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Chapter 11 Frequency response and filter \

11.1 Frequency response

amplitude ratio, phase shift, frequency-response curve

11.2 Filters

lowpass filter, highpass filter, bandpass filter, notch filter

11.3 Op-amp filter circuits (optional)
11.4 Bode plots

decibel, highpass function, lowpass function, quadratic function

11.5 Frequency-response design (optional)
11.6 Butterworth filters (optional)

Butterworth polynomial, lowpass filter, highpass filter
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/11.1 Frequency response \
B

asics
1. Complex-frequency waveform representation of a real signal

X(t) = X% cos(wt + ) H(s) Y X(t) = X, cos(wt +¢,)
. 5) == o

=Re[X,e'%el" ] —» X > =Re[X,e%e"™]

:Re[LeS‘],L=Xmej‘”x S=0+ jw :Re[Le"Wt]

2. 0 =0, complex-frequency waveform —sinusoidal ac waveform

X(t) = X cos(wt +¢, ) v y(t) =Y, cos(wt+¢,)
= Re[X e!%e™] — H(jw) =X =Re[Y, e'%e"]
=Re[Xe™] - =Re[Ye™]

a(w) =[H(jw)| = ;m :amplituderatio,@(w) = OH (jw) = ¢, — @, : phaseshift

m
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/ 3. Frequency-response curves: plots of a(w) and #(w) \

H(jw) =K (_jW_Zl)(J:W_Zz)---
(Jw- pl)(JW_ pz)---
W=z, jw=2z,)..
jw- lejW_ pz‘---
O(w) =K +[0(jw=z)+0(jw=2,) +..]-[0(jw=p) +O(jw=p,) +..]

a(w) :\K\‘

M= o) - OK +(m=-n)x90°

4., W—> o0 a(w) - {‘K
0O,m<n

5. w—0, a(w) and #(w) depend on zeros and poles
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Iscussion
1. Ex. 11.1 L=0.2H, R=8Q find steady-state response v, (t)
v.. (t) =10cos 20t +10cos 300t o— M\ o
+ L +
\iout = ~in R :\iin R/ L
SL+R S+R/L Uin R Vout
H(ju) = Lo =29 i _
Vi, Jw+40 o 2 o
. 40 : 4 W
a(w) =|H (jw)| = ,aQw)=0H(jw) =—tan™ —

JW? +1600 40

a(20)=0.894,420)=-26.6°a(300)=0.132,4300) =-82.4°
_ | 10xH (20),forw =20

—out {10 x H (300), for w =300

vV, (t) =8.94 cos(20t — 26.6°) +1.32 cos(300t —82.4°) response,

Frequency response approach is much easier than time-domain
approach or phasor approach.
11-4
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/2. Ex.11.2 all-pass circuit \
\iout :\LC _\ix 2 1 ’
1/5C - !
=V () N
R+1/sC 2R, ) S I
1 _ * _ _ T aR p=-a z=a ©
:\iin( __) . o .
sRC+1 2 (a) All-pass network (b) Pole—zero pattern
(—1) SRC -1 6(w)
_m 2" sSRC+1 o cr
L H(jw) = Vo __1 j.W—1/ RC N |
V. 2 jw+1/RC
1 1800 L -180°
a(w)=-—
2 | _
(c) Phase shift versus ®
Aw) =tan™ 1 W gt Y
/RC 1/RC 1/RC
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H(s) = 20(5+25)

%. Ex. 11.3 plot frequency response

__20[s=(=25)]

P, p, =-10% j20

®
b1 — 20

A X ot
-25 -10 c
P2 —-20

21

N

s?+20s+500 (s—p,)(s—p,)

20

10

-25

-10

(b)

-20

0(w) L
OO

()
" 20
21 |
_25 7 o
P2 —-20
(c)
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2 Filters

Basics
1. Ideal lowpass (LPF) and highpass (HPF) filters, w,,: cutoff frequency

alw)
K

Passband

Stopband

0

(DCO

(a) Ideal lowpass filter

alw)

Stopband

K

Passhand

0

m(,'()

(h) Ideal highpass filter

2. ldeal banspass (BPF) and notch (BSF) filters: w,: lower cutoff

frequency, w,: upper cutoff frequency, B=w, -w,: bandwidth

alw)
K
—{ Passband |<=— B
O ﬂ)l Cl)u

(a) Ideal bandpass filter

alo) Notch
K
B
0 w; ®
(h) Ideal notch filter
11-7
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/ Discussion
1. First-order LPF

’ (s)—\iout— 1/sC _ 1/RC
P V. R+1/sC s+1/RC
\ R R/L
H g) = =t — =
02(8) V. sL+R s+R/L
H, () = }iwco K=1lw, =1,r=RC
S+w,, T
: Kw, _ K
HIp(JW): W+ W - W
J co 1+Ji
WCO
K
ay, (W) =
" S+ (wiwg)?

