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Chapter 4 Resonant circuits \

4.1 Series resonant circuits

steady state response, Q factor, half power frequencies, input
Impedance,

4.2 Parallel resonant circuits

steady state response, input impedance, loaded Q, external Q

4.3 Transformer coupled circuits

equivalent resonator circuit

4.4 Transmission line resonant circuits

short-circuited A /2 and A /4 lines, open-circuited A /2 and A /4 lines

4.5 Microwave resonators

N

rectangular cavity, circular cylindrical cavity, dielectric resonator
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/4.1 Series resonant circuits \
Bas

asics
1. Resonator applications: filter, frequency selective components in
amplifier and oscillator, impedance transformer, matching element.

2. Steady state response L C
Vo (jw) — VY|
A( JW) =02 7/
Vin(JW) + +
_ R _ 1 Vin (1) R V(D)
jWL+1+R jWL+- 1 +1 —_ —
jwC R JwRC
_ 1 B 1 B 1 1
j w1, j W
LCW-— +1 —(—-)+1 1+ Wo 1+ jQ(—-—2
RC ( ) RC (W§ W) w,RC ( ) Q(W W)
resonant frequency w =1
0 \/E
quality factor Q = w, average stored energy —w, W +W, _ w, L _ 1
power loss Poss R w,RC

1,0 1
B, = 2P RW, =2 LW, =2y e =2 L
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4. Input impedance near resonance

Z (jw)=R+ jwL +

/3. Half power frequencies Q = — o

W, =W,

= jz[w—wo(1+j%)]L

Lossy resonator Z;,

N

4-3

jwC
=R+ jwL(1- =R+ jwl (W+WOV)V(2w—WO)
~ R+ j2dwlL
(1):R+—j2RQdN
VVo
(2):Wo%+j2(w—wo)L: j2(w—-w, + j"ZVE)L

0.707

180°

0

-180°

= lossless resonator Z by letting w, - w, (1+ J—)

2Q
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%Discussion
1. Derivation of half power frequencies equation Q = — o

W, =W,
: V_(jw 1
. A(JW):VO(J ) — W W
in(JW) 1+ JQ(i_io)
W, W
i: 1 5 2:1+Q2(ﬂ_%)2 5 Q(ﬂ—%):il...(l)
2 1+Q2(W_W02 W, w, W
w, W
2 2
- &—%z—(ﬂ—%) - WZ—WO =—wl+£ - W, + W, =W§(—+i)
W0 2 W0 Wl W2 Wl Wl WZ
- W,W, =W-..(2)
W, W 1 w2 w. @ W w
1) - —+- e s WS s W W, = 5 Q= >
W W Q W, Q W, =W,
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/2. Z,.(Jw)=R+jX, and R=X at half power frequencies \

2 _ 2

Zin(jwl) =R+ leLV\ll—zo

Wl ‘Zln(w)‘

1_W12—W§
Q" wom _ w,L f\i’adB BW
- Zy(Jw;)) =R+ ] J2R

Q ; \
1

L
Q:Woi

R -
- R+ JR

w/ Wy

3. Ex.4.1 A series LC circuit passes signals from 9MHz to 11MHz, and
IS connected to a communication system with Z;, =50Q). —L, C

f,=4ff, =49%x11 =9.5MHz
W :WOL_)L: R _ 50 _ = 4uH
W, — W, R w, —w, 2mx(11-9)x10

Lw/?
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Basics

1. Duality with series resonator: V—1, R—G, L—C, C—L
2. Steady state response

/4.2 Parallel resonant circuits \

iin(t) Io(t)
: I, (jw
ACjw) = U
Iin(JW)
1/R _ 1 R
ij+_1+1 ijC+_R +1
JjwL R JwL
_ 1 _ 1 _ 1 _ 1
Riew-2yer R Ly g0 RW _Woy gy jo( Yoy
L w L w, w w,L w, w w, W
resonant frequency w =1
> JLC
quality factor Q = w, n*We _ R =w_,RC
I:)|OSS WO

