1/2, -1/42].e,=[1/N2, 1/42]

A, =9,4, =1

11, =3,4,=3




Example 3.8:
Mean-Centered Ellipse

(x-x)S*(x-x)<c?

(X—x)'sl(x—x):f_,_f

L 11 .
S :elgenvalues—,}L—;elgenvec:torSel,e2
2

(~Se=1de, e=AS""e)

]
Y> e‘z X, =%,
Choose ¢? = 5.99 to cover approximately 95% observations
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Example 3.8:
Semi-major and Semi-minor Axes
5 4
S=1, 5}a=3\/5.99,b=\/5.99
3 0
S=| 3}a=\/§\/5.99,b=\/§\/5.99
(5 —4
S= 5},(51:3\/5.99,1:;=\/5.99
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Example 3.8:
Scatter Plots with Major Axes
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Result 3.2

- The generalized variance is zero
when the columns of the following
matrix are linear dependent

Xl—i' Xll_xl XlZ_XZ le_

X, =X | Xa T X X=Xy o Xpp

40




Proof of Result 3.2

0=a,col,(X-1x')+---+a, col , (X -1X")
=(X-1x")a, a=0

(n-DS=(X-1x")"(X-1x")

S (X-IX)' (X -1X)

Proof of Result 3.2
(n-DSa=(X-1%) (X-1x)a =0
a, col,(S)+---+a, col (S)=0=[S|=0
if [S|=0,3a such that Sa =0
0=(n-1)Sa=(X-1%)(X-1%")a
a'(X-1x')'(X-1x")a=0
Lix_i57a = 0= (X—1x")a=0

:[xl—i xlz—i x‘p—i X 7X
= ( ~%x; )
Example 3.9

A O o1

1 2
X=(4 1
4 0

d; =[-2,1,1],d, =[1,0,-1],d, =[01,-1]
d,=d,+2d,=[S|=0

-2
},x'[& 1, 5],X1x'{ 1

3 -3/2 0
check:8=|-3/2 1 1/2|=|8|=0
0o 172 1

1 0
0 1
1 -1 -1

Example 3.9

11



Examples Cause Zero
Generalized Variance

- Example 1
—Data are test scores

—Included variables that are sum of
others

—e.g., algebra score and geometry score
were combined to total math score

—e.g., class midterm and final exam
scores summed to give total points
- Example 2

—Total weight of chemicals was included
along with that of each component

Example 3.10
1 9 10 -2 -1 -3
4 12 16 1 2 3 25 0 25
X=|2 10 12 X-1x'=|-1 O -1|,S={ 0 25 25
8 13 2 -2 0 25 25 50
3 11 14 o 1 1

S|=0=8a=0

Eigenvector corresponding to zero eigenvalues of S
=a'=[11-1]

1(xjl -X) +1(x].2 -X,)— (xj3 -X,)=0
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Result 3.3

- If the sample size is less than or
equal to the number of variables
(N<p ) then |S| = 0 for all
samples

a7

Proof of Result 3.3

The n row vectors of X-1x' sum to the zero vector

n n
because Z Xj = z Xi
= =t

Thus the rank of X-1X" is less than or equal ton -1,
i.e., less than or equal to p—1, because of n < p
Since (n-1)S = (X-1x")' (X -1x"),
(n-1)col, (S) =(X-1x") col (X -1X")
= (X — X ) row; (X —1X")'+- -+ (X — X ) row,, (X - 1X")'

48
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Proof of Result 3.3

-.row, (X —-1x")"is a linear combination of the
remaining row vectors

col, (S) isa linear combination of at most n—1
linear independent of transpose of row vectors
The rank of Sis thus less than or equal to n-1, i.e.,
less than or equal to p-1.

Since Sisa p by p matrix,|S|=0
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Result 3.4

- Let the p by 1 vectors x;, x,, ..., X,, where X
is the jth row of the data matrix X, be
realizations of the independent random
vectors X, X,, ..., X,.