6, (W) =—tan™ W

o

co

(0]

~0co o

(@) s—plane diagram

11-8
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/ 2. First-order highpass filter

o H + o o As ' o
Ho(g=Yeuo R s @ g .
P L V. R+1/sC s+1/RC u, RS tow b LS o
V sL S
Hip2(8) = 55 = = 5 L5 3 L
0.2(8) V. sL+R s+R/L
fh TTighpass filters
th(S): KS 1K:11W00:£1T:L
R ! i half-power
o Kw K P
th(JW)_ W+ W - W K
J co 1_ J co
W
K o
ay, (W) =
T L (g T w)’ -
Hm(W):tan*—j% ;K\\\T\‘--_____m
0 Weo )

(a) s—plane diagram

11-9

(b) Frequency response curves
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% 3. LPF to HPF transformation

Kw Ks
Hip(8) == 2 Hy () = ———
S Wco S WCO
2 2
w w Kw Ks
S —© = LPF - HPF H (—2)=——© = =H,, (s)
S S Wco S + Wco
+ Wco
S
alw) a(w)
K K
Passband Stopband Stopband Passband
wCO @ O w(,'() w
(a) Ideal lowpass filter (h) Ideal highpass filter
0 - 00, We, — W
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%EX.llA find H(jw)

N

R
le =l 7=
. R+1/sC
iin . | dic H (s) = le_ R _ s
Re we==c I, R+1/sC s+1/RC
” H(wy=—3" =L w = HPF
5. Ex.11.5 find H(jw) to have fco~4kHz1
G, +sC G
- V :V L — S
Amplifier Loudspeaker  X_out —s 1 R 1 s Gs +G|_ +sC
Vv l G, G,+sC
R,=50Q "
= 1 RL:? Vo H(S):\Lout — Gs — Gs/C — KWco ’
SCT 20007 V., G, +G,+sC s+(G,+G,)/C s+w_
° wo=om =200 1 ciqE k=5 -0s
C 40C G, +G,
if v, =5cos w;t +0.5cos w,t, f, =3kHz, f, =16kHz
H(jw,) =0.640 -37° H(jw,) =0.190 - 76°

— Vv, =3.2cos(w,t —37°)+0.095 cos(w,t —76°)
11-11
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/ 6. Series RLC resonator Vi R \

, H, (S) =
Lo (%) V. sL+1/sC+R
— ¢
L - ¢ + SR
' R ey, _ SRC _ L
_ 2
s’LC+sRC+1 o, R 1
L LC
Z(jw)=R+ij+_1 _ Ksw,/Q _ Ksw, /Q
we Cst+2as+w: (s—p)(s-p,)
R TWICHL 1 ° ' :
jwC e v LC Wg;i,azi,K =1
X (w,)=0,Z(w,) =R LC 2L
) QserEWo WL - OL_\N0
PlOSS R 2a
Py P =~k [1-—
1" M2 2Q_ 0 4Q2
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% . Parallel RLC resonator

fru
—i=

tin
<|> "!:r,.r_a- L B

L

1 1
Y(jw) =—+ jwC +—
(Jw) . i

1 N -wW?LC +1
R jwL

B(w,)=0,Y(w,) :%

Qe

1
I
pr (s) = —bp _  sC +1{LSL
—in R +
sC +1/sL
sL
__SLC+1  _ sL

L s s°’RLC +sL +R
s’LC +1

1
____"RC Ksw, /Q
_32+s 1 1 CsP+2a5+ W
RC LC
SPRE SR S
° LC’ 2RC

11-13

~




/8. Second-order BPF

abp(w)

- B=w,-w =

Q=10

WO
—2  W,W

u

| =W

2
0

K(w, /Q)s =
pr (S) - 2 ( > Q) 2 V2
52+ (W, /Q)s + W
. K(w_ /Q) jw K
pr(JW):_W2+((WO/g)):W+W2 - . W Wo
° ° 1+ JQ(—~-—%) °
W, w
Opp(@)
K _ W W :
a,, (W) = ——— 6, =~ tan Q) 7
\/1+Q2(-°)2 ° -
W, Ww
K :midband gain, w, : center frequency _g0°