_1 _1, _i ’V‘Z _i 2
I:)Ioss_z R ’Wm_4“L‘ L_4w2L’We_4’V‘C
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/ 3. Input impedance near resonance

. 1 .
Z. (w)=(—+ wC +
n (JW) (R ] L
~ (£ + j2awC)™
R
1+ J2Qow
R Rw

0

(1) =( )"

w,C

Q
= {j2[w - w, (L+ j%)]C}‘l

(2) =[==+j2(w-w,)C]" =[j2(w-w, +

N

W

1 a_1 . coa 1.
=[=+ jwC(@d-—3 =[=+ JwC
e e L v D) i =l

W

© ert

12Q

.1
Lossy resonator Z. = lossless resonator Z;_ by letting W, — W, (1+ Jﬁ)

~

(W +w, )(W—Ww,)

> I

W

Vg gt ﬁ:‘ﬁﬁ-%




2 2
W, — W

. 1 .
Zin(le) - (_+ JW1C
R 1
1_wi-wg
Q WoW, . 1 .wC
L (W) =(=+]—2
i (JW,) (R J o

W
—

Q=w,RC R
> Z. (iw) = —
n (Jwy) I+ ]

resonator

S
Ou RL

N

ﬁDiscussion
1. Y;,(Jw)=G+]B, and G=B at half power frequencies

-1
)

)—1

2. Unloaded Q, Q,, loaded Q, Q,, external Q, Q,

~

‘Zln(w)‘
R

R/~2

>
\/’udB BW

1 w/w,

1 1 1
=~ +

Q. Q Q
(W, L

for series resonant circuit

R
Q=1 g
R, .
for parallel resonant circuit

w,L
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. Resonator relations

~

Series resonator Parallel resonator
. 1 . 1 . 1 .45 ,1 . .
R+ jwL+——=R+ j2dwL (=+jwC+—)" =(=+j2owC)
Z. C R jwL R
. 2RQdw 1 .200w, _
~R+j2RQ = (L4 2Ry
W, R Rw,
1
W v LC
Q W, L = 1 w,RC :i
u R wRC w, L
w, L R,
Qe R, w,L
1_1,1
QL Q Q Q
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/4. Ex.4.2 A parallel resonator with R=10k 2, L=10uH, C=10pF and \

its load R =100k (2—wo, Q,, Q,

W, = 1 - 1 =10°rad /sec
JLC 4107 x10™
R 10° R
=—— = =100,Q, =—% =100,Q, =50
< w, L 10°x107° < w, L %

K 4-10
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%.3 Transformer-coupled circuits

Basics
1. Equivalent circuit

|
V,=nV,, |, =--%
1 20 n

V, = jwL,l, + jwMI ,
V, = jwMI | + jwL,I,

+ jWELll—2

i i I .
V.= jw@-¢&)L,I, + ijL1(|1+72): jwL, 1,

1. I
Vz =H ijL1(|1 +72)

LTV
n n
Do [dh F=M _ M /&
L, L, LL,
- &= : coefficien t of coupling
L1|—2

" @-aL 1,




/ Discussion

circuit, w,, Q

=ln= le:\/3ZO:4
L, V20

1
n® "62.5k

R =16x62.5x10° =1IMQ

C=6 +—30'7 =7.9pF
16

Z,=n’Z, - Y, =

L =320nH
f, = L

° 2m/LC
R 10°
Q

=99.97MHz

S wL  277x99.7x10° x320%10°°

1. Ex.4.3 A tightly coupled transformer circuit — equivalent resonator\

+ jwx30.7p)

=4975
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(a) withoutR,,C,

W, =

(b) with R,,C,

_

%

1
e |

Zip (W) = jwl (1-4) +

0 —

Zin(jWo) = n2R2

jwn®L,

-W’L,C, + jWL2 +1

. Ex.4.4 A double-tuned transformer-coupled circuit — equivalent
circuit, (a) w, and Z;, as R,, C, removed (b) I /I, with R,, C,