- If the linear combination a’X; has positive
variance for each non-zero constant
vector a, then, provided that p < n, S has
full rank with probability 1 and |S| > 0

- If, with probability 1, a’X; is a constant ¢
for all j, then |S] =0

50

Proof of Part 2 of Result 3.4

aX;=aX;;+a,X,+-+a,X;, =cwith probability 1,

Pt ip
a'x; =cforall j. Thesample mean for it is
n
Z(alleJrazsz+---+apxjp)/n:a'i:c
j=1

X1 — X X, — X,
(X-1x)a=a| : [|[+-+4, :
Xy — %, Xop — X,
a'x,—a'x c—c
= : = =0=|S|=0
a'x, —a'x c-c
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Generalized Sample Variance of
Standardized Variables

Generalized sample variance of
the standardized variables= |R]

Yi—X1 | X%-X X;—X Xoi = Xi |,

o [Vs s Sy
IR|=(n-1)""(volume)?,|S| = (5,15, ---spp}R|
IR|is large when all r, are nearly zero, and is small

when one or more r, are nearly +1or -1

52
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Volume Generated by Deviation
Vectors of Standardized Variables

Example 3.11
4 3 1 1 1/2 1/2
S={3 9 2|, R=|1/2 1 2/3
1 2 1 1/2 2/3 1
511:4’ S =9, S33 =1

7
S| =14, \R\:E, S| =5,,5,,55|R|

54

Total Sample Variance

Total Sample Variance =, +S,, +---+5

Pays no attention to the orientation of the residual vectors
[252.04 —68.43

Example3.7:S =
| —68.43 123.67

Total sample variance =375.71

3 -3/2 0
Example3.9:S =|-3/2 1 1/2
| 0 1/2 1

Total sample variance=5
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Questions

- How to compute sample mean by
matrix operation?

« How to compute sample covariance
matrix by matrix operation?

» How to compute sample correlation
coefficient matrix by matrix
operation?

Sample Mean as Matrix Operation

X y;1/n Xiu X X || 1
<= X, _ y,1/n _l X12 22 X2 |1
: nf :
X, y,1/n Xp X Xop || 1
=£X'1
n

58

Covariance as Matrix Operation

X X, Yp
A% | e Lirx
: n
_Yl X, ip
_X11 Y1 X5 X2 X1p - Xp
Xy =% Xzz' iz XZp_Xp —X-11'X
X=X X =% Xop = X,

Covariance as Matrix Operation

Xy — Xl Xo1 — X1 o Xy _X1
X12_X2 Xzz_xz Xz_iz
(n-1S= . . . ", X
Xp =Xy Xpp =Xyt Xy =X
Xy =X Xp=X e Xip _7p
X21_Y1 Xzz_iz XZp_ip
Xn1 _Xl Xnp — X2 an - Xp

:(X—EII'XJ'(X—EII'XJ
n n

60

15



Covariance as Matrix Operation

(X—lll'Xj'(X—lll'Xj
n n

—xa-trya-timx
n n

a-tirya-Li :1—111'—3114%11'11'
n n n n n

- er1=n)
n

s=—1 xa-L1ix
n-1 n

61

Sample Standard Deviation Matrix

s, 0 - 0 Ufs, 0 - 0

0 Sy, - 0 /s, - 0

1/2 -1/2
D' = i . D =

0 0 - 5, 0 0 - 15,
Sp |

I S Si2
SZl 522 e SZ < -1/2 -1/2

Sp1 Spe Spp
VSmvsu Swvsz  SpyfSe |

S= DI/ZRDl/Z
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Questions

« Result 3.5
~Result 3.6

16



Result 3.5

b'X =0 X, +b,X, +---+b, X

¢ X=¢X, +C, X, +-+C X,

Sample mean of b'X =b'x

Sample varianceof b'X =b'Sb

Sample covariance of b'X and¢'X =b'Sc

Proof of Result 3.5
b'x; = blle +b2xj2 +---+prjp

b'x, +b'x, +---+b'x

Proof of Result 3.5

Sample covariance=%2(b'xj ~b'x)e'x; -¢'%)
14
1 < - —v |
=——5b Z:(xj —X)(x; —=X)'c=b'Sc
n_l j:1

Sample mean = " =b'x
(b'x; —b'X)* =b'(x; —X)(x; —X)'b
Sample varianceziznl(b'xj —b'xf
n-1j=1

=ﬁb'i(xj—i)(xj—i)'b=b'Sb

j=1

Result 3.6

ay &, oA, | X]
AX = 8y dp 8y X,

aql aq2 aqp__xpj

Sample mean of AX = AX
Sample covariance matrix = ASA'
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