2Q -

Sl

11-14
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a,, (W) = ay, (W,) E% Loww = w1+ 4(122 ¢ W high-Q (narrowband BPF)

(0]

0°




W

/pr(s): KW, /Q)s KW,/ Qs

(1)underdampe d case : Q > % ora<w,
pl,pZ:_WOijW 2"p1‘_‘p‘ =
2Q 4Q

Op, =180°—¢,0p, =180°+ ¢, ¢ =cos " —

w

(2)critical damped case :Q ==

s?+(w,/Q)s+w; (s=p)(s—p,)

P —1 @0 | !
>\

0

2

g
_Egl‘b

1
P — - /1————
: 0 4Q?

(a) Pole—zero pattern for

second—order bandpass filter
K 11-15
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/9. Second-order notch filter

H. (s)= K(s* +25+w,) _ K(s +23+W)

_K(s=2)(s-2,)s

~

B<<a
s'+20s+w,  ST+(W,/Q)s+w,  (S—p)(s—p,)
underdamped case: Q(Q = )>% ora <w, @
Z1
/,{)—(DO
p1, -~
() =2 << ;
WO
: 1
P, =—at j W —a® =- Yo 4 w,, [1-
pl p2 J 2Q J 4Q2 ; ;
_ %o -B c
z,==B W, = 5" ==f* jw, 2

2
NI

0
\\\\\\‘¥ 11-16




for a low -loss inductor R, << wL

: a2
Y (jw) = jwC + 1_ _ JWCR,, W LC +1
R, + JwL R, + JwL
=CRW+j(WC— 1 ) = 1 +jwC + -1
L wL™ R, JwL
1
W, =— - L =63.3nF
VJLC
_WO —_— -
Q_E_4O_WO(R//Rpar
L
R =—<—— - R, =13.2k,R =8.13k
CR

W

11-17
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)C - RIR,, =5.03k =—1——1

/10. Ex.11.6 design a parallel BPF to give w,=20kHz, B=500Hz \

bip Lia

S
5 . .
Rl[’
ib,l'.?é, R el
’—y L
Cr | -
Y (jw)

R, =1.2Q,L =1mH

'il'i.!.(i'

—=

tin

], & R &Ry FL EC

o & &

(h) Equivalent nerwork for @ =@y,

?Eéé?;iéiéilli%




/11.3 Op-amp filter circuits

Option
1. Advantages: active filter

2. Noninverting LPF and HPF
 no output loading effects

R
g V.-V

Vin = out out = KVin
R, +(K-DR,
Vin o—N,—— + o Vin o—{
R l . out C
C .,—1\17
IR# > Rp=(K-1R,

(a) Lowpass

K 11-18
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3. Inverting LPF and HPF

A voltage follower could be inserted as a buffer at the input.

» Network functions

LPF:ZF(S): 1 1 — R|: RFWco’ o
= 4sC, 1+sR.C.  s+w,
F
Re w Kw, R
= H(s)=- F o = co’K:__F
H (s) = :—ZZ((SS)) O =R sww, s, R,
—in 1 +
HPF:Z,(s) =R + = =1TRG _p S*Ws
sC, sC, S
_>H(s):—RF s _ Ks ,K:—&
R, s+w,_, S+w_ R,
Cr
l\’
Rp
R, Rp Ry €
Ui’lo_l\[ - Vouz Uino_l\,_l( B —O Ugyt
(a) Lowpass (b) Highpass | ‘
11-19 TREE
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/ 4. Wideband BPF \
e Combined LPF and HPF

» Network functions

R S w 1 1
H(S):_ : - W) = Wy = W <<SW,
R, S+w, s+w, R,C, R-C.
Cr
alw)
K —

Rl Cl RF £ ______________
: : :
| |

L 0 w; Wy @
(a) Circuit (h) Amplitude ratio

K 11-20 TEEHEEY 11&%




/ 5. Narrowband BPF \

» Resonant type BPF to give high Q
* Network functions
\iin _\ix +\iout _\ix +\LP _\LX _ \ix —
R, R, 1/sC  1/sC
V,-V, V,
KCL:/ -—=0
1/sC R,
V,-V,
L 1/sC
K= 2Q | :—2
R1CW0 KWOC
:>H(S)=h:< w, = —R1+R22 4R, = KR,
V. RR,R.C J(K=1)% +8Q7 -1
Q= R,R,R,Cw, R = K’R/(R, +R,)
2RR, +R,R; —RR, 3 4QZR2
e Q<0 for small R,—oscillation