CY Y g g - —
_ |2 + R Cl(l_E)L1 + L2+
v, = jwal,(1;+-2) REDE R PV A
R .
V. =—| 2 =1 R — — | N1 —_—
> 1+jwrC, °°
1 . )
I, =1 +(§+ jwC)[nV, + jwl1-<$)L 1]
jwél,
R, : four poles

(WLC, + w2 +DIL+ wL-E)L, (o + IWC)]+ el (4 -+ G

2 1
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///V asé - 0
jwél,

I nR,

~

9 =
IS

2
forw, =w, =w_,Q, =Q, =Q,

1 R R
L1C1 = I—202 :_E’El:L_j: oQo
jwél,
I, _ nR,
- T 2 - 2
NS .
WO WOQ WO WOQ
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/4.4 Transmission line resonant circuits

Basics
1. Short-circuited line

7. = ZOZL +Z_ tanh U
Z,+Z tanh | _

tanh al + j tan [l

=Z, tanh p

=Z tanh(a + jB)I =Z
° (a+15) °1+ jtanh al tan Bl

lowloss line tanh al = al

v, A
Wl (w, +dw)l a | T2
A= SRR E |

2 2w, 4
tan( 77+ @) = tan IOV _ 1IN I A
W W W 2

0 0

tan(E+ ﬂd/v) - —cot OV _ _ 2W, | = A

2 2w, 2W, TToN 4
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/ 2. )\ /2 short-circuited line—series resonator \

. TTON
. al + j—
tanh al + jtan [l W, . Z TTON
in — %o . =L, n_dN:ZOal'FJ
1+ jtanh al tan Sl 1+ ja W,
WO
for series resonator Z, =R+ j2JdwL
— equivalent circuit parameters
R:ZOalzzoa/]—r,Lzli(’, = % = 2 ,Q=W°L: LBy
2 2W, wiL 7, Z, R 2al 2a
3. A /4 short-circuited line—parallel resonator
i 2% 2w, jd/vﬂ Z,
_ ., tanhal+ jtan A _ Jﬂ@v~ Jﬂ&v 2w, al
L T — oo w, o 2w Wi~ TTON
1+ jtanh al tan Sl 1- jo1 o 1-jal %
IOV 2W, al2w,
1 . a1 R
for parallel resonator Z,, = (—+ j2owC) ™ = .
R 1+ j20WwRC
— equivalent circuit parameters
_Z, _4z

R=Z2o28% 0o M o 1 8 6 R 7 _B
ai  al, 4w, Z, wiL 7w, w,L  4dal 2a
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4. Open-circuited line
Z, +Z, tanh yl‘

-

Z, £

0

Z

0

1+ jtanh al tan Al

In

lowloss line tanh al = al

°Z, +Z, tanh yl‘z . “tanh i tanh(a + jB)l " ° tanhal + jtan A

«— | e
(v A . .
W 2
tan Al =< 0
- 2Wo | i ZO, O(, B
L JTON 4 ® P
5. A /2 open-circuited line—parallel resonator
. TIOW
_ 1+ jal —
1+ jtanh al tan gl W, Z,
in — “o . = Zo TTON = TTON
tanh al + j tan Al al + | al + |
WO WO
1 . ) R
for parallel resonator Z, = (—+ j2owC) ™ = .
R 1+ j2owRC
— equivalent circuit parameters
~Zo_2Z o T 22, 6o 7 _ B
al  al, 2W,Z A 2al  2a '
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/6. A /4 open-circuited line—series resonator

1-jal 2W, 1-jal 2W,
1+jtanhcr|tan,8|~Z J oW - 7 J ﬂd,\,_z(aHjnd/v
" ° tanhal + jtan Bl ° al - | 2W, ° j 2W, ° 2W,
TTON TTON
for series resonator Z,, = R+ j2dwL
— equivalent circuit parameters
R=zal=zal =" cxt =T -5
4 4w, TN, Z dal 20
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o ™