0= Cw,
K 2G, +G, -G, 11-21 TEEHEEY 11i%




/ 6. Notch filter

» Resonant type BSF to give high Q
* Network functions

_Vou _ s?+a’ 1
H(S)_—_/'l 2 z,a——'-:.l:l;.i-"
V. s“+(4-2uas+a RC
s°+2B+W

s*+(w, /Q)s+w

0

1 1
K=u, :O,WO:_’ e
ol RC Q 4-2u

K 11-22




/ 11.4 Bode plots \

Basics S
1.dB gain  g(w)dB = 20log|H ( jw)| = 20loga(w),a(w) =10 2

dB = 20Iogv—2 :1OIog&
V. P

1 1

2.Bode plot: plot of a(w) in a log frequency scale
Discussion

1. Ramp function _
S . _jw o w
H.(ssW)=— H, (jw;W)==—=—0190°
(sW) = HAQww) =2 = o

20

g, (W) = 20log . 6w, W) = 90° S /

-20
0.1wW i 1ow

(a) (b)
K 11-23 RERFHER 11&%




/ 2. Highpass function

iy~ S - j(w/W)
H,(W)s=—+ H_ (JWW)=——
hp( ) s +\W hp(J ) 1+ J(W/W)

low - frequency :w<0.1W, g,, =20 Iog%,@hIO =90°

high - frequency : w>10W, g,, =0dB,6,, =0°
corner frequency :w=W,g,, =-3dB,6,, =45°

0.1W o.5w W 2W 10W
0 I I T ®
Low-frequency )
asymptote High-frequency
asymptote
ghp(a); W) -10 — 1 dB
+20 dB/decade
20 —
90° |—
Oppl; W) 45° — 4 ————————————= l High-frequency
Low-frequency asymptote
asymptote 5o

x
|
[ o
0 1 | ! \
0.1W 0.5W W 2W 10W ®
,.;F, 2,
11-24 W




/ 3. Lowpass function \

W . 1
Hp(W)=—— H, (JWW)=—
o (SW) s +W p (W) 1+ j(wW/W)

low - frequency :w<0.1W, g, =0dB, 6, =0°

high - frequency : w >10W, g,, = -20 Iog%,é’hp = -90°
corner frequency :w=W,g,, =-3dB,6,, = -45°

0.1W o.5w W 2W 10W

o]

Splw; W) —10 —

—20 dB/decade

le(a); W) —-45°

K -90°




/ 4. Ex.11.8 plot the Bode plot \

H(s)=-C*200°__1 S \u__g414-26000)

10s? 10 "s+200 P
g(w) =-20dB -2g,,(w;200), &(w) =180° - 26, , (w;200)

low - frequency : w < 20, g(w) = -20dB —401og % ,0(w) =180°-2x%90°

high - frequency : w > 2000, g,,, = -20dB, 6,, =180°
corner frequency :w=W,g,, =-20dB - (-6dB),6,, =180° —2x45°

40 dB —— +20 dB <
\\ﬂj \ 1
N ey
2gypler; 200) 20 dB AN i) odR N
T \\{:_ . 1 [ ] g
R g . .
0dB 20 dB AN e
" 180¢ 1 | A T
i 0 T I - i o
i 1 AT | I
.-s . fr _,,-""' et
Phgglon; 200, 90 g blo) 900 ;J,/
ﬂr 4"-
- __...ﬂ"'
180° i i
20 oo 200 1000 2000

20 10 Z0C 1000 2000 ] u
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/ 5. Ex.11.9 plot the Bode plot \

H(s) = 20000s 50> 400 _50H,_(s200)H, . (5:400)
(s +100)(s +400) s+100 s +400 hp I

g(w) =34dB +g, ,,(w;100) + g, ,(w;400),6(w) =6, ,, (w;100) + 8, ,, (W;400)
w =100, g, ,,(w) =0dB; w <400, g,,,(w) =0dB

g
0dB max
T 34 dB .
4 ‘
g1+82 b
/'lf N 20 g(®) . ~ B -
// +20 N / N
~20dB A 14 dB N
900 900
= o~
\\‘ ~ = ‘\
. 61
N,
S, X
6,0, 0O° ~ ~ 0w 0° A&
M N
07
T~
™~
— e
-90° N -90° ~——

10 40 100 400 1000 4000 10 40 100 400 1000 4000 o
=h p4 - X A5 =
K 11-27 CUR =R s i N /




/ 6. Quadratic function \

| _ W, - - 1
H,(s;w,,Q) = Hy (Jw;w,, Q) 1-(w/w,)* + j(w/Qw,)

s+ (w, /Q)s+w’
1,w<<w, ([ 0dB,w<0.1w,

. W, W
H, (jw;w,,Q) =1 —(W)Z,W»w0 gy = —40IogW,w>10wo

0]