1. Ex.4.5 A coaxial A /2 short-circuited line has inner conductor
radius a=0.455mm, outer conductor radius b=1.499mm—Q at
5GHz for air dielectric and Teflon dielectric ( ¢ ,=2.08,
tan 6 =0.0004)

9 -7
copper R, = ,/% = \/2nx5x10 x4n><710 =0.0184Q
20 2%5.813%x10
R, 1

g = +1)_ 0.0588Np /m air
0.085Np/m Teflon

W 0 air
a, =— U .E,E tan 0 =
2 0.03Np/m Teflon

= 271 /€, _{104.7 rad/m  air

151.03 rad/m Teflon

[ 891 air
657 Teflon
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/2. Ex.4.6 A 50C) microstrip A /2 short-circuited line has Teflon \
substrate ( ¢ ,=2.08, tan 6 =0.0004) with thickness h=0.159cm,
t=0.159um —Q and | at 2GHz

A2.29,30

g =2.08,Z, =50Q,h =0.159cm A;21,22W =0.51cm
- &,=1.79

w =0.51cm,h =0.159cm,t = 0.159um A2.26,27
, - a,=0.0428Np/m
£ =2.08,0 =5.813%x10°S/m, f =2GHz
w =0.51cm,h =0.159cm, &, =2.08 | A228
- a, =0.0095Np /m
tan 0 =0.0004, f = 2GHz

=P > =535.4
20 2x(0.0428 +0.0095)
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/ 4.5 Microwave resonators \
Basics

1. Rectangular cavities dimension a, b,c
3x10° | mm,, T,
TE .,» TM ., mode resonant frequency f, = \/( ( ) + (p—)

mnp !

TE,,, mode Q, = 2W, 60b(acw./ue)’ U,

P 7R (2p%a’b+2bc’ + pa’c+ac’)

1
tan O

2. Circular cylindrical cavities

;T P, TM . mode
(Xnm ) + ( p ' p
P TEnmlo mode

Qq =

L 27T1/,LI€ \/
P, : mth zero of the Bessel function J (x) of the first kind and order n

p'.. - mth zero of J'. (x) : Table 4.3
4.5.10 TE . mode 1

Q :{4.5.11 ™, mode’ % ~tana
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%’v. Dielectric resonator (DR): high ¢, low tan &, «2r \
low temperature coefficient, TE,, ; mode

f
' rw/
Discussion

1. Ex.4.7 A rectangular cavity made of WR-90 resonates at 9.379GHz
In TE,,; mode — length I and Q
WR —90waveguide a =0.9in =2.286cm, b =0.4in =1.016cm

3x10° \/ , T,
+(—)° - 1 =2.238cm
27T, UE (2.286) (I )

(3.45+ )GHz TE,,; mode Ih

TE,,, mode 9.379 x10° =

(4.5.2)Q, = 7858

2. Ex.4.8 A rectangular cavity with a=1.6cm, b=0.71cm, c=1.56¢cm is
filled with Teflon — TE,;; mode f. and Q

8
;= 3x10 \/( + (=L )2 =9.375GHz
Com UE 16 1.56l

1 1

1 1
4.5.2 = 5489, = =3417,—=—+— - Q =2106
( )Qc Qd tan 5 Q Q Qd Q )
4-22 Mok 1 AR &




/3. Ex.4.9 A cylindrical cavity is operated at 5GHz in TE,;;mode — Q

and height h (h=2r)
XOl = p'Ol = 3832

5x10% = —° \/(3'831)2 f(5? L=
27T\ UE r 2r

Q =39984.6

0.0395cm,h =0.079cm

4. DR selection in the operation with microstrip line

5. Ex.4.10 DR er=36, substrate es=9.9,
t=0.25mm—DR dimensions for 35GHz

1.17mm >r >6.139, - r =0.835mm

N

1.2892 x10°
>r

fAJ&,

1.2892 x10°
>

fAJ&

(4.5.17) ~ (4.5.23) - h

(4.5.17) ~ (4.5.23) — h =0.668mm
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