—1QwW=w, 20109Q =Qgg, W =W,
20dB
5 <« Q=10 % . -
2 Al damping ratio
0aB ——— N\ EP it 1 a
‘, 0.5 0 dB = \ {=E—=—
Y 2Q W,
AVY -
2 <1, underdamp
~40 Z< — 1, critical damp
N | >1,overdamp
-40 dB N

0.l1eg g 10wq
11-28 TREESYLLY /




/e ™

20s _ S 10°

H(s) = =0.2 =0.2H _(s;100)H (s;100,5
(5) s* +20s +10* 100 s* +20s +10* { ML )
w, =100,%% =20 - Q =5
Q
g(w) =-14dB + g, (w;100) + g, (w;100,5)
w =100,g(w) =-14+0+20log5=0dB
0 dB +
\
A\
\
\
/ \\
¢(©) -14 dB SN
N\
AN
Z1+20 201
/ -
—24 dB
10 100 1000




/ 11.5 Frequency-response design \

Optional
1. Design the filter from frequency-response and Bode plot

e line slope  m(x20dB/decade) W

« corner frequencies W,, W,, number of decades =log—=

» factored frequency-response W,
g(W) = Ky + G, (W) + 9, (W) +... - H(s) = £K|H, (s)H,(S)--

o filter realization

LA

Cr A,
L3 /V ® RF’
R, Rp Ry (&5
Uin O IV - Vin O_/\/—l
[ o
() Foo=— 2 — L HPF ('b)H(ﬂ‘):*ﬁ'i
o e R\ Cp s + L/R,Cye bt R, s+ 1/RC,
I
1€ I(
Cp Cr

Cy Y N

Ry R, C; Ry
i BPF
BPF E

< s+ /R C ) .
() H) = — é :+ 1;1?:6‘; () Hy(s) = — RllCI, s+ I/Rl(.],)br’x R
Forr B E X 1R
11-30 DB R T 1S /




/ 2. Design a FM pre-emphasis circuit \
.[_

g1(w)
Oy
glw) +20 dB/decade
+18 dB — i -ﬁv +
0 dB i
| w1 o i[ g
| @ o @
golw b i,
_6dB | W2 o
| |
! ! 20 dB/decab\
| | -
Wy = W, = ®

2m x 2 kHz 1eW; . . LAPR R

(o df farm= — —

(a) Gain curve for FM premphasis (h) Asymptotic plots e et R

24dB 24dB
slope = = =20dB / decade
16W;  1.2decades
log——
1

g(w) = Kg +0,(w) +9,(w), Ky =-6dB, g,(w) = g|;l(W;W1)a g,(w) =g, (W;W,)
s+12600 20100 _ g S +12600

H(s)=0.5 =

(5) 12600 s+20100 - s+20100
LSg b 106001 = 20100

Ce 1-1 FYF

take R. =10kQ - C. =0.5nF,C, =4nF,R, = 20kQ
11-31 TREESYLLY /




/ 11.6 Butterworth filters \
Optional

1. Butterworth polynomial

B (jw)| = /w?" +w§0“,dd —|B,(jw)| _, =0,m=12,..2n-1
W W=
: W(r;o’W<Wco
Bn(JW)={ i
W', W > W
2. n-th order LPF
Kw'" . Kw'" K
Hyp () = ——=2— H,, (jw) = ——==2—=
BT G
(
=K,w<w,
a, (W) = K <=(h)“K <<K,w>w_
\/l+(w)2” W
w

W W
Cco L [ ’ co




/3. Bode plot © N \

glp (W) =20 IOg a'Ip (W) \‘\\ S
. — - L\ [
maximal flatness response ~ #» ~ e 710 A5
slope: 20ndB / decade Xk
R
0.1 1.0 10

/o,

4. Poles are uniformly spaced by angles 180°n around a semicircle
of radius w,, in the left half of s-plane.

180°
n Pa_ g

07\
=S
N
3
—
o
07
-]
w
=
(&)
e
<

ba n ¥
™ [ ¥3

4—;|©
)

b1

P2

P3 Pa

(a) Even n (b) Odd n o N
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/5. Ex.11.12 Design a Butterworth LPF to give f,,=15kHz, a, (w) \

<K/8 for f=23kHz
2 2 2 2
a,f)(w): KW SKZ W= 2mx23K - K2 us - NnN=4.85n=5
1+(7)2n 8 1+(7)2n
W 15

co

6. n-th order HPF
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